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Preface

The Maxwell theory of electromagnetism was well established in the latter nine-
teenth century, when H. R. Hertz demonstrated the electromagnetic wave. The
theory laid the foundation for physical optics, from which the quantum concept
emerged for microscopic physics. Einstein realized that the speed of electromag-
netic propagation is a universal constant, and thereby recognized the Maxwell
equations to compose a fundamental law in all inertial systems of reference. On
the other hand, the pressing demand for efficient radar systems during WWII
accelerated studies on guided waves, resulting in today’s advanced telecommuni-
cation technology, in addition to a new radio- and microwave spectroscopy. The
studies were further extended to optical frequencies, and laser electronics and so-
phisticated semi-conducting devices are now familiar in daily life. Owing to these
advances, our knowledge of electromagnetic radiation has been significantly up-
graded beyond plane waves in free space. Nevertheless, in the learning process
the basic theory remains founded upon early empirical rules, and the traditional
teaching should therefore be modernized according to priorities in the modern era.

In spite of the fact that there are many books available on this well-established
theme, I was motivated to write this book, reviewing the laws in terms of contem-
porary knowledge in order to deal with modern applications. Here I followed two
basic guidelines. First, I considered electronic charge and spin as empirical in the
description of electromagnetism. This is unlike the view of early physicists, who
considered these ideas hypothetical. Today we know they are factual, although
still unexplained from first principle. Second, the concept of “fields” should be in
the forefront of discussion, as introduced by Faraday. In these regards I benefited
from Professor Pohl’s textbook, Elektrizitditslehre, where I found a very stimu-
lating approach. Owing a great deal to him, I was able to write my introductory
chapters in a rather untraditional way, an approach I have found very useful in
my classes. In addition, in this book I discussed microwave and laser electronics
in some depth, areas where coherent radiation plays a significant role for modern
telecommunication.

I wrote this book primarily for students at upper undergraduate levels, hoping
it would serve as a useful reference as well. I emphasized the physics of elec-
tromagnetism, leaving mathematical details to writers of books on “mathematical

xi



Xii Preface

physics.” Thus, I did not include sections for “mathematical exercise,” but I hope
that readers will go through the mathematical details in the text to enhance their
understanding of the physical content.

In Chapter 21 quantum transitions are discussed to an extent that aims to make
it understandable intuitively, although here I deviated from classical theories.
Although this topic is necessary for a reader to deal with optical transitions, my
intent was to discuss the limits of Maxwell’s classical theory that arise from phase
coherency in electromagnetic radiation.

It is a great pleasure to thank my students and colleagues, who assisted me by
taking part in numerous discussions and criticisms. I have benefited especially by
comments from S. Jerzak of York University, who took time to read the first draft.
I am also grateful to J. Nauheimer who helped me find literature in the German
language. My appreciation goes also to Springer- Verlag for permission to use some
figures from R. W. Pohl’s book Elektrizitdtslehre.

Finally, I thank my wife Haruko for her encouragement during my writing,
without which this book could not have been completed.

M. Fujimoto
September 2006



1
Steady Electric Currents

1.1. Introduction

The macroscopic electric charge on a body is determined from the quantity of
electricity carried by particles constituting the material. Although some electric
phenomena were familiar before discoveries of these particles, such an origin of
electricity came to our knowledge after numerous investigations of the structure
of matter. Unlike the mass that represents mechanical properties, two kinds of
electric charges different in sign were discovered in nature, signified by attractive
and repulsive interactions between charged bodies. While electric charges can be
combined as in algebraic addition, carrier particles tend to form neutral species in
equilibrium states of matter, corresponding to zero of the charge in macroscopic
scale.

Frictional electricity, for example, represents properties of rubbed bodies arising
from a structural change on the surfaces, which is unrelated to their masses. Also,
after Oersted’s discovery it was known that the magnetic field is related to moving
charges. It is well established that electricity and magnetism are not independent
phenomena, although they were believed to be so in early physics. Today, such
particles as electrons and atomic nuclei are known as basic elements composed
of masses and charges of materials, as substantiated in modern chemistry. The
electromagnetic nature of matter can therefore be attributed to these particles
within accuracies of modern measurements. In this context we can express the law
of electromagnetism more appropriately than following in the footsteps in early
physics.

Today, we are familiar with various sources of electricity besides by friction.
Batteries, for example, a modern version of Volta’s pile!, are widely used in daily
life as sources of steady electric currents. Also familiar is alternating current (AC)
that can be produced when a mechanical work is converted to an induction current
in a magnetic field. Supported by contemporary chemistry, in all processes where

! Volta’s pile was constructed in multi-layers of Zn and Cu plates sandwiched alternately
with wet rags. Using such a battery, he was able to produce a relatively high emf for a weak
current by today’s standard.
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electricity is generated, we note that positive and negative charges are separated
from neutral matter at the expense of internal and external energies. Positive and
negative charges = Q are thus produced simultaneously in equal quantities, where
the rate dQ/dt, called the electric current, is a significant quantity for electrical
energies to be used for external work. Traditionally, the current source is charac-
terized by an electromotive force, or “emf,’ to signify the driving force, which is
now expressed by the potential energy of the source.

Historically, Volta’s invention of an electric pile (ca. 1799) played an important
role in producing steady currents, which led Oersted and Ampere to discoveries of
the fundamental relation between current and magnetic fields (1820). In such early
experiments with primitive batteries, these pioneers found the law of the magnetic
field by using small compass needles placed near the current. Today, the magnetic
field can be measured with an “ammeter” that indicates an induced current. In
addition to the electron spin discovered much later, it is now well established that
charges in motion are responsible for magnetic fields, and all electrical quantities
can be expressed in practical units of emf and current. As they are derived from
precision measurements, these units are most suitable for formulating the laws of
electromagnetism.

On the other hand, energy is a universal concept in physics, and the unit “joule,”
expressed by J in the MKS system?, is conveniently related to practical electrical
units. In contrast, traditional CGS units basically contradict the modern view of
electricity, namely, that it is independent from mechanical properties of matter.

In classical physics, the electrical charge is a macroscopic quantity. Needless
to say, it is essential that such basic quantities be measurable with practical in-
struments such as the aforementioned ammeter and the voltmeter; although the
detailed construction of meters is not our primary concern in formulating the laws,
these instruments allow us to set the standard for currents and emf’s.

1.2. Standards for Electric Voltages and Current

Electric phenomena normally observed in the laboratory scale originate from the
gross behavior of electrons and ions in metallic conductors and electrolytic solu-
tions. It is important to realize that the electronic charge is the minimum quantity
of electricity in nature under normal circumstances®. The charge on an electron
has been measured to great accuracy: e = —(1.6021892 + 0.000029) x 10~'° C,
where C is the practical MKS unit “coul.”

2 MKS stands for meter-kilogram-second, representing basic units of length, mass, and
time, respectively. Electric units can be defined in any system in terms of these units for
mechanical quantities, however, in the MKSA system, the unit ampere for an electric current
is added as independent of mass and space-time. CGS units are centimeter, gram, and second,
representing mass and space-time similar to MKS system.

3 According to high-energy physics, charged particles bearing a fraction of the electronic
charge, such as e/2 and e/3, called “quarks” have been identified. However, these particles
are short-lived, and hence considered as insignificant for classical physics.
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In a battery, charges +Q and — Q are produced by internal chemical reactions
and accumulate at positive and negative electrodes separately. Placed between and
in contact with these electrodes, certain materials exhibit a variety of conducting
behaviors. Many materials can be classified into two categories: conductors and
insulators, although some exhibit a character between these two categories. Metals,
e.g., copper and silver, are typical conductors, whereas mica and various ceramics
are good insulators. Microscopically, these categories can be characterized by
the presence or absence of mobile electrons in materials, where mobile particles
are considered to be moved by charges =0 on the electrodes. As mentioned,
traditionally, such a driving force for mobile charges was called an electromotive
force and described as a force F proportional to Q, although differentiated from
a voltage difference defined for a battery. Mobile electrons in metals are by no
means “free,” but moved by F, drifting against an internal frictional force Fy. For
drift motion at a steady rate, the condition F' + F4 = 0 should be met, giving rise
to what is called a steady current.

For ionic conduction in electrolytic solutions, Faraday discovered the law of
electrolysis (1833), presenting his view of the ionic current. Figure 1.1 shows a
steady electrolysis in a dilute AgNOj3 solution, where a mass M, of deposited
silver on the negative electrode is proportional to the amount of charge ¢ transported
during a time 7, that is,

Mg  g. (1.1)

The mass Mg can be measured in precision in terms of molar number N of
Ag™, hence the transported charge ¢ can be expressed by the number N that is
proportional to the time ¢ for the electrolysis.

FIGURE 1.1. Electrolysis of AgNO;
solution.
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With accurately measured M, and 7, the current I = ¢/t can be determined
in great precision. Using an electrolytic cell, a current that deposits 1.1180 mg of
silver per second is defined as one ampere (1A). Referring to the current of 1A,
the unit for a charge is called 1 coulomb, i.e., 1C = 1A-sec.

To move a charge g through a connecting wire, the battery must supply an energy
W that should be proportional to ¢, and therefore we define the quantity V = W/gq,
called the potential or electric potential. The MKS unit for W is J, so that the unit
of V can be specified by J-C~!, which is called a “volt” and abbreviated as V.

In the MKS unit system the ampere (A) for a current is a fundamental unit,
whereas “volt” is a derived unit from ampere. Including A as an additional basic
unit, the unit system is referred to as the “MKSA system.” Nevertheless, a cadmium
cell, for example, provides an excellent voltage standard: Ve = 1.9186 x 0.0010
V with excellent stability 1 V/yr under ambient conditions.

A practical passage of a current is called a circuit, connecting a battery and
another device with conducting wires. For a steady current that is time-independent,
we consider that each point along a circuit can be uniquely specified by an electric
potential, and a potential difference between two points is called voltage. The
potential V' is a function of a point x along the circuit, and the potential difference
V(+) — V(—) between terminals + and — of a battery is equal to the emf voltage,
Vems. If batteries are removed from a circuit, there is, naturally, no current; the
potentials are equal at all points in the circuit—that is, V (x) = const in the absence
of currents.

1.3. Ohm Law’s and Heat Energy

Electric conduction takes place through conducting materials, constituting a major
subject for discussion in solid state physics. In the classical description we consider
only idealized conductors, either metallic or electrolytic. In the former electrons are
charge carriers, whereas in the latter both positive and negative ions are mobile,
contributing to the electrolytic current. These carriers can drift in two opposite
directions; however, the current is defined for expressing the amount of charges
| Q| transported per unit time, which is basically a scalar quantity, as will be
explained in the following discussion. In this context how to specify the current
direction is a matter of convenience. Normally, the current is considered to flow
in the direction for decreasing voltage, namely from a higher to a lower voltage.

Because it is invisible the current is “seen” by three major effects, of which
magnetic and chemical effects have already been discussed. The third effect is heat
produced by currents in a conducting passage, for which Ohm (1826) discovered
the basic law of electrical resistance. Joule (ca. 1845) showed later that heat
produced by a current is nothing but dissipated energy in a conductor.

Consider a long conducting wire of a uniform cross-sectional area S. Figure 1.2
illustrates a steady flow of electrons through a cylindrical passage, where we
consider a short cylindrical volume SAx between x — Ax and x along the wire.
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FIGURE 1.2. A simplified model for electronic conduction.

For a steady flow we can assume that the carrier density n is a constant of
time between these points, at which the corresponding times are + — At and ¢,
respectively. If the potential is assumed to be higher to the left and lower to the
right, the current should flow from the left to the right, as indicated in the figure.
Assuming also that all electrons move in the direction parallel to the wire, the
amount of charge A Q = neSAx can be considered to move in and then out of the
volume SAx during the time interval Af, where e < 0 is the negative electronic
charge. Therefore, the current is expressed as

AQ Ax

I = = neS— = S 1.2
Ar ne AT nevqy (1.2)

where vg = Ax /At is the drift velocity of electrons. We can therefore write
I =jS, where j =nevy, (1.3)

called the current density in the area S. It is noted from (1.3) that the sign of
j depends on the direction of vyg. For negative electrons, e < 0, the current is
positive, I > 0, if vg < 0. For an ionic conduction of positive and negative carri-
ers whose charges are e; > 0 and e, < 0, respectively, the equation (1.3) can be
generalized as

J =niejv; + nyeyv, (1.4)

where both terms on the right give positive contributions to j, despite the fact that
ions 1 and 2 drift in opposite directions.

In the above simple model, the current density for a steady flow may not be
significant, but for a distributed current it is an important measure, as will be
discussed later for a general case. The MKSA unit of a current density is given by
[[1=A-m2=Cm2s"L

Next, we consider the potential difference between x — Ax and x, which is
responsible for the current through these points. For a small Ax, the potential
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difference AV can be calculated as
AV =V(x — Ax) — V(x) = —FAx,

where the quantity F = —AV /Ax represents the driving force for a hypothetical
unit charge 1C. Nevertheless, there is inevitably a frictional force in the conducting
material, as can be described by Hooke’s law in mechanics, expressed by Fy =
—kvg, where k is an elastic constant.

For a steady current, we have F = — Fy4, and therefore we can write

AV = FyAx = kvgAx.

Eliminating vq from this expression and (1.2), we obtain

k
AV = ARI, where AR=[—)Ax,
neS
the electrical resistance between x — Ax and x. For a uniform wire, this result
can be integrated to obtain the total resistance from the relation, that is,

B Ik L
—/ dV=VA) - VB)=Vemr = — dx = RI,
A neS Jo

where

e kL L s
T es P ’

is the resistance formula for a uniform conductor that can be calculated as the
length L and cross-sectional area S are specified. The constantp = — is called the

ne
resistivity, and its reciprocal 1/p = o is the conductivity of the material. Writing
a potential difference and resistance between two arbitrary points as AV and R,
Ohm’s law can be expressed as

AV = RI. (1.6)

Obviously, the current occurs if there is a potential difference in a circuit. That
is, if no current is present the conductor is static and characterized by a constant
potential at all points. Values of p listed in Tables 1.1 and 1.2 are for representative
industrial materials useful for calculating resistances.

The current loses its energy when flowing through a conducting material, as
evidenced by the produced heat. Therefore, to maintain a steady current, the con-
nected battery should keep producing charges at the expense of stored energy in
the battery. Although obvious by what we know today, the energy relation for heat
generation was first verified by Joule (ca. 1845), who demonstrated equivalence
of heat and energy.

Figure 1.3 shows Joule’s experimental setup. To flow a current / through the
resistor R, a battery of V¢ performs work. The work to drive a charge A Q out
of the battery is expressed by AW = V.t AQ, and hence we can write AW =
(RDHAQ, using Ohm’s law.
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TABLE 1.1. Electrical resistivities of metals

Metals Temp,°C p x 1078 Qm « x 1073 Metals Temp,°C p x 1078 Qm a x 1073

Ag 20 1.6 4.1 Mg 20 4.5 4.0
Al 20 2.75 4.2 Mo 20 5.6 44
As 20 35 39 Na 20 4.6 55
Au 20 2.4 4.0 Ni 20 7.24 6.7
Be 20 6.4 —78 39
Bi 20 120 4.5 Os 20 9.5 42
Ca 20 4.6 33 Pb 20 21 4.2
Cd 20 7.4 4.2 Pd 20 10.8 3.7
Co 0 6.37 6.58 Pt 20 10.6 39
Cr 20 17 1000 43
Cs 20 21 4.8 —78 6.7
Cu 20 1.72 4.3 Rb 20 12.5 55
100 2.28 Rd 20 5.1 44
—78 1.03 Sb 0 38.7 5.4
—183 0.30 Sr 0 30.3 35
Fe (pure) 20 9.8 6.6 Th 20 18 24
—78 4.9 Tl 20 19 5
Hg 0 94.08 0.99 w 20 55 53
20 95.8 1000 35
In 0 8.2 5.1 3000 123
Ir 20 6.5 39 —78 32
K 20 6.9 5.1 Zn 20 114 4.5
Li 20 9.4 4.6 Zr 20 49 4.0

The temperature coefficient a of a resistivity is defined as o = (p100 — po)/100po between 0 and
100°C. From Rika Nenpyo (Maruzen, Tokyo 1962).

Because of the relation AQ = I At, we obtain AW = (RI?)At, and hence the
power delivered by the battery is expressed by

V2
P=RI*= eTmf = Vemel. (1.7)

In Joule’s experiment, the resistor R was immersed in a water bath that was
thermally insulated from outside, where the heat produced in R was detected

TABLE 1.2. Electrical resistivities of alloys*

Alloys (°C) p x 1078Qu ax 1073
Alumel (0) 33 1.2

Invar (0) 75 2
Chromel 70-110 0.11-0.54
Brass 5-7 1.4-2.0
Bronze 13-18 0.5
Nichrome (20) 109 0.10
German silver 17-41 0.04-0.38
Phos. bronze 2-6

*From Rika Nenpyo, (Maruzen, Tokyo, 1962).
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FIGURE 1.3. A set-up for Joule’s experiment.

Ll
v

by the thermometer immersed in the water. Joule showed that the energy deliv-
ered by the battery, i.e., AW = P At, was equal to the product CA0, where C
is the heat capacity of water bath, and A@ the observed temperature rise. From
(1.7), the unit of power—the watt (W)—is given by the electrical units of volt
x ampere, making the MKSA system more practical than the traditional CGS
system.

Owing to Joule’s experiment, a traditional unit for heat—*calorie” (cal)—is no
longer necessary, replaced by “joule”(J) although “calorie” and “kilocalorie” are
still familiar units in biological and chemical sciences. The conversion between J
and cal can be made by the relation 1 cal = 4.184 J. With the Ohm law, the MKSA
unit of a resistance R is V-A~!, which is called “ohm”, and expressed as 2

1.4. The Kirchhoff Theorem

In an electric circuit, a battery is a current source in conducting resistors, providing
distributed potentials V (x) along the circuit. In a simple circuit where a battery of
Vemt 1 connected with one resistor R, the Ohm law Vs = RI can be interpreted
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to mean that the current / circulates in the direction from the positive terminal to
the negative terminal along a closed loop circuit of Ve and R. In this description
the current direction inside the battery is opposite to the current direction in the
resistance; however such a contradiction can be disregarded if we consider that
the mechanism inside the battery is not our primary concern. Kirchhoff (1849)
extended such an interpretation to more general circuits consisting of many emf’s
and resistors, and formulated the general theorem to deal with currents through
these resistors.

In a steady-current condition, we consider that the potential V (x) is signified by
a unique value at any point x along the current passage, whereas at specific points
x; where batteries are installed, we consider discontinuous voltages Veme(xi). A
steady current /j can flow through each resistor R; that are indexed j =1, 2, ...,
but the current direction and the potential difference across R; can be left as
primarily unknown. Also in a circuit are junctions in the current passage, indexed
by k =1,2,..., where more than two currents are mixed.

For a general circuit, we can consider several closed loops, ., B3, ..., which can
be either part of the circuit or can make up the whole circuit. It is significant that
V(x) takes a unique value at any given point x, so that the potential value should
be the same, no matter how the current circulates along a closed loop in either
direction. Mathematically, this can be expressed by 9§c dV = 0 along any of these
loops C of a given circuit, for which we can write

Zvemf(xi) = ZRjIj~ (1.8)
i j

Known as the Kirchhoff theorem, (1.8) can be applied to any closed loop in
the circuit. Next, at any junction k of steady currents, we note that total incoming
currents must be equal to total outgoing currents, namely, there is no accumulated
charge at the point k; that is the law of current continuity. Assuming all directions
of currents exist arbitrarily at the junction, we must have the relation

> L=0 1.9
k

at all junctions, which is known as Kirchhoff’s junction theorem. As these currents
are primarily unknown, we can usually assume their directions for solving equa-
tions (1.8) and (1.9); the assumed current directions are then corrected by signs of
the solutions.

We solve (1.8) and (1.9) as a set of algebraic equations for unknown currents
I;,j=1,2,.... However, all of these equations are not required, and hence we
can select equations to solve sufficiently for the given number j of R;, as shown by
the following examples.

Example 1. Two Resistances in Series Connection.

Figure 1.4(a) shows a circuit, where two resistors R; and R, are connected in
series with a battery of Vepy. In a steady current condition, the points A, B, and C
are signified by unique potentials Va, Vg, and V¢, respectively.
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R FIGURE 1.4. (a) Resistances R; and R,
Rq 2 in series, and (b) in parallel.

(@

(b)

Referring to the junction theorem (1.9), we see that for these currents in the
figure we have I, = I, = I, representing the “total” current. Accordingly, using
the Ohm law, we can write

VA—VB=R11 and VB—chRzl,
hence
Va—Ve=Va—Vp)+ (Vs — Vo) = (R + R)I = Ve,

which expresses Ohm’s law for total resistance R = R| + R;.

Example 2. Two Resistances in Parallel Connection.

Figure 1.4b shows a parallel connection of two resistances R; and R;. The
junctions A and B are characterized by potentials V4 and Vg under a steady current
condition. In this case, /| and I, are generally different, but related to the current
Ifrom the battery by the junction theorem (1.9). That is,

I=5L+1

at both A and B.
For loops o and B that include (Veme, R1) and (Vems, R2), respectively, we obtain
from (1.8) that

Va—Ve = Vemt = Ri11 = Ro .



The Kirchhoff Theorem 11

FIGURE 1.5. Kirchhoff’s theorems. Junctions A and B, loops ABC, ADB, and CDB are
named «, (3, and vy, respectively.

Solving these equations for I, and I, we obtain

I = ! + ! V.
- Rl R2 emf
and the total resistance R in parallel connections can be determined from

1 1 1

R R * Ry
Example 3. Calculation of currents in a circuit shown in Figure 1.5. In this cir-
cuit, three loops «, B, and y and two junctions A and B can be considered
for Kirchhoff’s theorem, as shown in the figure; however, we only need three
equations to solve (1.8) and (1.9) for I, I,, and I5. Also, to set up three equa-
tions, the directions of currents can be assumed arbitrarily, as indicated in the
figure.

Here, we apply (1.8) to the loops a, and [3, and (1.9) to the junction A. Referring
to assigned current directions, we can write three equations, respectively, for «, 3,
and A, which are

ILiRi+(—=L)R, +V, =0,
(=1)R; + (—=)R; + (V) =0,
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and

Ii + L+ (—=15)=0.

Solving these equations, we obtain

o VeRa-ViRs
RiR, + RyR; + R3 R,
L=— Va— W) R + WR3
R{Ry + RyR3 + R3Ry
and
L= (Va—= VW) R + BR,

RiR, + RaR3 + R3Ry
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Part 1

Electrostatics



2
Electrostatic Fields

2.1. Static Charges and Their Interactions

In early physics, static electricity was studied as a subject independent from mag-
netism; it was after Oersted’s experiment that the relation between an electric
current and the magnetic field was recognized. Today, static and dynamic electric-
ity are viewed as clearly exclusive phenomena; however, many early findings on
static phenomena significantly contributed to establishing present day knowledge
of electromagnetism.

First recognized as frictional electricity, static charges were also observed to be
produced chemically from batteries, although static effects were only primitively
measured in early experiments. Also recognized early were mobile charges in
conducting materials, which were noticed as distributed on surfaces of a pair
of metal plates separated by a narrow air gap, in particular, when the plates were
connected with battery terminals. In early physics, such a device, called a capacitor,
was used for studying the nature of static charges. On these plates, charges +Q
and — Q appeared to condense from the battery, and hence such a device was often
referred to as a condenser. Empirically, it was found that these opposite charges
attract each other across the narrow gap, whereas charges of the same kind on each
plate repel each other, so that such a “condensation” process ceases eventually at
finite £ Q. Such static interactions between charges constitute the empirical rule
for electric quantities, although the origin is still not properly explained by the first
principle. In this context, we simply accept the empirical rule as a fact in nature
on which the present electromagnetic theory is founded.

Itis notable that static charges reside at stationary sites on conducting surfaces in
equilibrium with their surroundings. In the static condition, the absence of moving
charges signifies the state of a conductor that is characterized by a constant electric
potential, namely V (x) = const at all points x.

The amount of charge Q that accumulates on condenser plates is proportional
to the voltage Vs of the battery, depending on the geometrical structure of the
device. Therefore, we write the relation

Q = CVemt, 2.1

15
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(a) (b) (c) FIGURE 2.1. A capacitor C
E E and a battery V. (a) before

g B A B connection, (b) connected, (¢)
N L, disconnected after charged.
‘ —>—
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uncharged condenser battery
condenser charged disconnected

where the constant C, referred to as capacity, is determined by the device geometry.
In equation (2.1), Q represents the maximum charge that is transferred to the
capacitor. The MKSA unit for the capacity is C-V~!, which is called farad (F).

Figure 2.1 illustrates a capacitor of two parallel metal plates facing across a
narrow gap, which is connected with a battery as shown. Such a capacitor is a
standard device for electrostatics and discussed as a theoretical model as well.
Figures 2.1(a) and (b) show a parallel-plate capacitor and a battery before and
after connection, respectively. The empty capacitor (Figure 2.1(a)) can be charged
by the battery (Figure 2.1(b)). Figure 2.1(c) shows the charged capacitor discon-
nected from the battery. Figures 2.1(b) and (c) show the space between the plates
is signified by an electric field E that is related to charges on the plates. It is sig-
nificant that the charges and field remain in the capacitor even after the battery
is removed, as seen in the attractive force that exists between the plates across
the gap.

Interactions among carrier particles are responsible for a charge distribution
in the capacitor, resulting in a significant attraction between plates of opposite
charge, whereas like charges are distributed at uniform densities on surface areas
that face each other. Hence, the charged capacitor should be characterized by a
potential energy due to an attractive force between the plates on which the battery
performed work to transport £Q.

2.2. A Transient Current and Static Charges

When a capacitor is connected with a battery, charges are transported in the circuit
until the circuit reaches a steady state. Accordingly, the charging rate dQ/dt, called
a transient current, flows during the charging process. Such a current depends on
the resistance R of wire connecting the capacitor with the battery, as shown in
Figure 2.2.
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(a) (b)
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FIGURE 2.2. (a) Charging a capacitor C through a resistance R. (b) Discharge through R.

During the process, the charges £ Q on the plates change as a function of time
t, and hence there should be a varying potential difference AVc(z) between the
two plates. Therefore, similar to the static relation (2.1), we can write

AV () = % (2.2)

In Figure 2.2(a), if the switch S is turned onto the position 2 at ¢ = 0, the capacitor
C starts to be charged through the resister R, where the transient current is given
by I(t) = dQ(t)/dt, and a potential difference AVr(t) = RI(t) appears across
R. Also, a potential difference AV, as given by equation (2.2), appears on the
capacitor across the gap. These voltages should be related to V¢ of the battery
by the conservation law; that is,

Q@

Vemt = AVR + AVe = RI(t) + T
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Multiplying both sides by /(¢), the power delivered by the battery can be calculated
as

Q0Hdo®)
c dr -

Hence, we can obtain the energy W(¢) spent by the battery between t = 0 and a
later time ¢ by integrating P(¢); i.e.,

P([) = Vemfl(t) = RI(t)z +

W(r) = R/rl(t)zdt+ LQ(z)2
o 2C '

The first term on the right represents heat dissipated in R, and the second one is
the energy stored in the capacitor during the time 7.

To obtain the transient current, we solve the following differential equation,
assuming that V¢ is a constant of time. Namely,

Q@ , 0
@ ¢ T

R

const, (2.2a)

or

ar@ 10
Ra T~

with a given initial condition. In the circuit shown in Figure 2.2(a), when the switch
S is turned to position 1, a steady current /, determined by Vs = RI, is flowing
initially through R. In this case, when S is turned on to 2 at ¢ = 0, charging begins
to take place in the capacitor C. On the other hand, equation 2.2(b) shows a case
where a charged capacitor C starts discharging at ¢ = 0, after the switch S is turned
to the position 2.

In the latter case, equation (2.2b) can be integrated with the initial condition
I = I, att = 0, resulting in the transient current expressed by

0 (2.2b)

10 =1, exp(—é), (2.3a)

showing an exponential decay. In this case, the charge Q(f) on the capacitor plate

can be expressed by
! t
= Omax |1 — -— ], (2.3b
= o1 oo e )| o

where QOnax = I, RC is the maximum amount of charge reached as — 00. We can
also solve equation (2.2b) with the initial condition Q = Qnax at ¢ = 0 to obtain
similar expressions to discharging the capacitor C. In Figure 2.3, the transient
charge and current given by equations (2.3a) and (2.3b) and similar transients for
discharging are shown below circuit diagrams. For these transient currents, it is
noted that the parameter defined by 7 = 1/RC represents a characteristic time of
the transient current, and hence is called the time constant. For R = 100k$2 and
C = 0.1 pF, for example, the time constant is T = 10~ 2s, giving the “timescale”
of the transient phenomena in the RC circuit. Figure 2.3 illustrates a modernized

Q(r)=f0 I(t)dt:IORCexp(—RLC)
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FIGURE 2.3. Transient voltages AVg and AV, observed by a cathode-ray oscilloscope
(CRO).

circuit using a cathode-ray oscilloscope (CRO) for demonstrating such transients
on the screen.

In the above argument, when a capacitor is charged to == Q, a potential difference
AV appears across the plates, between which an energy Q%/2C = %C (AV)?
should be stored. A capacity signified by the variables Q and AV indicates that
there is an electric field in the space between the plates.

2.3. Uniform Electric Field in a Parallel-Plate Condenser

In a charged condenser, the plates attract each other across the gap, originating
from electrostatic forces between +Q and —Q, as implied by the Coulomb law
(1785) for point charges. It was postulated in early physics that such a force prop-
agates through the empty space, called the field; this idea was, however, not easily
accepted unless it was duly verified. Nevertheless, Faraday (ca. 1850) described
such a field with line drawings, which led Maxwell (1873) to establish his math-
ematical theory of electromagnetic fields. Today, supported by much evidence,
the electromagnetic field is a well-established concept, one that represents a real
physical object. Therefore, we can define a static electric field as implemented by
Faraday and Maxwell.

2.3.1. The Electric Field Vector

In a charged parallel-plate capacitor signified by the potential difference AV across
the empty gap, we can consider a potential function V (z) for the field in the empty
space, where z is a position on a straight line perpendicular to the plates. The
conducting plate surfaces of a large area are signified by constant voltages V and
Vs, so that the potential in the uniform field can be expressed as

V(r,z) = —Ez + const, (2.4a)
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FIGURE 2.4. Measuring a static force. A small metal probe placed in the charged capacitor
is charged by the battery 2, resulting in a force that is detected by the balance.
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R

where r is the coordinate in a direction perpendicular to z. Applying this equation
to arbitrary points (r, 0) and (rg, d) on the plates A and B, we have V5 = const
and Vg = Ed+ const on these plates separated by the gap d, and hence

Va— W
E:JifgorAVzﬂt (2.4b)

a relationship that permits us to define a vector E = (0, 0, E) from E = —dV/dz.
Both V, and V5 are independent of positions A and B, respectively, on these plates,
and hence the magnitude E should be constant as determined by equation (2.4b),
and such a vector E can be regarded as representing a uniform field that is parallel
to the z direction. It is noted that |E| has a unit V-m~! = N-C~!, where N is the
MKSA unit of a mechanical force. Therefore, writing £ = 1 x E in V-m~ !, E as
such can be interpreted as a force on a hypothetical charge of 1C.

In fact, when a small charge g, is placed in a charged condenser, g, is moved by a
force F' = g, E, as verified by such a primitive experiment as shown in Figure 2.4,
in which the static field can be defined as given by the limit of /g, as g, — O.

In this case, unless g, is sufficiently small in practical scale, E defined from the
relation F = g, E may not be fully acceptable because E is no longer uniform as
modified by ¢g,. However, in modern experiments, we know, for example, electrons
injected into the static field E are deflected from their path, providing solid evidence
for the static force on a small charge g, to be expressed as

F =g,E. 2.5)

Therefore, the electric field defined by AV /d can be justified by equation (2.5) on
a test charge of g, =1C, assuming it (the field) is sufficiently small.
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FIGURE 2.5. A uniform electric field. (a) Quasi-static work for moving a test charge ¢, in
a uniform electric field. (b) Electric field-lines and equipotential surfaces are indicated by
solid and broken lines, respectively.

The static electric field E is conservative, as can be verified by calculating the
work performed by such a force F = 1C x E to move 1C in a uniform field E
along an arbitrary path I", shown in Figure 2.5(a).

Replacing the path I" by zigzag steps of small displacements ds; and ds;;, the
work can be expressed approximately by

/E.ds: > Eds + ) Eds,

2 horizontal vertical
where E.ds, = 0. Therefore,
B
/ E.ds= / Edsy =V B)—-V(A),
r A
and Ed = — AV, giving a conservative feature of the field vector E.

2.3.2. The Flux Density Vector

We defined the field vector E in Subsection 2.3.1. However, this is not sufficient
for describing the uniform field in a parallel-plate capacitor. As illustrated by
Faraday, the field is represented by a number of parallel lines, showing a pattern
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FIGURE 2.6. Flux of field-lines D in a uniform electric field. (a) A test capacitor C, is inserted
in the field with gap closed. (b) The gap is open in the field. (c) C; is moved to outside of
C with the gap open.

of uniformly distributed intensities of the field. We realize that such field-lines are
significantly related with distributed charges on conducting surfaces, although no
static field can exist inside conducting plates. Faraday sketched such field-lines
emerging from positive charges and ending at negative charges.

To express such distributed field-lines mathematically, we can utilize an in-
duction effect on a conductor by an applied electric field, known as electrostatic
induction or polarization. Due essentially to mobile charges, a material placed in
a condenser can be polarized by an applied electric field, exhibiting positive and
negative charges on surfaces close to the negative and positive capacitor plates,
respectively. Such a polarization can also occur in an insulator, for which movable
molecules are responsible, as discussed in Section 2.5.

As shown in Figure 2.6, we indicate locations of displaced charges schematically
by small filled and open circles for positive and negative charges, respectively. In
a parallel-plate condenser, these charges attract each other across the empty space,
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hence residing at the closest distances. Accordingly, charges appear only on inner
surfaces of the capacitor plates, whereas no charge shows up on outer surfaces.
Also significant is that these charges are uniformly distributed on the parallel
surfaces, due to repulsive interactions among like charges. Consequently, the field
in the condenser can be illustrated by parallel lines that are drawn evenly spaced
to indicate the uniformity.

The uniform field in the condenser space can also be illustrated by using potential
values given by equation (2.4a), shown in Figure 2.5(b) by broken lines, which
represent a group of parallel planes at constant potentials in three dimensions,
called equipotential surfaces. In fact, the field is almost uniform in the gap of the
parallel-plate capacitor, except near the edge where lines are diverted as shown
in the figure. Except for such diverted portions of the field, the capacitor can be
idealized by uniformly distributed charge densities +¢ = +=(0/A, where A is the
effective area on the plates. In this context, it is convenient to set a rule for drawing
0 lines theoretically in such a way that each line is terminated at £1C at the ends.
Accordingly, the uniform field can be expressed by a constant density of field-
lines that can be written as D = Q/A. Here, it is noted that £ Q are charges on the
plates, whereas the field-line density Dis a field quantity. There is no charge in the
empty space, but by writing D = ¢ we emphasize the fact that the uniform line
density in the field is determined by the constant charge density on the plates. With
such flux density D, we can combine the direction from the positive to negative
plates to define the quantity D as the vector D.

To evaluate the flux density vector D in a uniform field, we perform a “thought
experiment” as illustrated in Figure 2.6.

Figure 2.6(a) shows a small adjustable fest capacitor C, is inserted, with the
gap closed, into the uniform electric field of C. In this case, C is equivalent to a
single conductor, and hence polarized by the charged capacitor C, as illustrated.
Here, the distributed field-lines in C are not modified from the way before inserting
Cy, whereas E = 0 inside C;. It is noted that the induced charge density on C; is
equal to o i.e., it is the same density on C. Figure 2.6(b) shows that C; is now
open to make a gap, while the plates are kept in parallel with C. In this case,
nothing significant occurs, and no field appears between the separated plates of
C;. Next, we take C; out of C, as shown in Figure 2.6(c), where a field appears
inside C; because polarized charges move from outside to inside surfaces. Thus,
we have D = ¢ inside C; on moving it to outside of C, and the field pattern in
C returns to the original one without C;. In this thought experiment, we obtain
D = o in C;, regardless of where it was initially placed in the uniform field of C.
The magnitude |D| at any point in the field is thus confirmed as o on the plates.
Accordingly,

D=o 2.6)

expresses the flux density at all points in the uniform electric field. The MKSA

unit of D is given by the same unit of surface charge density o, namely C-m~2.
Considering a static force and flux density, we have defined two vector quantities

E and D to represent a uniform electric field. Nonetheless, these two vectors should
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represent the same electric field, and therefore we write the relation
D =¢,E, 2.7)

where the proportionality constant €, is a constant of the empty space, and whose
value can be left for experimental evaluation. For a uniform field in a parallel-plate
capacitor, we have the relations D = Q/A and E = AV/d, as expressed from
equations (2.6) and (2.4b), respectively, and hence D = €,AV /d. Accordingly,
by definition, the capacity can be expressed as

A
C, = 803 (2.8)
for an empty parallel-plate capacitor. Using measured values of C, A, and d, the

constant €, can be calculated as
g, = 8.654 x 1072 F/m.

Although the physical significance is not immediately clear, the empirical value of
the constant €, must be used for numerical calculations in static problems, using
MKSA units. In the CGS system, €, can be set equal to the dimensionless constant
1, for which E and D are essentially the same quantity in a vacuum space. Using
CGS units we see that all electromagnetic phenomena are be part of the hierarchy of
mechanical space-time, although theoretical discussions are simplified by setting
& = 1.

In Section 2.2, it was shown that a charged capacitor can store energy inside.
When charging up to certain amounts &=, the capacitor plates are characterized by
potentials V and V. Therefore, to transfer additional charges +dQ to the plates,
the battery should perform additional work dW = V,dQ + V(—dQ) = AVdQ.
Since AVe = Q/C, the work W for increasing charges from 0 to +=0Q can be
calculated as

W—1 ¢ d —Qz—ICsz
- [ eao= 3= scwvr

Using (2.8) and (2.4b), W can be re-expressed by the field quantities as
1 1
W= EsOEz(Ad) = EDE(Ad), (2.9)

where Ad is the volume of the space between the plates. Hence, the quantity
Ug = EEOEzz —DE = —— (210)

expresses the energy density in the uniform field. Although derived for a parallel-
plate capacitor, (2.9) and (2.10) can be generalized to a non-uniform static field,
where the energy density ug is a function of the point r in the field. In general, the
stored energy W can be calculated by fv ugdv integrated over the field volume v.
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FIGURE 2.7. Distributing charges. (a) C; is charged, C, is empty, the switch S; closed and
S, open. (b) Sy, S, are closed, and C;, C, are both charged. (c) In the case of (a), S; is
open and then S, is closed. The initial charge on C, flows partly into C; and is distributed
between C; and C,.

2.4. Parallel and Series Connections of Capacitors

Combining capacitors is an elementary problem where the charging process is
thermodynamically irreversible because of an energy loss during the charge dis-
tribution process. In this section, we discuss parallel and series connections of two
capacitors as examples, to show that an energy loss is inevitably involved.

In Figure 2.7 are shown two capacitors C; and C, connected in parallel with
a battery of Ve In Figure 2.7(a), C; is first charged by switching S; on, while
S, is kept open, in which case charges are only on the plates of C,. Then, S, is
closed with S; on, as shown in Figure 2.7(b), thereby both capacitors C; and C; are
charged. In contrast, Figure 2.7(c) shows a case where the charged C; is isolated
from the battery by opening S, and C, is uncharged if S, is open. Closing S,,
however, the charges on C; are redistributed between the two capacitors C; and
Cy.

During the process in Figure 2.7(c), it is noted that the total charge Q| + Q> is
constant, and the capacity of the two capacitors connected in parallel is effectively
equivalent to a single capacity C given by

C

_O0it 0 O n 0>

= =C +C,. 2.11)
Vemf Vemf Vemf :
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Equation (2.11) can be extended to parallel connections of more than two capaci-
tors, for which we obtain the formula, C = ) C;, wherei= 1,2, ....

In the process of Figure 2.7(c), the initilal charges QO and O, =0 are re-
distributed as Q/1 and Q/2 in C; and C,, when the total charge is unchanged,
ie., Q1= 0] +05. On the other hand, it is noted that the stored ener-
gies before and after redistribution are not identical, as seen from the follow-
ing calculation: The initial energy stored in C; is given by U; = %Q%/ Cy,
whereas after the redistribution, the final energy stored in both capacitors is
U = %Q/lz/Cl + %Q/zz/Cz. And, we can see easily that U; > U’. The differ-
ence Uy — U’ can be attributed to heat loss of the transient current during the
process.

For two capacitors C; and C, connected in series, charges on all four plates
should be in equal magnitudes but in alternate signs, i.e., +Q, —Q, +Q, — Q. The
negative plate of C; and the positive plate of C, are connected together, behaving
like a single conductor, in which, obviously, E = 0. Hence, we can assign potentials
Vi — V', +V’, —V_ consistent with E = 0 in the connection. Therefore, we can
write

V+ - V_ == (V+ - V/) + (V/ - V_),

where
VJF—V/=g and V’—V_=g.
Ci G
Thus, we obtain the effective capacity C for series connection, i.e.,
1 = L + i, (2.12)
cC C G

and the formula 1/C = %;(1/C;) is for a series connection of more than two
capacitors.

2.5. Insulating Materials

In most practical capacitors, conducting plates are supported by insulating mate-
rials to maintain a narrow gap. Therefore, the filling material should significantly
modify properties of such a capacitor. Although signified by absence of electric
currents, most insulators exhibit polarization as induced by an electric field aris-
ing from charges on the plates, and hence an insulator is often called a dielectric
material. Due to displaceable molecular charges, dielectric properties of filling
insulators are essential in practical capacitors.

The electric polarization is generally a complex phenomenon, depending on the
shape of material in some cases. Here, we discuss only a simple case of a dielectric
slab inserted in parallel with capacitor plates of area A with a gap d, as shown in
Figure 2.8.
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empty filled with a
ectric material

FIGURE 2.8. (a) A charged empty capacitor, where the field-lines are given by D. (b) The
gap is filled with dielectric material, where there are flux D and lines of polarization P. (c)
Field-lines of the vector E determined by (D — P)/e.

To simplify the argument further, we assume that the entire space of a parallel-
plate capacitor is completely filled by a slab. With a battery connected, the capacitor
plates are charged not only to certain amount £ Q, but also induced charges F Qp
appear on the surfaces of a material, being distributed at uniform densities mop =
QOp = QOp/A. Hence, the surface charge densities are contributed by +o as well
as Fop at the boundaries, where o > op, because of Q > Qp. In this case, flux
density is given by o = D, but in the insulating material there are also fluxes
of lines due to induced charges as determined by op = —P. At the boundary,
the free charges on the platesg cannot mix with bound charges of the insulator,
but the total flux D — P inside the insulator appears as if it were originating
from apparent charges +(o — op) = £’ on the surfaces. We can therefore write
that

D— P =¢,E, (2.12)

where E is the electric field in the material of the capacitor, for which apparent
charges +0” are considered to be responsible.

The induced flux P in the insulator is called the electric polarization, and
considered as the response of the material to the applied field. A linear relation

P =xeE (2.13)

can be applied to normal dielectrics when E is relatively weak, where the pro-
portionality constant x is referred to as the electric susceptibility. In nature, spon-
taneously polarized materials also exist, originating from an internal polarizing
mechanism. The relation (2.13) does not hold for such materials as ferroelec-
tric crystals; moreover, even in normal dielectrics the relation between P and
E becomes nonlinear in a strong E field. Attributed to internal mechanisms,
the solutions to these specific dielectric problems are beyond the scope of this
book.
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TABLE 2.1. Dielectric permittivities k of insulators*

Insulators Permittivities k
Vacuum 1.00000
Air 1.00054
Water 78
Paper 35
Mica 54
Amber 2.7
Porcelain 6.5
Fused quartz 3.8
Pyrex glass 4.5
Polyethylene 2.3
Polystyrene 2.6
Neoprene 6.9
Teflon 2.1
Titanium oxide 100

*From D. Halliday & R. Resnick, Fundamentals of Physics,
Wiley, New York, 1974.

In normal dielectrics to which (2.13) is applicable, the general relation (2.12)
can be expressed as

D =1+ x)eE,
which can be written as
D =¢E, (2.14a)
where
€=kg and k=1+Yy. (2.14b)

The constants € and k are called the dielectric constant and electric permittivity,
respectively. Values of k for representative materials are listed in Table 2.1.

The capacity of a parallel-plate capacitor filled by a dielectric material is ex-
pressed as

eA C (2.15)
= — = KUy, .
d

where C, = €,A/d is the capacity of an empty capacitor. Equation (2.15) indicates
that the capacity value is increased by a factor k when filled by a dielectric material
of permittivity k. When capacitors C and C, are connected to a battery of Vs, we
have by definition C = Q/ Ve and Cy = Qo/ Vems, for which we have O = k Q,,.
On the other hand, if the empty capacitor C, is charged to Q and then isolated
from the battery of V¢, the potential difference between the plates is determined
by Vemt = (AV), = Q/C,. If a dielectric slab is inserted into such a charged
capacitor, the difference (AV), drops to AV = (AV),/k.

C
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Exercises

1. Calculate a change in the stored energy when a dielectric slab of permittivity k
is inserted in a parallel-plate capacitor C, = €,A/d for two cases: (a) a battery
is kept connected in the circuit, and (b) the slab is inserted after C, is charged
and then isolated from the battery.

2. Obtain the expression for capacity of a parallel-plate capacitor (area A and gap
d) when the space is partially filled with a dielectric slab of thickness & (< d)
in parallel to the plates.
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The Laplace—Poisson Equations

4.1. The Electrostatic Potential

One of the basic properties of the electric field is the force on a small electric
charge brought in from outside the field or on a hypothetical charge of 1 C that can
be assumed as if present inside the field. On the other hand, the field as a whole
is depicted by distributed lines originating from electric charges. Represented by
two vectors E and D, the basic laws of electrostatics are expressed in integral form
as

% E.ds=0 (3.15)
r

and
f D.dS=0. (3.13)
S

The integral in (3.15) is taken along a closed path I', whereas in (3.13) D
is integrated over a closed surface S, thereby expressing the static laws within
the path I' and surface S, which are selected for mathematical convenience. Ac-
cordingly, it is also significant to formulate the laws in differential form to deal
with local properties of the field at a given position, as specified by the boundary
conditions.

First, we consider the conservative nature of the field vector E = E(r), where
r is an arbitrary position vector in the field. Mathematically, the vanishing in-
tegral in (3.15) signifies that E.dS is a perfect differential, so that we can
write

—E.ds=4dV,

with a scalar V, where the negative sign is attached for convenience. Here, the
function V(r) is called the potential, that is, a function of a position r. The line
element dsis taken along an arbitrary curve I for integration, but can be considered

43
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as an arbitrary displacement dr in the field. Hence, using rectangular coordinates
r = (x,y, z), we can write that

av av av
—E.dx — E,dy — E.dz = —dx + —dy + —dz,
ox ay 0z
therefore,
av aVv av
Ek=——, E,=——E,, and E,=——. (4.1a)
ox ’ ay 9z

The set of three differential operations (dV/dx, dV/dy, 0V /dz) is a vector
operator called the gradient, by which (4.1a) can be written as grad V or VV.
Namely,

E=—-gradV=-VV. (4.1b)

The differential operator V, known as “nabla” (after a Greek word vaf3Aa), is
also read “del,” and often used in place of “grad.”

It is noted that the equation V(r) = const represents a surface in the field in
three dimensions. Characterized by a constant potential, such a surface is called
an equipotential surface. Considering two close points r and " on such a V =
constant surface, the difference vectorr — r’ = dr indicates a tangential direction
7 to the surface. Therefore, from the relation V(r) — V(r’) = grad_ V.dr = 0, we
obtain the relation grad, V L 7. Accordingly, field-lines of vector E are always
perpendicular to the tangent of an equipotential surface, i.e., E L 7. The static
field can therefore be mapped by a number of equipotential surfaces of constant
V, similar to altitude contours in a geographical map.

4.2. The Gauss Theorem in Differential Form

The charge Qinside in (3.13) is the total amount of the charges enclosed in a Gaussian
surface S. Taking a differential volume dv at a pointr inside S, we can express the
local charge as p(r) dv, where p(r) is the volume charge density at r; and hence
Qinside = f p(r)dv. The volume element dv at a point I is often written as d3r if it

is necessa?y to specify the point’s position in three-dimensional space. The flux is
expressed by a surface integral as in (3.13), which must be converted to a volume
integral in order for it to be compared with the charge density p(r) distributed in
S. Such a conversion can be performed mathematically by the Gauss theorem.

For simplicity, we use here rectangular coordinates to derive the Gauss theorem,
as shown in Fig. 4.1(a).

We consider a volume element dv = dxdydz in cube shape, where three pairs
of rectangular planes of area dydz, dzdx, and dxdy are facing along the x, y,
and z directions, respectively, constituting a closed cubical surface dS covering
the volume dv. For such a small volume, the flux on the left side of (3.13) can be
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(a) 3 (b)
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FIGURE 4.1. (a) A differential volume element in rectangular coordinates. (b) An element
in curvilinear coordinates (u, u,, u3).

specially expressed as
Y D.dS= —D,dS, + Dy (a,dS, — DydS, + Dy ya,dSy — D.dS; + D ya:dS.
ds
= (Dxtdr — Dx)dde + (Dy+dy - Dy) dzdx + (Dz+d; — D7) dxdy

(9D, 9Dy n 0D,
S\ ax ay 9z
whereas the charge on the right side of (3.13) is given by

) dxdydz,

Qinsice = p(x, ¥, ) dxdydz.

Therefore, the flux law (3.13) can be written as
oD, n oD, n aD,
ox ay 9z
Using the vector differential operator V, the left hand side expression in (4.2a)

can be expressed by the scalar product of V.D, called the divergence of D, and
therefore we obtain

=px,y,2). (4.2a)

V.D(r) = p(r) (4.2b)
or
div D(r) = p(r). (4.2¢)

If the space is empty or filled with a uniform dielectric medium, we have a
relation D = ¢,E or D = €E, respectively, and (4.2b) and (4.2c) can be written
for E as

V.E =divE = p(r)/e, or p(r)/e. (4.2d)

In (4.2d), the expressions in empty and filled spaces are identical, except for the
dielectric constants, and hence it is sufficient to discuss the equation for €, for an
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empty field. The field in normal media can be described sufficiently by one of these
vectors D or E. In contrast, the potential function V(') derived from (4.1a and b) is
a scalar quantity, making mathematical analysis significantly simpler. Combining
(4.1a) and (4.1b) with (4.2d), we can write the equation for the potential as

—V.VV(r)=—div.grad V(r) = %,

where

82 82 82
V.V =divgrad= — + — + —
& ox2 "oy a2
is a scalar operator called a Laplacian, and often expressed by V.V = V? = A,
The equation for V (1) is an inhomogeneous differential equation when p (r) # 0,
but becomes a homogeneous equation if p(r) = 0. In the former case
r
V2V(r) = —% 4.3)
is called the Poisson equation, whereas the homogeneous equation in the latter,
ie.,

V2V() =0, (4.4)

is the Laplace equation. Representing the basic laws of electrostatics, these equa-
tions are to be solved for the potential V (r), subject to given boundary conditions.

4.3. Curvilinear Coordinates (1)

For electrostatic problems in most practical cases, symmetry of boundaries plays
a significant role in obtaining solutions of the Laplace equation. In Section 4.2
rectangular coordinates were used for simplicity; however, for practical problems
basic equations may have to be expressed in polar, cylindrical, or other coordinates,
depending on the symmetry of a problem.

Polar and cylindrical coordinates are specific curvilinear coordinates that can
generally be written as u, u,, and u3. Nevertheless, these coordinates are also
functions of rectangular coordinates x, y, and z; a point P(x, y, z) in space can
also be specified by (u, u, u3). An important feature of these curvilinear systems
is that basic coordinate surfaces (0, us, u3), (11, 0, u3) and (u1, u,, 0) are mutually
orthogonal, and a differential displacement dr can be expressed by the metric

dr? = hidui + h3duj3 + h3du3, (4.5)

representing the orthogonal space. In general, the coordinate transformation is
specified by the metric dr? = Ygijuiu; expressed with coefficients gi; = hih;j,
which constitute a metric tensor (gj).

Judging from (4.5), in the orthogonal space components of dr are given by
components hiduy, hpdu,, and hidus, where hy, h,, and h3 can be considered
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factors for adjusting coordinates u;, u,, and u3 to linear dimensions. The gradient
of a scalar function Vcan therefore be expressed by components

1 0V 1 0V 1 0V
Ef=———, Ep=—-——— and E3=-———. (4.6)
/’l] 8u1 ]’lz 3142 h3 81/{3

For example, with rectangular coordinates (x, y, z) equation (4.5) for the metric
can be expressed as

dr? = dx? 4 dy? + dz?,
where
Uy=Xx, up =Yy, uz =172
and
hy=hy=h3=1.

Hence, the gradient vector is given by (4.1a).
For polar coordinates (r, 6, ¢), on the other hand, we have

dr? = dr? 4 r2d6? + r? sin® 0 do?,
for which
Uy =r, up =0, u3=¢
and
hi =1, hp =r, h3 =rsin6.

In this case, from (4.6) the vector E has components

v 19V 1 aV
E},:——, 0 =————", and E‘P:_ " —_—. (47)
or r 00 rsin® do
Similarly, with cylindrical coordinates (p, 6, z) we have
dr? = dp? 4 p2d6* 4 dz?,
for which
ur=p, up =90, u3 =z
and
hy=1, hy=p, h3=1.
The vector E is then expressed by
E v E 10V i E v @8)
=——, =——— an =—— .
p p PN : 3z

When converting a surface integral [D.dS into a volume integral, the

s
volume element needs to be written by curvilinear coordinates as dv =
(h1duy)(hpdu,)(h3dus). Similar to a volume element dv = dxdydz in rectangular
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coordinates, the cube-like elemental volume dv has three pairs of surfaces—
(dSy, dS}), (dS,, dS7), and (dS3, dS;)—that are perpendicular to the u, u», and u3
lines, respectively, as shown in Fig. 4.1(b).

In this case, the flux d® determined by dS can be calculated as

d® = ¥XD.dS
= (—DdS; + D/ldSi) + (—=D,dS, + DédSé) + (—D3dS3 + ngsg), 4.9)
where

dS; = hhhydusdus

3/’12 8h3 , 8Dl
= hy,+ —du, h; + — ) duodus, Dl = Dy + —du,, etc.
8u1 8141 3141

Therefore, we can write

’ / 8Dl ahz 3/13
DldSl = Dihyh3durdus + | ——hoh; + Di——hs + D1hy—— | dudusdus
U, duy duy
0 (Dyhyh
= pydsy + L2 4,
up
from which we derive
P 1 3(D1hah3)
D:dS; — D1dS; = dv.
! ! ! ! h1h2h3 3141 v
Similarly,
1 3 (Dyhszhy)
D,dS, — D,dS, = d
272 2502 h1h2h3 3142 v
and

1 9(Dshihy)
dv.
h1h2h3 3[43
Accordingly, we arrive at the expression

D}dS; — D3dS; =

1 0 (D1hah3) | 0(Dahshy)  9(Ds3hihy) .
do = dv = (div D) dv.
h1h2h3{ 3141 + 8142 + 31/{3 } v ( v ) v
Therefore, the total flux integrated over a closed surface S can be expressed by
%D.dS: /div D dv, (4.10)
S v
where
. 1 0 (D1hah3) | 0(Dahshy) | 0(Ds3hih))
divD = . 4.11
v h1h2h3 { 8141 + 8142 + 3143 } ( )

Equation (4.10) is the conversion formula between surface and volume inte-
grals, which is known as the Gauss theorem. Equation (4.10) gives the general
expression of div D in curvilinear coordinates uy, uy, and u3. Using (4.10), div
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D can be expressed in representative curvilinear coordinates. First, in rectangular
coordinates as

oD oD oD
T2

divD=— : 4.11
1v ox + ay 9z ( ?)
In polar coordinates as
1 d(r*sin®D,) 3 (rsinOD a(rD
divD = — r ), drsin6Dy) | 0 (rDy) 4.11b)
r2sin6 or 26 ¢
In cylindrical coordinates as
19(pD 10D aD,
givp— L20Ds) 19Dy 0D 4.11¢)
p Jp p d6 9z
The Laplacian operator can also be expressed as
02 02 02
v?= (4.12a)

a2 Ty T
1 0 d 1 0 d 1 92
ol <r2_> N (me-) + T @i

r2 dr ar r2sin® 90 a0 r2sin® 3@
19 ( o 1 82 92
Viee—(p— )+ 5-5+—. 4.12
p Ip <p 89) p? 902 = 977 @129

for rectangular, polar, and cylindrical systems, respectively.

4.4. The Laplace—Poisson Equations

A basic mathematical problem in electrostatics is to solve the Laplace equation
for the potential function when a charge distribution is specified on the boundary.
If there are charges on conducting boundaries and in the field we have to deal
with the Poisson equation at these charges’ locations. For a complete solution of
a static problem, both these equations are often required under given boundary
conditions. Mathematically, such a problem can be discussed with the Green’s
function method, which is generally applicable to other boundary problems than
those encountered in electrostatics. In this section, the Green’s function method
is outlined so we may discuss its mathematical consequences for static problems,
although some results are inferable with respect to physical ideas.

4.4.1. Boundary Conditions

In Section 3.4 static boundary conditions were discussed using the field vectors E
and D. For a conducting boundary the conditions are generally specified by (3.16)
as

E;=0 and D, =g,



50 4. The Laplace—Poisson Equations

which may alternatively be expressed with the potential function in the field as

aVv
(V)s=0 and -—¢g, <—> =0, (4.13)
an /g
where the suffix § indicates the specific value on the boundary surface.
For dielectric boundaries, the conditions (3.17) can be expressed as

av av av av
—) =(— and g (— | =&l|l—] ., (4.14)
9 /s 1 /s an /s an /s

which can also be specified by continuities of (V)s and €(dV/dn)g across the
boundary. On a dielectric boundary, due to different €, and €;, (V' /dn)s cannot be
continuous in general; however the condition can be specified by V and 9V /dn at
a point on the surface S. However, such a dielectric boundary may not necessarily
be a field boundary a specific if we consider that all the boundary points are phys-
ically characterized by a common property. As discussed in Section 3.4, a planar
dielectric boundary in a uniform electric field is regarded as an equipotential only
if it is parallel with the plates, which is, however, example. Nevertheless, a practi-
cal field is confined to an empty or material-filled space with conducting bounds
S specified by continuous (V)s and discontinuous €(dV/dn)s. Known as Dirich-
let’s conditions, such boundaries are one type considered in the mathematical
theory.

Although primarily “closed,” practical boundary surface S may have an “open”
area S’ as well. If a small hole exists on a plate of a capacitor, for exam-
ple, the field can no longer be uniform in the vicinity of the hole, from where
some field-lines may “leak out.” Such a hole area S’ in an empty capacitor
should be considered as distinct from closed area S, the former being physi-
cally characterized by the absence of surface charge. On S, inside and outside
fields are connected by the same medium of €,, where (dV/dn)g is continu-
ous and expressed as continuous D, across the area §’. In a general theory of
boundary problems, such a boundary as specified by continuous (dV/dn)g is
called Neumann’s boundary. Although somewhat specific from a physical view-
point, a general boundary is regarded as consisting of such surfaces as S and 5,
on which Dirichlet’s and Neumann’s conditions can be imposed, respectively.
In Subsection 4.4.3, the boundary problem for the Laplace-Poisson equations
is discussed with Green’s function, where boundary surfaces S and S’ of both
types are considered. In the next subsection, we pay attention to the uniqueness
theorem of the potential prior to discussing the method of Green’s function in
Subsection 4.4.3.

4.4.2. Uniqueness Theorem

Static potentials given by solutions of the Laplace—Poisson equations are uniquely
determined with the boundary conditions on S and S’ characterized by continuous
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(V)s and (0V/on)g, respectively, constituting a statement known as the uniqueness
theorem. Here the theorem is proved, thereby assuring that the Laplace-Poisson
equations have unique solutions in a given field.

Assuming that two different potentials V and V’ obey the same Laplace—
Poisson equations, we can prove that the difference function ¢ = V-V’ can take
no values other than zero at all given points. For that purpose we consider a trial
vector function ¢V ¢, which is then subjected to the Gauss theorem. For such a
function we can write

/div (eVe)dv = / ¢Ve.d(S+S) = / cpg—:d(S + ) =0,
v S+ S+

because @ = 0 on S and d¢/dn = 0 on S’. On the other hand,
div(eVe) = ¢div(Ve) + (V¢)’ = (Vo)

because of the identity div(V¢) = 0, and hence

/ (V) dv = 0.

Noting that the integrand (V¢)? can be either positive or zero, this integral
becomes zero only when V¢ = 0, or ¢ = onstant. Therefore, V — V' is physically
insignificant constant, assuring that the potential V(r) can always be unique at a
given position I.

4.4.3. Green’s Function Method

In this subsection we discuss a general problem for the potential V(r) in a field of
distributed charges on the boundary surface S. We consider that the distribution can
primarily be specified by a volume density p(r’) at a point r’ in the surface region,
although a surface density can be redefined as surface charges on a mathematical
boundary. By considering p (r’), the potential should obey the Poisson equation

r/
V2V (') = o) (4.15)
0
Assuming highly localized charges, the density may be expressed as p(r —r’) =
pd(r —r’) using a delta function 8(r — r’) to specify a finite p located only at
r =r’, whereas 0 at any other pointr #r’.
We define a function G(r — r’) that satisfies the equation

VG —r) = —w (4.16)

and is called the Green function. The equation (4.16) is the Laplace equation at
all points r other than r’, but it is the Poison equation at r = r’. Considering p as
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an isolated point charge, (4.16) can be solved for G(r —r’) to be expressed in the
form

R(r —r'NQ(w),
where R and Q2 are functions of the distance |[r —r’| and the solid angle o sub-

tending the area of charge 3(r — r’), respectively. In this case, €2, is independent
of w by symmetry, and hence (4.16) can be simplified as

V2R(r) = L d (2%> =0,

——|r
r2dr dr
where |r — r’| is replaced by r for brevity. Integrating this, we obtain the solu-
tion R(r) = —cy/r + c¢;, where the constants cjand ¢, can be determined by the

boundary conditions as » — 0 and oo, respectively. Namely,

dr 1
lim, ¢ <—r2d_> =7 and lim,_ . R(r) =0,
r mE,

resulting in ¢; = 1/4me, and ¢, = 0. Therefore, the Green function can be ex-
pressed as

Gt —17) = 1 3(r—r)

= S 4.17
4me, |r —r'| ( )

It is noted that the function (4.17) is symmetric by exchanging r andr’, whereas the
vector VG(r — r’) is anti-symmetric in relation to the variable for differentiation:
rorr',ie.,

V.Gr —r") ==V, G =1, (4.18)

where the suffixes indicates variables for differentiation.

Acting on the local potential V (r’), the Green function can be considered as a
propagator to shift it to a separate point I in the field, for which we define a scalar
function G(r —r’)V(r’) to satisfy the Poisson equation (4.15), thereby deriving
an expression for the potential V(r) at r. In this method, a field vector written as
F(r)= -V {G —r")V(r')} is considered for further analysis. For such a field
vector F(r), the flux density at (r") on the boundary surface can be constructed as
follows and evaluated in the limit of r — (r’). That is,

7€F.d5= ?ﬁ lim V, (G (r —r')V (')} .dS

r—r’
N

= ?grlifrl/{c(r 1YV V() +V(')V:G(r—r')}.dS

S
Using (4.17) and lim V,V(r’) - dS= (aV/dn)|r — r’|dS in this expression, the
r—r’

v . .. .
first term becomes 95 8_dS in the limit of r — r’, and the second term vanishes
S n

because of lim VG (r — r’) = 0. On the other hand, by the Gauss theorem we
r—r’
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have

?gF.dS:/(V,.F)dv:/V,.V,{G(r—r’)V(r/)}dv

v

- /Vr,.vr/ (G(r—r)V())dv
= [vE)vic e -r)as [G-r)viv e

= U—/G(r —r') wdv—/vv(r’) Mdv,

0 80

in which the second term of the last expression can be simplified as V (r)/e,. Here,

av
¢ F - dSshould be equal to &, ?{ B_dS , and we finally obtain
s n
s

V(r):/p(r’)G(r—r’)dv—l—so (8_V> ,
on Jg

’ Y
_ 1 /p(r)B(r f)dv,+80<3V)_ .19
4me, ’ |r—r’| on Jg

It is noted that the integral in (4.19) is to be carried out for the volume of
distributed charges v’, and hence the first term expresses a Coulomb potential due
to the total charge that looks like a point charge at a distant point r >> r’. Also,
we can apply formula (4.19) directly to individual charges in a group of charges,
which can be added to obtain the total potential.

4.5. Simple Examples

In this section we discuss simple applications of the Laplace—Poisson equations
and the Coulomb potential in fields of high symmetry, applications that require only
elementary mathematical analysis. Problems for advanced mathematical analysis
will be discussed in Chapter 5.

Example 1. A Long Cylindrical Capacitor.

The electric field and potential in a cylindrical capacitor were already discussed
in Section 3.4. In this example the same problem is discussed with the Laplace
equation as the mathematical exercise. The charge density on the conductor is
expressed by a given charge per length, i.e., A = Q/I, where the field is radial
and perpendicular to the conductor and expressed as a function of radius p only
if the length is sufficiently long, where p = a and b are radii of inner and outer
conducting surfaces. By virtue of cylindrical symmetry, the coordinates 6 and z
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z FIGURE 4.2. A circular parallel-plate con-
denser. The point P is specified by cylin-
drical coordinates (p, 0, z). The origin O
is set at the center.

are not necessary, and hence from (4.12c) the Laplace equation can be written as
1d dv

4 63)-e
pdp \" dp

This can be integrated as

av. ¢

—=— and V=clnp+c for a<p <bh.
dp p
The integration constant ¢ can be determined by the boundary condition on the
conductor surface p = a, thatis, (D, ),—, = 0, (the surface charge density). Here,
0, = M2wa, and from the relations —€,(dV /dp)y—s = 0,4, and —&,(dV /dp)y—p =
g, we obtain

c = N/2me,.

The other constant, ¢’, can be obtained from the relation (V),—, = clna + ¢/,
but is left undetermined as insignificant because only the potential difference is
physically meaningful. Hence,

av A
Inp+c¢ and E,g— =

Vip) = — = .
) 2me, ap 2mep

Exercise. Using the Laplace equation, obtain the expressions for the potential and
electric field of radii a and b, respectively, in a spherical capacitor.

Example 2. A Parallel-Plate Capacitor of Circular Plates.

In a parallel-plate capacitor of gap d and circular area A of radius R, i.e.,
A = wR?, we consider R not to be significantly larger than d. However, note that
the capacitor is symmetric around the z-axis, as shown in Fig. 4.2, and hence the
Laplace equation can be expressed with cylindrical coordinates p, 0, and z, where
the angle 0 is unnecessary for circular symmetry. That is,

3 ( 9V +282V_0
oo \Pap ) TP o2 =0
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Assuming that V(p, z) = P(p)Z(z), the equation can be written as a sum of
two separated terms of p only and of z only, that is,

1 d / dP +1d2z_0
p P dp pdp Z dz2

Therefore, by introducing a constant o>, we can separate the equation into two

equations
1 (d*z 5 .
z\az) =" ®
and
1 d dpP ) ..
——|p— ) =—0a", (ii)
pPdp dp
Rewriting (ii), we obtain
d’p 1dpP
4+ 4a’P=0,
dp?2  pd

that is, the Bessel equation, whose solution is expressed by
P(p)=P(0) J(ap).

Equation (i) has a solution generally given by exp(£az), but we take their linear
combination to write

Z(z) = Z(0) sinh(az)

1
to satisfy the boundary conditions on the plates at 7 = £ —d. Denoting the potential

difference between the plates by AV, the solution of the Laplace equation can then
be expressed as

1
Vip,z) = EAVJO(ocp)sinh(ocz), where AV =4P(0)Z(0).

1
The boundary conditions at z = :I:Ed are

a(p, € 1
—s,,( (b Z)> — +-° AV cosh (—ad)]o(ocp) — +0(p),
which are not constant as in a capacitor of A = oo, but approaching constant values
as a — 0. It is noted that p and z become independent in this limit.

4.6. The Coulomb Potential

Examples for the Coulomb potential (4.19) are discussed in this section using the
point-charge model to calculate for static fields. Although only mathematically
justifiable, a point charge can be considered as a solution (4.19) of the Laplace
equation, which is used as a classical model to represent charged particles.
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Distributed charges are normally described in terms of densities p (') in volume,
o (r')in surface area and \(r ") in line, and the potentials at a positionr are expressed
respectively as

, 1 p(r)d
Vi —r’) = ,
( ) 41T€0/ [r —r’|

v

1 /aoij

’

"~ 4me, Ir —r’|
S/
and
1 A(r)d'r’
= / . (4.20)
41re, r —r’|
e

Example 1. A Uniformly Charged Straight Conductor.

Figure 4.3 shows a long conductor along the z-axis. If it is uniformly charged the
length should be infinitely long. Also, it is noted that such a line conductor is con-
sidered as one conductor of a cylindrical capacitor, where the second one is placed
at infinity. Disregarding effects from the second conductor, the Coulomb potential
arising from the long conductor can be calculated at a distance r perpendicular to
the conductor.

As illustrated in the figure, the electric field vector due to charge elements Adz;
and Adz; located at £z becomes perpendicular to the line by symmetry as the z

FIGURE 4.3. Calculating the E
vector of a long charged rod.
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FIGURE 4.4. Calculating the E vector of a charged plate of infinite area.

components of dE; and dE, are cancelled. Therefore,

dE| 1 / 2N dz h r
= ————cosa, where cosa=——.
4me, ) 22 +r? Vi +r?
0

Hence, we obtain

3

E|=E, = )\/ rdz A
- r_2’n'80 ]

0

(Z2 +r2)§ T 2mer’
and the logarithmic potential

Inr 4+ const.

V)= —
r) =
2TE,

0

Example 2. A Charged Surface of a Conductor.

Figure 4.4 shows a flat conducting surface, where the charge distribution is
considered to be uniform. However, this assumption is valid only if the surface
extends to infinity. Besides, E = 0 inside the conductor, as characterized by a
constant V that can be equal to 0 if the area is infinitely large. In this case, the field
vector is strictly perpendicular to the surface because of the symmetry and of a
constant magnitude as derived by the Gauss theorem.

As illustrated in the figure, at a point P(0, 0, ) we consider all surface charges
in aring area between circles of radii p and p 4 dp, and notice that field elements
dE; and dE; due to differential charges on areas pdpd6 at 6 and 6 + 1 have hor-
izontal components that are cancelled by symmetry and signified only by vertical
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components. Thus, the net contribution is determined by the integral

oo

h

1]
=—, and Dj, =o,

o0
o rdr o
Ey= |[dEy=— | —— = —
0 €

€ 0 (r2 +h2)% €

S

which is the same result as obtained previously with the Gauss theorem.

4.7. Point Charges and the Superposition Principle

Equations (4.20) permit us to interpret distributed charges atr’ as a group of point
charges that are individually responsible for the potential at r, and their combined
result is expressed in integral form. We realize that such an additive property of
static potentials is simply the mathematical consequence of a linear differential
equation. On the other hand, physically it is due to algebraically additive charges
as postulated early on, from which the law of additive field vectors can arise.
However, the nature of electricity is still not quite substantiated in contemporary
physics, so that it is fair to mention that the superposition principle governs the
nature of electromagnetic fields.

If charges are confined to a small isolated sphere, the formula (4.20) allows
us to consider it at a distant point as a point charge from which radial field-lines
emerge or converge. On the other hand, if another charge is present nearby, the
field can no longer be radial, as expressed by a superposition of two fields. At this
point we realize that those charges cannot form a stable static configuration, unless
supported by a hidden mechanism. Nevertheless, disregarding the stability, such
clustered charges are discussed as an exercise for electrical states of matter.

Guided by the superposition principle, we can use formulas

1 gi
V() = 4.21
© 4178(,Z|r—ri| “421)

for a system of point charges g; located at rj, where i = 1, 2, ..., and calculate
the electric field vector with and E(r) = =V V().

4.7.1. An Electric Image

Figure 4.5(a) shows a field pattern of two point charges of an equal g, which is
compared with a pattern of charges +¢q and —g sketched in Fig. 4.5(b), where these
charges are separated by a distance 2h. The field-lines deviate considerably from
radial symmetry in their vicinity; between charges the density of field-line charges
is low in the former, compared with a high density in the latter, arising from re-
pulsive and attractive forces, respectively. Although unstable, both represent cases
for some electrical states of matter each providing a useful model for distributed
charge on conductors, polarization of insulators, and dipolar molecules.



Point Charges and the Superposition Principle 59

FIGURE 4.5. (a) Field-lines due to two identical point charges separated by a short distance.
(b) Field-lines due to point charges of an equal magnitude and opposite signs.

At a point P, the potential of two charges +¢q and —q is written as

Vi r) = — (i—i>, (4.22)

4me, \ry 1o

where r; and r_ are the distances from +¢ and —q, respectively.

Among the many field-lines sketched in Fig. 4.5(b) it is noted that a plane bisect-
ing the distance between g and —gq is equipotential, because ry = r_. Therefore,
we can replace it by a conducting sheet without modifying the original field-lines
on the right side. Further, noticeable is that the field pattern is unchanged by re-
moving —q from the field. Thus, two opposite charges g and —g are equivalentto a
single charge ¢ and a conducting plane. We can consider that the conducting plane
is represented by —¢, which is called an image charge on the plane. Figure 4.6(a)
shows the field-lines when a positive ¢ is placed at a distance / from a conducting
surface. Here, lines of the image charge —¢g are drawn with dotted curves.

Field-lines of E arising from the charge ¢ should be terminated on the conducting
surface, where the induced charge density can be calculated with the diagram
shown in Fig. 4.5(b). At a point distant r on the plane from the center between ¢
and its image —gq, their field vectors E and E_ can be added to obtain E that is
perpendicular to the surface. That is,

q

E.=|E_|=—1
| +| | | 4’IT80 (h2+r2)

and

h
N/ =

E =2|E;|cosaa where cosa =
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(a) conducting medium emply space (b)
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FIGURE 4.6. (a) A point charge ¢ and its electric image —¢g on infinite conducting plane.
(b) Calculating the image force.

This perpendicular field should be related to an induced charge density, which
can be written as
h
~0 ()= —&E () = ———
2m (h? + r2)?

indicating maximum at r = 0. The total amount of induced charges on the surface
can be calculated by integrating —o (r) over the entire area, that is,

00 2m 00
h d h1
—/.O'(r)rdr/dez(z]— % x2w=—g—52ﬂ=—6],
o 2 T
, ., o (B2 +7r2)?

which is exactly equal to the image charge. Owing to the negative sign of the image
charge or total induced charge, the charge ¢ is attracted by the conducting plate.
The force is expressed as the Coulomb force between point charges g and —g and
called an image force. That is,
2
Fo__L @ (4.23)
4e, (2h)

4.7.2. Electric Dipole Moment

Asymmetric molecules are often represented electrically by a pair of charges ¢
and —q that are separated by a small finite distance /. Such a separation [ is so
small in size that the pair of charges appears as if neutral as observed at a very
distant point. However, at a closer distance, the pair of charges exhibits explicit
field-lines, called a dipolar field. Such a distance r for a predominantly dipolar
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FIGURE4.7. Calculation of the dipolar po- Z
tential at a distant point P(r, 0, ¢). P

field is significantly larger than /, where the pair of charges is characterized by the
product gl called an electric dipole.

Figure 4.7 shows such a model of a dipole located at the origin of a coordinate
system, and along the z axis. It is usually free to rotate, and hence represented
conveniently by a vector quantity defined by

p=gql, (4.24)

where the vector | signifies the direction from —g to ¢, and the vector p is referred
to as the dipole moment. The MKSA unit of a dipole moment is C-m, which
however is too large for molecular dipoles of the order of 10~2° C-m. In molecular
physics, we traditionally use the unit called “Debye” defined as equal to 10~!%
esu-cm. Typical examples are p = 0.12 Debye for CO, and 1.86 Debye for H,O.

The dipole potential can be obtained with a model in Fig. 4.5(b) by considering
2h = [. The potential can be calculated from (4.22) approximately for» >> [. Noted

that
2 24 LY 2 ! cos 0
ry=r = r{\ = )
= 2) T2

|- l .
we expand — with respect to a small —, and derive
r+ r

1 1 1 [
— = %—<1:l:2—cose~|—---> for r> 1.

r4 l 2 li r r
r 1+(—) F —cosB
r r

Therefore, the potential can be approximately expressed as

ql 1 pcosH

1
VO e 7 O S e,
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FIGURE 4.8. (a) An electric dipole moment in a uniform electric field E. (b) Dipole-dipole
interaction.

Since we defined the dipole moment as a vector, the dipole potential can be written
as

1 p.r

Vi(r) = FEOIT’

(4.25)
where the index 1 is attached to V;(r) as related to the order in the series expansion
of potentials, as the potential will be expressed in higher approximation in later
discussions.

If an electric dipole p can be in rotational motion like a molecular dipole, external
field E exerts a torque. Figure 4.8(a) shows such a dipole in a uniform field, where
a couple of forces +¢gE and —¢E is responsible for rotating the dipole moment.
Accordingly, the dipole has a potential energy for rotation

U=—-p.E=—pEcosH (4.26a)
as related to the torque
T=pxE where |7|= pEsinf. (4.26b)

Here 0 is the angle between the vectors p and E.

If E is not uniform over the dipole moment along a direction x, we need to
consider a force related to the field gradient in addition to the torque given by
(4.26b). Such a force is responsible for translational motion of the dipole. If the
field E varies as a function of position x, a field gradient arises from the difference
between fields at g and —q, i.e.,

E(x 4+dx) — E(x) = (0E/0x)dx,

where dx = /cos0, and therefore the net force is given by

oE oE
F = qalcosﬂ = pcosﬂg. (4.26¢)
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4.7.3. The Dipole-Dipole Interaction

In dielectric materials, polar molecules can be represented by their dipole moments.
In this case, the mutual interaction energy arises from dipole-dipole interactions.
Considering two dipole moments p; and p, that can be rotated at fixed positions
as shown in Fig. 4.8(b), the interaction potential can be calculated for a given
distance. The distance between p; and p, can be expressed as a vector r, although
the direction is not significant for the mutual interaction energy. Nevertheless,
directions of interacting dipole moments are significantly related to their distance
from one another. On the other hand, the interaction energy should be unchanged
by inverting r to —r, as consistent with Newton’s action-reaction principle.

The interaction energy can be calculated for p; to be in the dipole field of p, or
for p, in the field of p;. In either case, we combine (4.25) and (4.26a) as derived
in the following. The electric field originating from |, at the position of p; can be
expressed as

1 Pyt 3(Pyer)r — por?

Ep=- Vi =
4me, r3 4me,rd

and hence p; has an energy

(pi- pz)r2—3(p1-r)(pz-r)] 4.27)

1
Up,=—-p;-En=
12 Pi- En2 Ame, |: 5

Similarly, we obtain the expression for U;; = — p,. Ej; that is identical to
(4.27). Equation (4.27) is the formula for a dipole-dipole interaction.
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The Gauss Theorem

3.1. A Spherical Capacitor

Spherical and cylindrical capacitors are important devices in practical applications
as well as for simple analysis of a static electric field. In these capacitors, field-lines
can be visualized precisely as radial, thereby the model of a point and line charge
can be established.

Figure 3.1 shows a sectional view of two concentric conducting spherical shells
connected to a battery of Vepy. In this case, charges +Q are distributed uniformly
over the surfaces facing each other, as illustrated in the figure. Denoting the radii
of these surfaces by a and b where a < b, the surface charge densities are given by
0, = Q/4ma’” and —op, = —Q/4mb?, respectively. Assuming Q > 0, field-lines
start from positive charges on the outer spherical surface of radius a, and end
at negative charges on the inner spherical surface of radius b. Inside conducting
materials, the field E should be zero in a static condition, and in the outside
space of the outer conductor there is no field, since no charges appear on the
outermost surface. These conducting spheres can be signified by unique electrical
potentials V; and Vy, where V; > V, if Q > 0, and all concentric spheres of radius
r are equipotential in the range of @ < r < b. According to the drawing rule for
field-lines given in Section 2.3.2, the number of lines should, theoretically, be
equal to Q, and expressed by Q = oa(4ma®) = op(4mb?). For an equipotential
surface with an arbitrary radius r, the flux density D; can be calculated from the
integral

f DidS = D (4nr?) = Q,

S

where dS is the surface element on a sphere of radius r. Because of the sym-
metry, field-lines are all radial, and hence D, represents the radial compo-
nent of the flux density vector D. Therefore, for a spherical capacitor, we can
write

Q

4rreor?’

D = 4Q and E; = 3.1)

r?

30
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FIGURE 3.1. A spherical
capacitor.

The potential function V(') can be defined, as we discussed for a parallel-plate
capacitor. As illustrated in Figure 3.2, placing a test charge 1C in a spherical field,
we can calculate the work for moving it along an arbitrary path I" from a point
A on the inner surface at r = a to a point B on the surface at r = b. In this case,
the arbitrary path I' can be replaced by small zigzag steps in radial and angular
directions in succession approximately.

The electric field vector E has a radial component E; only, and hence the angular
component Eq is 0 at all 8, so that we can write

b b
Q /dr Q /1 1
AT / / ' 4me, | 12 4meg,\a b
T a a
(3.2a)
and
V()= — + const. (3.2b)
41re r

Here, the additional constant in V(') is physically meaningless and can normally
be disregarded by assuming that the potential vanishes in the limit of r — o0, i.e.,
V(oo) = 0.

It is noted that the potential V (r) and the corresponding field vector E(r) are
singular atr = 0, where their values cannot be determined. In fact, (3.2b) cannot
be considered for a point charge, because, for such a finite charge, Q must be
postulated as residing inside such a singular point atr = 0. However, by assuming
that Q is confined to a small sphere of radius r = a, the constant in (3.2b) can
be set equal to Q/4me,a, which may be regarded for the potential value atr = 0.
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FIGURE 3.2. Quasi-static
work for moving a test charge
0, in a spherical electric field.

Thus, for a small charge g, (3.2a) can be written as

q
V()= , 33
© 4mre,r (3-3)
to express the Coulomb potential of a point charge Q.
Using (3.2b), the capacity of a spherical capacitor is expressed as
Q ab
Co=——— =4meg,—— 34
0 Va— Vg TEo b_ a (3.4a)

if the capacitor is empty inside. On the other hand, if it is filled with a dielectric
material of permittivity k, the capacity is expressed by

ab

C=kC,=4
K ’lTﬁb_a

. (3.4b)
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3.2. A Cylindrical Capacitor

Referring Figure 3.1, we can discuss a cylindrical capacitor where the electric
field-lines are radial between cylindrical surfaces of radii a and b (a < b) and
length |. Assuming for a long capacitor that | > (@, b), we can ignore both ends,
considering the field-lines to be predominantly two-dimensional, perpendicular to
the axis. Nevertheless, for a sufficiently long capacitor with a fixed length, charge
densities on the facing cylindrical surfaces can be expressed as o, = Q/2mal
and —op = —Q/2wbl, and we can draw all Q field-lines in radial directions and
evenly distributed in angular directions. In this case, obviously Q = ga(2mal) =
op(2whl), but o3 > op, and hence Dy = Q/2wal, and Dy, = Q/2whbl atr = a
and b, respectively. On an arbitrary surface of radius r between a and b, we can
write

Q

D= —— d E
" 2l an '

Q

T 2merl’

Defining the charge density on the cylindrical conductor per length by A = Q/|
in unit C-m~!, the radial field can be expressed as

A
- 2TrEeLr

D, and E; (3.5a)

T 2ar
in addition to the Z components D, = 0 and E, = 0.

In such a two-dimensional field, the potential function can be obtained in a way
similar to the spherical case. That is,

b b
\ dr N a

Vs —-Voe=— | Edr == | Edr = — — = In —, 3.5b
A B / / ' 21€, r 21€, nb (3.59)

r a a

where V, and Vp are unique values of the potential V(r) atr =a and r = b,
respectively. Using (3.10b), the capacity of a long cylindrical capacitor can be
expressed as

b
Co = (2mel)/ In 2 (3.6)
The potential function can be written as

V(r) =

Inr + const, 3.7
TEY

which is called the logarithmic potential. Notice, however, that for the constant

in (3.12) we cannot take the reference point at I = oco. Neither can we define the

potential at r = 0. Nevertheless, the additional constant of a potential function is

physically insignificant, and such an ambiguity in (3.12) can be avoided by taking

reference points at r = a and b.
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If the space is filled by a dielectric material of permittivity k, (3.7) should be
modified as

N
V()= —1Inr
© 2'178“

by simply replacing €, by € = g,k.

3.3. The Gauss Theorem

The electric field can be represented by a static force on a hypothetical charge
of 1C and also by field-lines originating from charges on boundary surfaces. The
Gauss theorem is a mathematical statement for the latter, expressing the relation
precisely. The boundary is composed of continuous conducting surfaces on which
charges can be distributed, providing singular sites in the field.

We consider differential area dSat a point r, thereby counting the number of
field-lines passing through dS As illustrated in Figure 3.3, such an area can be
expressed as dS = (r2dw) cos § with respect to an arbitrary point O, where dw
is the solid angle subtended by dS at the point r, and 6. the angle between the
field-line and the normal to dS Here, r>’dw = dS; represents the projected area of
dSon a sphere of radius r. Therefore, it is convenient to consider the differential
area as a vector dS of magnitude dSand direction n of the normal, i.e., dS=dSn.
Flux of the density vector D through dS can then be written as a scalar product
D.dS

With respect to a closed surface Sin the field, it is necessary to distinguish the
field vector D as to its direction toward either outside or inside of S, for which n

FIGURE 3.3. Flux of field-
lines from a point charge q, as
counted on a sphere S and on
an arbitrary surface S which
are nevertheless identical.
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is usually defined as the outward normal. With this definition of the vector area
we can see that the total flux of field-lines ® etermined by a closed surface S i.e.,
o = fs D.dS, is independent of the choice of S.

Considering a point charge q at the origin O as shown in Figure 3.3, the electric
field is radial as expressed by the flux density D, = q/4r?2, therefore

q r’de q
b = D.dS= D,dS, = — =— do =q,
ff ,% ek 4’rr¢ r2 47 ©=q
S S.

sphere sphere

which is consistent with the rule for the theoretical number of field-lines to be
drawn from Q.

If q is located inside or outside Sis significant in this argument, and we notice
that such a surface can be arbitrary in shape for counting field-lines. Therefore,
the above relation ® = q holds for any arbitrary S, provided that q is inside S, and
this result can be extended to a system of many charges ¢ i=1,2,...) as

b = % D.dS = qu = Qinsidey (38)
S i

where Qjpsige 1S the total charge enclosed in S.

We can show that a charge (. located outside Shas no contribution to the flux ®
etermined by S. For a charge (. as shown in Figure 3.4(a), we evaluate fluxes d®
and d®, determined by differential areas dS; = n(r lzdo)l) and dS;, = nz(rfdwz
at points 1 and 2 in the radial line drawn from Q.

In this figure, note that the angle 6; between D; and n; is an obtuse angle,
whereas 6, between D, and N, is an acute one; hence we obtain

dd, = izrlzdml = &d(y)] and dd, = —&d(ﬂz,
4rr; 4 41

FIGURE 3.4. Flux of field-lines counted on a closed surface in general shape. (a) A charge
0. outside S. (b) A charge q; inside S.
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so that

- 7§ (AP + ddy) = X 7§ (doo; — daxy) = 0.
47
S S

We can thus exclude all charges . outside S from the calculation of ®.

To count field-lines the surface S should be continuous and arbitrary in shape.
Nevertheless, some indented surface can be permitted in part on S, as shown in
Figure 3.4(b). In this case a radial field-line from inside @; is crosses such an
indented Sthree times (or an odd number of times in general), giving such a total
contribution that d®; + d®; + d®3 = dP,, because dd, = —d ;.

For an arbitrarily chosen surface Sin general, some charges can be inside of S
but some are outside. However, clearly only those enclosed in Scan contribute to
the integral 555 D.dS. Therefore, (3.8) can represent a general case, where Qjnside
is the total charge enclosed inside S, and the relation is called the Gauss theorem.
Such a surface S, as chosen for mathematical purposes, is referred to as a Gaussian
surface.

In the above we considered point charges ¢; and . for simplicity; however
charges can also be distributed continuously on surfaces and in a volume as well.
Such distributed charges are represented by a differential charge element that can be
considered as a point charge. For a continuous distribution of charges we can write

Qinsite = f o (P or / o (r)dr, (3.9)

v S

where p(r) and o (r) are volume and surface densities of charges atr, respectively,
and d’r and d’r are commonly used notations for volume and surface elements
dvand dS

Example 1. A Conducting Plate.

Figure 3.5 shows a conducting plate of a large area on which a flat cylindrical
surface with a short height is set up as a Gaussian surface, where the top and bottom
surfaces of area A are parallel to the plate.

D

k n
conducting

surface w \

—___f...-.__.—-’

FIGURE 3.5. A Gaussian surface in the shape of a pillbox on a conducting boundary.
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FIGURE 3.6. A Gaussian surface in cylindri-
cal shape for counting field-lines from a long
charged conducting rod.

In fact, this problem is hypothetical, unless we consider another conductor with
the given plate, which is necessary in principle for forming a capacitor. For such
a single charged plate we should consider another one like a spherical conductor
with infinite radius. In such a single plate, charges should reside on both surfaces
of the plate, whereas if there is another plate nearby as in a parallel-plate capacitor,
all charges appear on the facing surface only. Thus, if the surface charge density
is Q/ A = o on parallel plates, it should be reduced to Q/2A = %0’ on the single
isolated plate.

Ignoring the effect near the edges, the field-lines are all parallel to one another
and perpendicular to the plate of infinite area. Applied to the surface of a pillbox
shape, the Gauss theorem can be expressed as

, 1
75 D.4S = (Dn Ay + (D Alton + (Do A =2 x 20 A
box

Since A = A’, we obtain D,, = %(r, signifying that the field is separated into the
top and bottom of the plate due to separated charge densities %(r.

Example 2. A Long a Conducting Rod.

Figure 3.6 shows along conducting rod, where a concentric cylindrical Gaussian
surface Sof radius r and height | is indicated. When we charge it with a battery,
however, we have to assume that the rod is a part of a cylindrical uniaxial capacitor
that is composed with another cylinder of radius r = co. Further assuming the
length is sufficiently long, the charge Q on the rod can be distributed evenly
on the surface, which is conveniently expressed by the density per unit length,
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i.e., A = Q/I. Such a concentric Gaussian surface is an obvious choice for a
simple analysis of this case, where the flux-density vector D can be radial and
perpendicular to the rod, so that the flux D.dS vanishes on the top and bottom
surfaces. Referring the rod axis to the z-axis, we use cylindrical coordinates (r,
0, z) for a point in the field. The flux @ of field-lines determined by S can be
expressed by

2m

/D.dS:/ Dirld6 = Drrl x 2w = M,
0

S

from which we obtain the expression D, = N/2mr, that is identical to (3.5a).

Example 3. A Uniformly Charged Sphere.

J. J. Thomson (1903) considered a uniformly charged sphere to be a model of
an atom, one in which an electron can vibrate in harmonic motion to emit light.
Assuming it to be electrically neutral, such an atom consists of an electron and a
positive charge +e. He considered that positive charge uniformly distributed inside
a spherical volume of radius R.

Using the Gauss theorem, we can calculate the flux density D at a distance r
greater than R. By symmetry, the vector D should be radial with respect to the
center and given only by its radial component D, . Therefore, the Gauss theorem
applied to a spherical surface of radius r > R can be expressed as

f D.dS= yg D/ r2dw = D,rzfdw = Dy (4mr?) = +e,
S S S

and hence, at a pointr > R, we have
e

e
Dr=—— and B =——,
4are,r?

"7 42
implying that such a charged sphere looks as if a point charge located at r =0
when observed at a distant pointr > R.

On the other hand, at a point I < R inside the sphere, the electric field can be
calculated as arising from the amount of charge enclosed by a sphere S of radius
r, whose flux density is determined by e(r/ R)3. Therefore, for such a sphere we
can write

r\3
e(—) = D, 4mr?,
R

and hence
e
r=———r for r <R
4me, R3
. . . e .
Placing the electron at an inside point r, the force iy = —eE; = ———r is
4me, R3

a restoring force for the electron to be bonded at r = 0, being proportional to .
Considering the kinetic energy, the electron can vibrate in the vicinity of the center,
hence emitting its energy as a radiating dipole.
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3.4. Boundary Conditions

We generally consider the field confined to a space surrounded by boundaries that
are either conductive or dielectric in character. Properties of the field can essentially
be determined by surrounding boundaries.

The field vector E is basically a static force acting on a charge 1C, and conser-
vative in character, as expressed by a vanishing integral

f E.ds=0, (3.10)

r

which can be performed along any closed curve I', where ds is the line element.
On the other hand, the flux density D is related by charges in the field, as described
by the Gauss theorem

fD.dS: > a. (3.8)
S i

where these (; are free charges, distinctively different from bound charges on
dielectric surfaces. Equations (3.15) and (3.13) represent the basic laws of electro-
statics in integral form, which can be applied to any static problems. These laws
can be applied to boundaries to obtain conditions for calculating the field at a given
pointr.

3.4.1. A Conducting Boundary

Figure 3.7 shows a small portion of a conducting boundary, where the shaded
side represents the conducting medium. For the integral in (3.10), we consider
the closed rectangular path 1-2-3-4-1 as I', where the section 1-2 is in the field
space, whereas 3-4 is inside the conductor. Denoting edge lengths of T as di,, dx3
and so forth, we notice that dj; = — d34, and dp3 = — dy, and these lengths are
considered short.

Therefore, normal components of E along d,; and dy; are practically identi-
cal, whereas tangential components along d;, and ds4 are E; and 0, respectively.
Therefore, (3.15) can be written as

f E.ds = Edj; + (0 x d3y) =0,
12341

where the condition E; = 0 implies that only the normal component E;, is signif-
icant on the conducting surface. As shown in Figure 3.5, for a pillbox Gaussian

1 2
FIGURE 3.7. A closed rectangular path I': 1 — WWW
2 — 3 — 4 — 1 for the integral fr E.ds across /4 //

. duct
a conducting boundary plane. conductor
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Ey
[ |
E I! .
nH=———==-
\\\\. \
X 7
dielectric boundary ' £

N e

|

I

82 En2 i

field line

FIGURE 3.8. An E-line bent across a dielectric boundary.

surface the normal component Dy, is determined by the surface charge density o
as D = o = ¢,E,.
Thus, the boundary conditions on a conducting surface are given by

Ec=0 and Dp=o. @3.11)

3.4.2. A Dielectric Boundary

A boundary between different dielectrics is generally complicated because of the
presence of induced charges that can neither move nor mix on the surface. Further,
induced charges may not be uniformly distributed, except for a planar boundary
perpendicular to the applied field. Figure 3.8 illustrates a boundary between differ-
ent media of dielectric constants €; and €,, and E; and E; are electric field vectors
in these media.

First, we apply (3.10) to a rectangular path shown in Figure 3.7 considering the
short sections 1-2 and 3-4 in the medium 1 and medium 2, respectively. The sections
2-3 and 4-1 crossing the boundary may be assumed as shorter and negligible. For
the integrand in (3.15), we therefore need only tangential components of E, so that

% E.ds = Edjs + Eipdsy =0 where djp = —dsy.
12341

Therefore,
En = Ep, (3.12)

stating that tangential components of E should be continuous across the boundary.
Next, we apply the Gauss theorem (3.13) to a pillbox surface that is set perpen-
dicularly to a plane dielectric boundary, as shown in Figure 3.7, with the flat top
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190 /

MU

and bottom in dielectric media 1 and 2, respectively. It can then be written as

FIGURE 3.9. A charged capacitor filled by +
parallel layers of two dielectric materials.

f D.dS=Dy1S — DS =0, where S =S.

box

Hence,
€1Ent = €2Ena, (3.13)

implying that normal components of D are continuous, although the corresponding
E is discontinuous across the boundary, because of €| # €;. As remarked, this result
is also due to the fact that no free charges can, normally, exist on the dielectric
boundary.

Denoting angles between E and n in two media as 6; and 6,, as indicated
in Figure 3.8, we have tan 6; = E;/Ep; and tan 6, = E;»/Ep;. Using (3.17) and
(3.18), we obtain

tan 0; €

—y 3.14
tan 6, € ( )

indicating that field-lines bend directions at the boundary, except for 6; = 6, = 0.

If E|| n particularly, Ej, is discontinuous, and E; = 0, thereby characterizing the
boundary as an equipotential surface.

The conditions (3.17) and (3.18) can generally be applied to static boundaries
between different nonconducting dielectric media, signifying the continuity of E;
and Dy,. In contrast, on a conducting surface characterized by E = 0, and so D = 0,
the relation D, = o signifies the discontinuity on a conducting surface. Also, as
the tangential component is zero outside the conductor as well as inside, E; appears
to be continuous.

Example. A Planar Dielectric Boundary in a Capacitor.

Consider two dielectric layers of thickness a and b with different dielectric
constants €; and € filling the gap d of a parallel-plate capacitor that is charged by
a battery, as shown in Figure 3.9.

In this case, these two layers behave like a single medium of an effective di-
electric constant €” and thickness a + b = d, exhibiting induced charges FQp on
surfaces facing the charged capacitor plates at +Q. On the boundary surface be-
tween different dielectric media there appears no macroscopic charge, so that the
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flux from charges £Q penetrates continuously into the media, i.e., Dy = Dpp,
in which another flux of lines from the polarized charges FFQp exists in rela-
tion with P,; = Py,. Here, we have Dy — Py =0 and Dy, — Py = 0, and so
€1 En = & En =0, accordingly E; = Eny = 0 on the boundary. On the other
hand, there is no tangential field in the media, so that the boundary surface should
be equipotential, ignoring the gap between the media 1 and 2. Thus, signifying
surfaces by potentials, V., V|, and V_, the capacitor can be regarded as equivalent
to two capacitors filled with dielectric media €, and €, that are connected in series.
Namely, we can write

CI:&?A, CZ:%, Cz% and ézcil—f-ciz,
and
, 1
€=a"p"
e &

Further, writing that

Q

Vi-Vo=Z=E@+b and Q- Qp=sE,

we obtain
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The Legendre Expansion of Potentials

5.1. The Laplace Equation in Spherical Coordinates

In electrostatics a basic problem is to find the potential function for a given charge
distribution that can be solved with the Laplace-Poisson equations under specified
boundary conditions. Although the cause for distributed charges is unspecified
in the given system, here we are only concerned about the electrostatic problem.
For many applications we are interested in the potential at a distant point from
distributed charges in a small region. The corresponding field is often dominated by
deviations from spherical symmetry, a deviation that can be conveniently viewed
with polar coordinates with respect to the center of distribution. Such a charge
distribution is often described with respect to a unique direction for deformation
that arises from an internal origin.

The Laplace equation V?V = 0 is a partial differential equation to which the
method of separating variables is applied, reducing it to a set of ordinary differ-
ential equations for the individual curvilinear coordinates. In polar coordinates
r, 8, and ¢, the Laplace equation can be expressed as

19 [,V 1 oV 1V
r23r< ar>+r2sineae (sm 36>+r2sin29 092 ©-

Assuming V (1, 8, ¢) = R(r)®(8)d(¢), where the factors R, ® and P are functions
of r, 6, and ¢, respectively, equation (5.1) can be written as

Ld(pdRY, 1 d /o dey 1 de o
——(r — ———— — | sin6— ————=0. @
r2Rdr dr r2@sin6 do r2d sin® ¢ de?

First, we let
— = —m’, (ii)
from which we have

@(¢) = @, exp (Fime).

64
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In order for the potential to assume a unique value, we must consider that ®(¢) =
®(p + 217), so that m is determined from exp (£2mmi) = 1. Therefore, m must
be either O or £ an integer, i.e., m =0, 1, +2, ... .

Next, in (i) we set
1d dR
——(r2=—) =k, (iii)
Rdr dr

in order to obtain a radial function that can be expressed as R(r) = Ar", where n
is an integer. Then, from (iii) K should be related to n as given by

K=n(m+1). @iv)

It is noted that (iv) can also be fulfilled by another integer n’ = —(n + 1), as we
can write K = n’(n’ + 1). Therefore, generally, the function R(r) can be expressed
as

R(r):Anr"—l—E W)

rn+1 ’
where A, and B, are constants for R(r) to be determined as a linear combination of
these terms of ™ and 1/r"*!, as required by boundary conditions. For the positive
r, it is sufficient to consider thatn =0, 1,2, 3, ... .
Using (ii) and (iv) in the relation (i), we obtain the equation for ®(0) expressed
as

=0,

sin @ — —— =
sin“ 0

| de m?
nn D+ G ne do < d@)

and hence the function ®(0) depends generally on indexes n and m. However,
noting that the specific case of m = 0 signifies the potential independent of the
angle ¢, such an axially symmetric function is specified only by the index n.
Therefore, the function ® for m = 0 is specially written as P,(0). For the axial

function P,(8), called the Legendre function, we have a differential equation

L d 'edp“ +nn+1DP,=0 (5.22)
sinodo "MV g )T n =0 oA

which can also be expressed in terms of a variable w = cos 0; that is,

d 5\ dP, B
@{(1—M)a}+n(n+l)&_0 (5.2b)

Noting that the equation (5.2b) is unchanged when n is replaced by —(n + 1), we
have the relation

P,(cos0) = P_,_i(cos 0) 5.3)
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Combining P,(cos 6) with the radial function R(r), the axial potential can be
expressed as

EOEDY (Anr“ + %) Py (cos 6), (5.4)
n

which is a linear combination of all solutions indexed by integers n. The Legendre
function is specified by an index n. The first term in the brackets of (5.4) is zero at
r = 0, while diverging asr — 00, whereas the second term is singular atr = 0 but
finite at all r. Therefore, these terms are considered to represent different regions
in the field, and on their boundaries coefficients A, and B, should be determined
for each potential signified by n of the Legendre function.

5.2. Series Expansion of the Coulomb Potential

In the previous section the Laplace equation is separated into ordinary differential
equations, for which the origin of polar coordinates is unspecified. In Chapter
4, on the other hand, the solution (4.19) is obtained with respect to conducting
boundaries on which charges are distributed, and where charges and the point of
observation are specified by vectors r’ and r, respectively. The Coulomb potential

at r is thus expressed as
1 ro)dr
V() = f p(ro) .
4me, Ir —rol
v(ro)

where r’ and dv’ in (4.19) are replaced by r, and d’r, to specify the source
in the following discussion. A general situation for calculating the potential is
illustrated in Figure 5.1, where we have the geometrical relation (r —r,)> =r? +
r2 —2rr, cos 0. Dividing the space into two regions characterized by r > r, and

z
P
\e r-r
q r
I
fy 1 Y .
(@) | FIGURE 5.1. A point charge q lo-

cated near the origin O and a distant
P point P showing the relation between
X coordinates.
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r <r,, we have
1 1

IF—rol  ry1—2ps+p2

lo
where S= T

and

1 1 r
where S= —,

IF—rol  ro/1—2ps+s2 lo

respectively, where the factor (1 — 2us 4+ s?)~!, known as the generating function,
can be expanded into power series for a small variable S. That is,

1

V1 —2us+s?

1 3
=1+ps+ 5(3;}? —1)s* + E(sw —3ws’

1
+§(35p,4 — 30 +3)st 4+ ...,

where the coefficients can be identified as Legendre’s functions P,(w) for n =
0,1,2,3, ... .Leaving the proof to Section 5.3, we write the series expansion as

1
m - Z P, (p)s", (5.5)

where
Po() = 1, Pi(p) = p, Po(p) = 13p* — 1), Py(p) = é(5p° — 3p), ... .

Using P, (), the Coulomb potential for the regionr > r, can be expressed by

1 Pa () 3

V()= ro)rhdr,, 5.6

(r) 4m—:0§ P p(ro)ry (5.62)
v(ro)

whereas, forr <r,,

v<r)=$2f“mu)/ P o) gy, (5.6b)

n+1
ro

v(ro)

The potential V (r) of (5.6a) and (b) are expressed as a superposition of component
potentials V,,(r)forn =0, 1,2, ..., thatis, V(r) = Z,V,y(r).
In the region for r > r, in particular, for n = 0,

Vo(r) =

rg,where Q= f p (Fo)rodr,
v(ro)

41e,

represents a point charge model effectively for the total charge Q. Forn =1,

1 pcosH
4mre, 12

Vi(r) = ,  where p:/p(ro)r0d3r0

v(ro)

expresses the dipole moment associated with distributed charges.
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5.3. Legendre’s Polynomials

We discuss the Legendre function briefly in this mathematical section. Here, for

the function P,(p) defined as expansion coefficients in (5.5), we show the proof

that P,(p) satisfies the equation (5.2b), and the recurrence formula.
Differentiating (5.5) with respect to the variable S, we obtain

-S
M—; - Zns"—l P ().
(1 —2ps+s?)° n
Using (5.5) in this expression, we can write

(M—S)Z P, () s" =Z(ns“*1 +ns" ! —2ns") P, ()

and, hence,

D@+ Dps' P =) i+ DS™HIP () + ) s Py ()

We can compare terms of S" on both sides of this relation and obtain a recurrence
formula,

Cn+ 1D Py () =M+ 1) Py (n) + 0Py (). (5.7

For positive values, K = n(n + 1) > 0, the order n can be equal to —1,0, 1, 2, ...,
therefore from (5.7) we can write, successively, that

Poi(w) =0, Po(p) =1, Pi(p) = pPo(p) =
2Py () = 3pPi(w) — Po(p) = 3p* — 1,
1
Py(w) = SuPa() — 2Py () = S(15p° = %), ...
Thus, the expansion coefficients P,() in the series (5.5), known as the Legendre

polynomials, are related by the recurrence formula (5.7).
Next, we differentiate (5.5) with respect to the variable w, and obtain

dPy (p)
dp

(—f_zsp(“) where P/ (n) =
1 —2ps+¢2)’

Hence,

s(Zs“P (M)> (1-2ps+¢ Zs P/ ().

Equating the coefficient of S" on the left side to those on the right, we obtain
another recurrence formula,

Pa() = Pr (W) + Pr_y () — 2 Pi(p). (5.8)

Next, we derive the Legendre equation (5.2b) using these recurrence formulas to
show that P,() is the solution. Differentiating (5.7) with respect to ., we obtain

@n+ D{Py(w) + pPy (W} =@+ 1) P () +nP_; (),
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and so

Cn+ DHPy(w) =0+ 1DP,; (w+nP_; (W) —Cn+ DHuP ()

=n{P/,, (W+P_; (W) —2pP (W} + Py (0) — wP ()
or

2n+ DPy(w) = m+ D {P,; () + P_; (0) — 2Py ()}
—Pr (W + P ().

Using (5.7), we can replace the quantity in the curly brackets by P,(w), and

m+DP (W) =P (W) —wPy(n) or nP(w)=—P_; (w)+ P (n).

The first expression can be written as nP,_; (n) = P, (w) — pP!_; (i) by chang-
ingnton — 1. Eliminating P, _, () from this and the second expression, we obtain

nPyp () = unPr () + (1 — ) Py ().

Therefore,

d
@{(1 — ) Pr(w}=n{P_, (W) — wP; (W)} — 0Py (w)=—n@m+ 1) P (1),

which is the Legendre equation (5.2b).

5.4. A Conducting Sphere in a Uniform Field

A conducting sphere is polarized in a uniform field, which becomes axially sym-
metric in the vicinity of the field, although almost unchanged at distant places.
Induced charges appear on the spherical surface, producing an axial field that
modifies the original uniform field.

For such a problem, polar coordinates r, 8, and ¢ can be used with respect to
the direction of the uniform field passing through the center of the sphere. In this
case, at the distant point the field E, is constant and expressed by the potential
V = —E,z, that is,

V(r,0)=—Escosd for r — oo, )

which is regarded as the condition for the potential to satisfy in the distant region
from the sphere. On the other hand, the potential must also be constant on the
conducting spherical surface of radius R, and hence

V(R, 0) = V,(constant) (i)

is the other boundary condition to be satisfied, and it can also be expressed by

Eqe =0 and &,E, =0p at r=R. (iii)
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Noting that the net field is axially symmetrical and independent of ¢, the potential
is generally expressed by (5.4), as it is a solution of the Laplace equation. However,
due to the condition (i), the potential should be signified by the factor cos 6, and
only the term of Pj(cos8) = cos 0 in the series is significant. Therefore, the net
potential can be expressed as

V(,0)= <A1r + %) cos 0. >iv)

Using the condition (i) at r — oo in this potential, we obtain A; = —E,. From
(iv), we have

E — — A — — | cos and BEg=———=A;+ — }sin s
' ar ! r3 o r a0 ! r3

to which we can apply the condition (iii), and obtain

B . 2B
(Eg r=r = <A1+ E;) sin@ =0 and &, (E/),_gr = & <A] — ?31> cos 0 = op.
From the first relation we obtain that B, = — A R? = E,R3, and from the second

we can express the polarized charge density on the sphere as
op = 3g,E, cos 6.

Induced surface charges are therefore distributed as proportional to cos 0, giv-
ing maximum at 6 = 0 and minimum at %ﬂT. Also notable is that the field E;
is zero at the point r = R, 0 = %Tr, corresponding to the minimum charge den-
sity. Figure 5.2 illustrates such field-lines in the vicinity of a polarized sphere. As

E,
—_— -
— - o el
- - e 17—*_—/ _",’)
’\7-1‘_‘71‘\ /,/
‘_7_1‘"'*-7‘.,,_‘, \/ o /7/,/—""’
~ T //

il

——

FIGURE 5.2. Field-lines of a polarized sphere in a uniform electric field E,.
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indicated by (iv), the potential is given by a superposition of a uniform potential
—E,r cos 0 plus a dipole potential V| = p/4me,r 2, where the dipole moment is
defined as p = (4me,)E,R3.

5.5. A Dielectric Sphere in a Uniform Field

In this section, we discuss a dielectric sphere that is polarized by a uniform electric
field. We assume that the material is of a uniform density and characterized by
a dielectric constant €. As is true for a conducting case, such a sphere is in axial
symmetry, however unlike in a conductor, there is an electric field inside the sphere.
We describe the field by coordinates r and 6 with respect to the center of the
sphere, referring to the direction of applied field expressed at distant points by the
potential

V = —E,z= —E,r cos6.

The potential V(r, 6) can be expressed outside and inside the sphere as
Vout(r 6)——Ercos6+zip(cosﬁ) for r >R
out\!» - 0 rn+1 n

and

Vin(r, 8) = Z Ar"P,(cos®) for r <R,

respectively. The boundary conditions on the spherical surface are

VOllt(Ra e) = \/in(Rv 9)

e 8Vout — _¢ aVin
o J_g ar /g

We can find that the coefficients A, and B, forn > 1 cannot satisfy these boundary
conditions simultaneously, and, consequently, only A; and B; need be determined,
as in the case of a conducting sphere. Thus, for n = 1 the conditions are written as

and

B, 2B,
—EOR—FE:A[R and — & Eoﬁ =€A1.

Solving these for A; and B, we obtain

Hence

e—¢, E;R3cos®
Vou(r, 0) = —E,r 0+
u(r. ) €08 €+ 2¢, rz
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and
3e,
€+ 2¢,

Vin (r,0) = — E,r cos 6.

The potential Vo (r, 6) is composed of uniform and dipolar terms, whereas the
potential Vi, (r, 8) gives a uniform field.
Replacing r cos 6 in Vi, (r, 6) by z,
Vi@ _ 38
9z e+2e,

E,=

09

which is constant, but not equal to E, unless € = €,. Further, the induced surface
charge density on the sphere can be calculated as

oo = g [(Vou (. 0) te Vi (1, 0) _2E—&)p o
? ? ar R ar P ’

which is a maximum at 6 = 0 and minimum at %’IT. From V,u(r, 0), the dipole
moment induced in a dielectric sphere can be written as

k—1 €
p=4"ﬂ'80K—-’_2E0R3, where k = —O.

Also, the electric field outside the sphere can be calculated as

OVou (1, 0) 2(k — 1) R}
Er_iar = 1—|-7K+2 re Eocos @
19V, 2(k — 1) R}
Eez__w: 1_M_ E, sin 6.
r 20 k+2 r3

We note that at 6 = %ﬂ, while E, = 0, the field is dominated by Eg, which is less
than 1; this is because k > 1 signifies a low flux density in this vicinity, as sketched

in Figure 5.3(a).

Exercise. A Spherical Cavity in a Dielectric Medium.

Consider a spherical cavity of radius R in a medium of dielectric constant
€ = K&,, as shown in Figure 5.3(b). In this case, the cavity is polarized by an
applied field in the medium. Obtain the expressions for the electric field vectors in
the medium as well as in the cavity, and explain that the field pattern is as illustrated
in the figure.

5.6. A Point Charge Near a Grounded Conducting Sphere

In Section 4.7 we discussed an electric image —( of a point charge ¢ on a conduct-
ing plane of infinite area. The potential of the plane is regarded as zero because it
is extended to infinity. In this section we discuss a conducting sphere of radius R
in the field of a point charge q;, to see if an image charge — ¢, can represent the
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FIGURE 5.3. A dielectric sphere in a
uniform electric field E,. (a) €jpsige >

Eoutside s (b) €inside < €outside-

sphere. However, for such an image to exist it is realized that the sphere should be
grounded to maintain the potential at zero. Otherwise, the sphere is polarized, and
not represented by a dipole moment. On the grounded sphere, the induced charges
can of one kind reside, keeping the other kind away at infinity, so that the sphere
can effectively be represented by a charge —(,. Figure 5.4(b) shows a sketch of
field-lines near the sphere and q;, where some of the lines from q; are ended at
the conducting surface, whereas other lines are extended to infinity. Hence, the
magnitude of the image charge cannot be of the same as Q.

We calculate the potential V (ry, r,) at a point P, where r; and r, are the distances
from a given (]; and a hypothetical g, as shown in Figure 5.4(b). Taking P at exactly
on a surface point of the sphere, we have

1
VP = Virr) = o (%_?_j) =o0.

Indicating the positions of (; and @, as z = a and b, respectively, referring to the
rectangular axes X, Y, and z shown in the figure,

rP=x*+y’+z—-a?’=r?-2az+a
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(a) FIGURE 5.4. A point charge ¢, and a
grounded conducting sphere. (a) The
electric image Q,. (b) Field-lines due
to q; and its image .

(b)

and

r7=x>+y*+zZ-b?=r?-2bz+b?
where r = (X? + y? + Z%)! is the radial distance from the center of the sphere. At
all points on the sphere r = R, V(P) = 0, and hence
Sl _ Q2
VRE-2az+a> R —2bz+0?
from which we obtain
(af — @) R* —2z(qib — qza) + gib* — qza’ = 0.

In order for this equation to be held at all points on the surface, the second term
on the right should vanish regardless of z, and therefore

g;a’ — gib?

g’b—qg’a=0 and R’=
o of — &

Accordingly, for the image charge —@, we have

b R? d /b
= — N = —_
a a G =0 2’

indicating ¢p < (.
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The induced charge density can be calculated with the potentials of point charges
q; and O, thatis, o(0) = —¢€,(aV/ar ), —r. Writing o = R/a for convenience, the
result can be expressed as

qa(l —a)
T
4 R2 (1 — 20 cos 0 —cxz)i

o(0) = —

giving distributed densities as a function of 0, as sketched in Figure 5.4(b). The
total induced charge can be obtained by

+1
/(r (0)2mR*d (cos 0) = —aq; = O,
~1
as expected. Further, the force between (], and —(; is attractive, and expressed by

a9 o
4me, (a— b)? 4me,R? (1 — az)z'

5.7. A Simple Quadrupole

As a simple example of a quadrupole, we consider a spherical charge Q that is
distorted by four external point charges, two positive and two negative, located
close to Q on the X- and Yy-axis, respectively, as illustrated in Figure 5.5.

This is a model for an ionic charge distorted at a lattice site of a rectangular
crystal, where the deformed charge is characterized by four small point charges
+q, —Q, +q and — g to express a distortion from the spherical Q, as schematically
shown in the figure. Assuming that such charge displacements occur in the Xy-plane,
the potential of such a quadrupole can be expressed with polar coordinatesr, 6, and
¢ with respect to the z-axis. For convenience, we denote these charge deviations

y

&)

FIGURE 5.5. A simple quadrupole @
moment.
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1 1 3
as gii =1, 2, 3, 4) that are located at &;: (a, E’IT, ), where ¢, =0, =, w, =,

respectively. For a point P(r, 0, ¢) of observation, we use angles o; defined by
cos o = (r.a;)/r&;. In this case, we have

cosa; = —cosaz =sinfcos¢e and cosay = —cosay = sin 0 sin ¢

and the potential at P can be written for r > a; as
1 ar
V(r,0,¢)= EZ: m{ P, (cosay)— P, (cos ap)+ P, (cos a3) — P, (cos ay)} .

By the relation (5.3),
P.(cos az) = P,(—cos o)) =(—1)"P,(cos o) and P,(cos ay)=(—1)"P,(cos o)

Therefore, the n = 0 and 1 terms can be disregarded, and the n = 2 terms are
significant for the quadrupole potential, that is

a2
V,(r, 0, ¢) = & {P, (sin B cos ¢) — P; (sin 0 sin ¢)}
21re r3
a? (3 1 3qga’
= g Zsin’fcos2¢ | = g sin” 6 cos 2¢.
2mregr3 \ 2 4me, 13
Exercises.

1. In the above model the quadrupole may be considered as consisting of two
dipoles of (g, —q) and | = v/2a. Show such a model of two dipoles from which
the same expression for V, can be obtained.

2. Assuming that four charges  in the model are all of the same sign, obtain the
expression of the potential V forr > a.

5.8. Associated Legendre Polynomials

The Coulomb potential (4.19) has been expanded into the Legendre series. We
discussed the cases of n =0 and n =1 for a point charge and dipole; further,
a simple quadrupole potential was described as given by n = 2 in the previous
section. Cases forn > 2 can be discussed, also, however, no significant applications
to practical problems can be found. In contrast, functions P; and P, are of specific
importance in applications to molecular dipoles, nuclear quadrupoles, antenna
design, and many other problems.

In symmetry lower than uniaxial, a charge system is signified not only by 6 but
also by the azimuthal angle ¢, and the potential has a factor ®(¢) = &, exp(imeo),
where m can take zero and =+ integer values. For such a potential, the angular
factor is fully expressed as P,(cos 6)exp(ime) = P(6, ¢), which is called the
associated Legendre function. The function P™(8, ¢) is determined as solutions
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of the differential equation

d dpm
sineE <sine d(; )+ {n(n+ 1sin*6 —m*} P" =0, (5.9a)
or using p = cos 0 instead of 0,
d dpm m?
— (1 —p2) = 1) — P™ =0, 5.9b
du{( M)dn}+{n(n+) I—Mz} ! 490

which is called the associated Legendre equation. The function P"(w, ¢) has
singularities at . = %1 if N and mare integers and n > |m|, constituting physically
meaningful solutions in the ranges of 0 < 6 < wand0 < ¢ < 2. Mathematically,
there is another solution known as the second kind solution, but we disregard
it, since only the P"(w, ¢) are meaningful. Leaving the mathematical detail to
reference books, here we discuss only P," (6, ¢), called the first kind, for potential
problems.

The associated function P;"(, ¢) can be derived from the Legendre polynomial
P.(w) by differentiations, i.e.,

mi/ dm Pa ()

P (W) = DM (1 =) =

(5.10)

In the Appendix, a proof is given for (5.10) to satisfy the associated Legendre
equation (5.9b), showing the orthogonality relation

+1
[ P R =

-1

2 (n+ |m))!
2n+1 (n — |m|)!

Sn.ns (5.11)

where 8,y = 1ifn = n’, otherwise §, y = 0forn # n’, and clearly n > |m| for the
associated function to be real. The normalized Legendre functions, called spherical
harmonics, are then expressed as

Yom(0, @) = \/% P"(cos ) exp(imeg), (5.12)
for which the orthogonality relation can be written as
o w
/ /Yn,m (0, @) Yy (8, )" sin0ddde = 0. (5.13)
0 0
It is realized that these spherical harmonics form =n,n—1,n—2, ..., —n

constitute an orthonormal set of functions, so that Legendre’s function P,(cos )
can be expressed as a linear combination of these spherical harmonics for m. In
this connection, we can derive a formula, known as the addition theorem, which is
important for a multipoleexpansion of the potential, to be discussed in Section 5.9.
Considering an angle y between two given directions (0, ¢) and (6, ¢’), we look
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for the formula forP,(cosy) to be expressed by these angles. Corresponding to
the cosine law, i.e.,

cosy = cos 0 cos 0’ + sin 0 sin 0 cos(¢ — ¢’),

we can prove the relation

Pa(cosy) = 2 nm (0, @) Yo (0", ¢). (5.14)
Proof: First, we write that
Pa(cosy) = D AmPy" (cos B) exp (img), G
where
ni@—m) [ [
n—+1(m—|mj)!
Anm -

py m dcp/d(cos 0)P, (cosvy) Pn|m| (cos0)exp (i |m| ).
0 +1

Considering a direction (7, ¢), we can also write that

Pnlm| (cosB)exp (i Im| @) = i Bow Pn|m/| (cosy)exp (i |m’| c])), (>ii)

m’'=+n

where

2n 41 (n— |m'|)! ||
Buw = o Y / d)fd(cosy) P!™ (cos 0) exp (i [m| @) P,
0+l

x (cos ¢p)exp (i (m') §). (iii)
If we set y = 0 in (ii), we have 6§ = 6’ and ¢ = ¢’, and then from (ii)

P (cos 6') exp(im¢) = 2 Bom Pr:‘” (1)exp (i m’d)) = By Pr?(l) = Byo.

m'=+n

Writing (iii) for m’ = 0, we also obtain

2 -1
B, — 2n4: 1 /dd)/d(cosy) P, (cosy){Pl{“ (cose)exp(imcp)},
0 41

and the relation between them indicates that P, (cosy) is the coefficient of the
spherical harmonic Y, ,(6’, ¢’) when Y, n(8, ¢) is expressed as a linear expansion
with respect to 6" and ¢’. Thus, taking the normalization factor into account, we
arrive at the addition theorem for spherical harmonics (5.14).



Multipole Potentials 79

5.9. Multipole Potentials

The potential function satisfying the Laplace equation can be expressed generally
in two regions I > r, and r < r,: Using (5.14), for the first case, we have

1 1
V(.6.9) = > it 2 MamYom 0, @), (5.152)

where the multipole potentials are expressed as

4 n * 3
nm = 5T pP(ro)foYam™ (0, 9)d7r,. (5.15b)
v(ro)
For the second case,
1
V0, 6) = 3 1 NamYam (8, 9), (5.16a)
where
4 o
Nom = 5 Il f p:n ) (0, @) o, (5.16b)
o

v(ro)

Nevertheless, we are only concerned about the first regionr > r,, where a charge
cloud can be expressed in terms of multipoles. Equation (5.15a) indicates that the
potential is given by a superposition of potentials characterized by indexes n, and
hence written as

V(T 6,0) =) Vo, 6,0), (5.17)
n=0
where
1
Vo = Moo,
4reor
1
= — (M 1Y Mi.oY] M _1Yi~1),
1 4’1T80I’2( 1Y+ MioYio+ My 1Y 1)
1
V; = dmer? (M22Ya0 + Mo 1Yo 1 + MaoYa o+ My 1 Yooy + My 0Ys ),
(0]

and so on. The term V, is a point-charge potential, where Moo = f, p(ro)d’r,
represents a charge (. For the potential Vi,

3 . , 3 x+tiy
Yi41 =4,/ ——sinOexp(ig) = £,/ — and
8m 8w r
/3 /3
Yio =/ cosb= ]2,
’ 4 4mr
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which are direction cosines of the vector r, and hence

4 | 3 .
M+ = ERE / p (ro) (X FiYo)d’rg

v(ro)

dw | 3
Mio=—+4/ 2= / p (o) Z,d’r,
3V 8m

v(ro)

and

where the integrals are components of a dipole moment p = [, p(ro)r od’r,.
For the potential V, we have five spherical harmonics for N =2 and m =
2,1,0, —1, —2, which are

v 115 (xxiy)?
22T oVer 2

15 (x+iy)z 1 /522 -x2-y?
AP el et LA e A
2 8w r2 2072V am r2

and

2w [ 15 .
MZ,:I:ZZ? G/p(ro)(xo:':lyo)zd%m

v(ro)

4 |15 .
Mysy = — ) — / p (o) (Xo F i¥o) Zod’r o,
5 8

v(ro)
2w | 5
Moo= —/-— ro) (222 — x% — y2) d’r,.
20= 3 411_[9( )(2Z = %3 —Y7)
v(ro)

Using these results, the potential V, can be expressed in a quadratic form,

Vs (QxxX2 + nyy2 + szz2 +2QyzYZ+ 2QxzX + 2QxyXY)

- 8me,rd
where

Qux = f p(ro) (2% —ys —22)dry, Qy = / p (o) XoYod o, etc.
v(ry) v(ro)

If these quantities Qj;, where i, j = X, Y, Z, are considered elements of a tensor Q,
the potential V, can be written as

V 1 (riQlr)

2 =
4me,  2r°

, (5.18)
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X
where (I | and |r ) are arow matrix (X, Y, Z) and acolumnmatrix | y |,respectively,
z
and Q can be called a quadrupoletensor. It is significant that Q defined above is a
symmetric tensor characterized by Q;; = Qji, and that it is traceless, as V, should
satisfy the Laplace equation V>V, = 0, that is,

trace Q = Qxx + ny + sz =0. (519)

A distorted charge cloud can therefore be specified by a quadrupole moment for
the potential V,. The symmetric character of Q originates from the basic law of
electrostatics, which corresponds microscopically to the fact that a charge cloud
should be in a stable state. In Section 5.7, we discussed a simple quadruple of
four point charges as a mathematical example, but it may, however, comprise a
physically feasible state of a charged cluster. However, if it is asymmetrical by
some reason, the cluster cannot be characterized by a quadrupole.

Further, a quadrupole may not only be a clustered point charge, but it may
arise also from continuously distributed charges. In the following, we discuss the
potential of a charged ring.

Example. Potentials of a Charged Ring.

Figure 5.6 shows a charged ring of radius a of thin wire.

The charge q is assumed to be uniformly distributed at a density qdd/2w. Taking
the origin of polar coordinates as the center of the ring, the potential at P = (r, 0, ¢)

Z
\e
P
]
|
|
|
|
i
|
a
add :
|
PN ‘—-\:
+] 3 O :\
|

FIGURE 5.6. Calculating the potential due to a 0 |
charged ring at a distant point P(r, 6, ¢). X
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is expressed as

2w

1 q de

V r,(') = -~ TR

(r. ) 4w802ﬂ/|r—r0|
0

where I and r, are position vectors of P and a charged element de¢ at |r,| = a,
respectively. Here,

(r —ro)*> =r?—2rasinfcos (¢ — $) +a>
2a a\?
_ 2]y 2 _ a
=r {1 ; sin 0 cos (¢ d))—l—(r) },

and, therefore,

1
|r —I'0|

1 14 a . 0 ( ) 1 (a)2
— — SIn U COS — — = |-
r r ® 2 \r

3 sa\2
+§ (r_) sin? B cos? (@ — db) + . .. }
2m 2m
Noting that [ cos(¢ — $)dd =0 and [ cos? (¢ — ¢)dd = 1, the potential can
0 0
be expressed as
q 1 saNz 3 a\2
V(0. ¢) = 1= (5) +5(5) sinto+ ..
®. ) 4w£or{ 2 \r) Ta\p) st

q qa’
= - ——P 0 e
4mesr  2mer3 2 (cos 6) +

The second term can be interpreted as a quadrupole potential that is generally
expressed as (5.18). In the present case, the Q tensor must be axially symmetrical
along the z direction, and Qyx = Qyy = —1Q, and hence by comparison we
obtain

2 2
327 —r )

riQir) = QZZT and Qg = —ga".
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Part 2

Electromagnetism



6
The Ampere Law

6.1. Introduction

Humans have utilized magnetized materials such as iron, magnetite, hematite,
and other minerals for centuries. In particular, a thin iron bar was utilized as a
compass for navigation. To explain the terrestrial magnetism, Gilbert (ca. 1600)
first considered the planet Earth as a giant magnet. Since that time, magnetism
became a subject for serious scientific studies, bringing about discoveries of many
other magnetic materials. Due to their attractive and repulsive nature, each magnet
was characterized by two distinct “poles,” named north and south poles (N- and S-
poles), according to the way they interacted. These poles were recognized to exist
always in pairs, and they were understood to be inseparable, unlike electric charges.
Further, because of their delocalization on magnetized surfaces, polar charges
were not easily measurable. Nevertheless, Coulomb (1785) defined magnetic poles
according to the force between them in an idealized case, analogous to the static
force between electric charges.

Using a small magnet, Oersted (1820) identified the magnetic effect of an electric
current, an effect that was then formulated by Ampeére (1822). Studies on €l ectro-
magnetism began after Faraday’s discovery of e ectromagnetic induction (1831),
a phenomenon that was later theorized by Maxwell (1873) with the concept of
“fields.” The static electric field and the steady magnetic field were investigated
exclusive of one another (though we now know the relation between the charges
and currents for electromagnetism). It was only after Einstein’s discovery of the
relativity principle (1905) that such a relation became properly interpreted, thereby
recognizing the Maxwell theory as a relativistic law.

Laws of electromagnetism are formulated in Maxwell’s equations, although the
origin of magnetism was not properly understood until Heisenberg’s (1928) inter-
pretation of the magnetic interaction as an “exchange interaction” between electron
spins. Today, such a quantum character of magnetic interactions is well established,
while no single magnetic pole has yet been isolated. However, the magnetic origin
of an electron spin must be considered a fact in nature, and presently the absence
of a single magnetic pole constitutes one of the laws of electromagnetism.

85
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FIGURE 6.1. Magnetic field-lines
of a horseshoe magnet.

Figure 6.1 shows a typical magnetic field of a horseshoe magnet, where the
field-lines are visualized by a pattern formed by iron powder sprinkled over the
magnet. Here, powder particles behave like small needles of a magnetic moment
P, being aligned along the magnetic field H by a torque p,, x H. Such a torque
on a small compass needle is used to measure the field strength |H |, whereas such
a needle indicates the direction of H. We can recognize a vector character of the
magnetic field from such a primitive experiment.

6.2. The Ampere Law

Oersted discovered that a small compass needle showed a deflection in the vicinity
of a wire carrying an electric current, which was the same magnetic effect as
observed near a magnetized material. Figure 6.2(a) shows a photograph of field-
lines exhibited by iron powder in the vicinity of a straight steady current. It is
significant that magnetic field-lines due to a current are in “closed” loops, in
contrast to those near a magnet as shown in Figure 6.1. In Figure 6.2(b) a field
pattern around a ring current is shown. The patterns are mostly closed but not
exactly circular. Lines around a current exhibit a vortex-like pattern, which are
different from those observed near a magnet. In such a magnetic field the field
pattern varies depending on the curved path of a current, however appearing close
to circular near the current.

The Ampere law states that the magnetic field intensity, as measured by a small
compass at a distance I from a straight current |, is described as

I
[H| o 6.1)
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= J_:.?.?t’;‘; r

FIGURE 6.2. (a) Magnetic field-lines of a straight current, showing the relation between the
current | and the H vector in the right-hand screw rule. (b) Magnetic field-lines of a ring
current.

for which the directions of | and the vector H are related by the right-hand screw
rule, as shown in Figure 6.2(a). Referring to a conventional machine screw, the
rule indicates the relation between clockwise rotation and advancing directions for
H and |. For a given | the magnitude |H| is constant on a circle of radius r, but
decreasing as proportional to 1/r toward distant points.

Assuming the factor 2 in (6.1) the relation H(27r) oc | can be interpreted

as an integral ¢ H.ds performed on a circular path T' of radius ris equal to I.
r
The nonzero integral § H.ds indicates a significantly different feature of magnetic
r

field H from a conservative electric field E characterized by ¢ E.ds = 0.In MKSA
r

system, the unit for H is defined by (6.1) where the proportionality constant is set
equal to 1/2m, that is, A-m~".
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The Ampere law can thus be expressed in MKS units as

?g Hds=1, 6.2)

r

which is the integral form, referring to a closed path I that encloses the current | . It
is noted that mathematically the path I" does not necessarily need to be a field-line
for (6.2) to express the Ampere law. Choosing I to exclude |, equation (6.2) can

be written as § H.ds = 0, which however does not imply that H is conservative
r
in this case.

For a magnet the magnetism originates from an entirely different microscopic
mechanism unrelated to currents. In this context, the unit of H defined above
appears to be illogical for magnets. However, a magnetic induction effect occurs
with magnets, allowing such a definition of current-related unit for fields of both
kinds. As will be discussed in the next chapter, the vector H by itself is not
sufficient for characterizing a magnetic field; for the full description of this field
the density of field-lines is also required. Accordingly, we retain the unit A-m~!
for H.

The line integral of (6.2) in the field of a straight current is shown schematically
in Figure 6.3(a) and (b).

Here, the integration can be performed along radial and angular zigzag steps,
where the vector H is perpendicular and parallel to small successive displacements
ds and dsy, respectively. Figure 6.3(a) shows a case where the closed path of
integration I" encloses the current |, whereas in Figure 6.3(b) | flows completely
outside of I". Noted that H, = 0, and H is signified only by the component Hy,
the integral is contributed by Hg(rd6) = (1/27r)(rd8) = 1 d6/2. Therefore, in

(a) (b)

FIGURE 6.3. Calculating a line integral fr H.dS = 0in a magnetic field of a straight current.
(a) The current | threaded in the path I'; (b) | located outside 'u
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the former case,

—
(=)

when | isinside I'. If no current is inside, divide the path I into two parts, I"'jand Iy,
as in Figure 6.3(b), for which the subtending angles are opposite, i.e., d8; = —d6,.

Hence, we obtain
?g H.ds = 0.

i+

6.3. A Long Solenoid

As an example of the Ampere law, we consider a coiled wire wound in many
turns, which is a basic magnetic device called a solenoid serving as a practical
component to control currents in electrical circuits. Figures 6.4(a) and (b) illustrate
the typical pattern of the magnetic field, where a circular current in each turn
produces a magnetic field as in Figure 6.4(a), consequently providing a nearly
uniform magnetic field in a solenoid. Here, the direction of H in the coil is related
to the current as specified by the right-hand rule. Inside a tightly wound coil in
a long length, the magnetic field can be idealized as uniform in parallel with the

(a)

FIGURE 6.4. (a) Magnetic
field-lines of a coil. (b) The
current-field relation in a coil,
an exaggerated view.
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(a) FIGURE 6.5. (a) A uniform
solenoid, where the Ampere
law is applied to the rectan-

D ©
i gular path A-B-C-D-A. (b) A

B . .
uniform toroid.
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coil axis by ignoring diverted field-lines near both ends. A long solenoid bent in
circular form with two ends joined together, as shown in Figure 6.5(b), is called
a toroid or toroidal coil, where all parallel field-lines are confined to inside space
completely.

In such idealized coils, the uniform field H can be related by a simple rule to the
responsible current | . Consider arectangular path ABCD as shown in Figure 6.5(a),
where AB and CD are parallel to the coil, whereas BC and DA are perpendicular,
crossing the layer of currents.

Along the latter paths, H L ds,i.e., H.ds = 0, and along the outside CD, H = 0.
Therefore, in (6.2) applied to ABCD, the path integral is contributed only from
AB, and (6.2) can be expressed as

HIAB =1 NA37

where [ and Nap are the length and the number of turns between A and B.
Writing N = Nag/lap as the density of turn number, the uniform field His given
by

H=nl. (6.3)

It is noted that in such an idealized coil, a significantly large magnitude of Hcan
be obtained with a large n by increasing current | .
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For a toroid of the turn number N, shown in Figure 6.5(b), we can write a
relation similar to (6.3) if the radius r is sufficiently large. In this case, H can
be considered as constant circularly, for which the Ampere law can be writ-
ten as HQ2mr) = NI, and hence H = NI /27r. In such a solenoid or toroid,
there is a large H as given by a large nl or NI, respectively, similar to the re-
lation between the electric flux density D and the condensed charges +o in a
capacitor.

6.4. Stokes’ Theorem

Macroscopic electric currents can be attributed to moving charged particles in a
conductor. Although invisible, such a current is evidenced by heat generated in a
conducting material as well as by the magnetic field produced by the motion. In
fact, it was Rowland (1848) who demonstrated magnetically that a charged body
in motion is equivalent to a current (See Section 6.7). Effects of a current such
as heat, magnetic field, and chemical reactions in electrolysis were regarded as
visual evidence for an invisible current. Conduction current can thus be identified
geometrically along with a curve of the wire, which is, however, not the same for
moving charge carriers .

The current | is defined by the total charge passing through the area S across
the passage per second, where the density at a local point is often significant.
Namely, | = [ j.dS, where j represents the current density on differential area dS

s

and determines the integral § H.ds for the magnetic field H along the rim I' of the

area S. However, to deal witli1 local properties, we need to convert the Ampere law
into a differential form. Stokes’ theorem is required for such a conversion, as we
now explain.

In this section, we derive Stokes’ theorem in rectangular coordinates, for sim-
plicity, then in curvilinear coordinates, as discussed in the next section. First, we
write

f H.ds = yg (Hxdx 4+ Hydy + Hdz)
r T

_ %[ 7{ (Hedx + Hydy) + 75 (Hydy + Hd2) + ?{ (Hedz + dex)] ®
Cy

C; Cx

where terms on the right can be integrated along closed paths C,, Cy, and Cy
that are projections of the curve C onto planes Xy, yz, and zx, respectively. Figure
6.6 shows C;, on the Xy-plane, for example, where the integral can be calculated
approximately as the sum of integrals over such closed square paths marked as
abcda. In fact, both clockwise and counter clockwise integrals give the same
results, making 1 the front factor of the square brackets in (i), instead of %, if we



92 6. The Ampere Law

Y FIGURE 6.6. A component path C, pro-
jected on the xy-plane for Stokes’ the-

orem. The square path a-b-c-d-a repre-
N q p P
/ \CZ sents a differential area for integration.
r |
N
y+ dy d__|c N
7 \
al |b
N /
g
N
x x+dx =

take both integrations into account. Physically, however, we note that only one
of these can be associated with a given current direction, as determined by the
right-hand screw rule.

We integrate the first term counter clockwise along a square a-b-c-d-a, that is,

b c d a

d

abcda a b c

where integrals on the right can be evaluated approximately by the values of
integrands at these lower limits multiplied by the ranges. Namely,

d
H
Hydx = dex,/ Hydx = (HX + —

d d
) can

T — o P —=

7 dHy
Hydy = —Hydy/ Hydy = ( Hy + de dy
d

Therefore,

f(H dx + Hydy) ~ 7{ G.... )_/f (aHy 8HX)dxdy,
CZ da

where S is the area bordered by C,. By similar calculations, we obtain

f(H dy + H,dz) = f/(aHz—a—Hy>dydz
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FIGURE 6.7. A convex surface Sand its periphery C for calculating the current | = [ s1-dS,
where the normal n and the direction along C are related by the right-screwhand rule. (a)
(n, C) is opposite to (n’, C’). (b) Total current determined by S.

and

oH oH
%(szz+ Hydx) = // ( azx — axz> dzdx.
Cy S

In these results, we can consider that differential areas dydz, dzdx, and dxdy
to be components of a vector area element dS = dSn, where the unit vector n
represents a normal to a COnvex area subtending the closed path C. In this case,
using the right-hand screwrule, we can define the normal n as associated with
the current direction along the integration path C. In this context, the vector area
dS can represent only one-side of the area dS specified by the vector n, which,
consequently, allows us to disregard the factor 1 from (i). Figure 6.7(a) shows
the right-hand screwrelation between n to the convex area S with respect to C,
whereas n’, S and C’ are in opposite relation. In either case we notice that both
clockwise and counter clockwise integrations have the same contribution to the
integral § H.ds.

C

We define a vector quantity of rectangular components

oH; 0Hy oHx  0H; d B_Hy_aHx

s , an
ay 0z 0z aX aX ay

as “curl H,” with which Stokes’ theorem can be expressed as

?{ H.ds = / (curl H).dS, (6.4)
S

C

where dS is the differential area defined as a vector with the direction n related to
C by the right-hand rule.
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It is noted that curl H is identical to the cross-product between V and H, and
written as

culH=V xH =| — , (6.5)

where 1, j, and K are unit vectors along the x-, y-, and z-axes, respectively.

6.5. Curvilinear Coordinates (2)

In Section 6.4, we expressed the differential operator curl H in rectangular co-
ordinates. For practical applications, however, it is often necessary to write it in
curvilinear coordinates, as we discussed for other operators, e.g., div and V2, in
Section 4.3. However, the operator curl = V X is a little more complex, and hence
we elaborate on it in this section for future applications.

The rectangular coordinates X, Y, and Z can be expressed as functions of the
corresponding curvilinear coordinates Uj, Uy, and U3. We can therefore define the
following three vectors defined as the basic vectors for the curvilinear space. That
is,

ar X . ay
a _8_ul_8_ul +8—ul1 +a—1k—h1e1,
e R PR S 6.6)
du, dup dup
or aX ay

Q= — = 2 hses,
57 Bus 3u3+8u3j+3 3%

where
X\ (ay\  [(9z) X\ (ay\  [9z)

= () +(2L) +(22) = () 4 (L) +(22),
auy ouy au; ou, ou, du,
ax \? ay 2 3z \?

h?=(-— — — .

’ <3U3> +<3U3> +<3U3>

With these expressions a differential displacement dr can be written as

ar ar ar
dr = —dul + —duz + a—duz (hiduy) e + (h2duy) & + (h3dus) €3,

ou; ou
6.7)

indicating that (h;du;, hodu,, h3zdus) are curvilinear components of dr.



Curvilinear Coordinates (2) 95

For a gradient of a scalar function V, we can write that

oV oV ox oV a9y dV oz
— =——+——+ ——=h1e-VV,
au; aX au1_+ ay Bu,_Jr 0Z dUy 1€

AV LAY
8U2 3U3
vV oV oV
where VV = | —, —, — | consistent with (4.6).
ax dy 0z

To obtain the curvilinear expression for the operator V x, we define the recip-
rocal vectors a;, & and as, corresponding to a;, &, and &z, respectively. These
are related as

1
a-rqqg=a-a=a-a3=1, and a =§(a2xa3),
1 1
= §(as><al), a3 = §(az><a3),

where Q = (a;a&a3) = hihyhs(e;&,63) = h{h,h; is the volume of the reciprocal
unit cell. It is noted that the gradient operator V, therefore, has components in the
reciprocal space that are given by

0 0
Vi=za—, Vo =a,—, d V;=a;—. 6.8
1 a2 230 an 3 330, (6.3)

Now, for an arbitrary vector F, we derive an expression for curl F =V x F.
Writing

F = Fa; + Ra, + Fas,

(VxFy = ¥ @xa) + Diaxay = (20~ 25 a1y
xF) = —(ax —(xxa)=|— — — X
3Uj ! k oUy k ! an dUy ! k
1 (0FR K
= = P aiv
Q 8Uj dUk
and hence
a =5} a3
1F—1 9 9 9 6.9
cur - Q | duy au, dous ’ (6.92)
FF R R
or

hier e he
R S I B 6.9b)
cur - h1h2h3 auy duU, dus ’ )

hiFi R hsFs
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With polar coordinates, (6.9b) can be written specifically as
[ res rsinfe,
0 0 a
r2sin® au; auUp dus
Fr rky rsinbFg

curl F(r, 0, ¢) = (6.10)

6.6. The Ampere Law in Differential Form

A vortex-like magnetic field is produced by an electric current as described by
the Ampere law, where current directions are related by the right-hand screw rule.
The clockwise direction of the H vector and the related current | correspond to
rotating and advancing directions of a right-hand screw. In this context, the current
j passing through a closed field-line of H can be expressed as

| Z/j.ds,
S

where Sis a convex surface bordered by a closed curve C, as illustrated in Figure
6.7(b).
Therefore, the Ampere law (6.2), if we consider I"go be such a closed field-line

C, can be written as
%H.ds: / j.ds. (6.11)
C s

Using Stokes’ theorem (6.4), the left side can be replaced by a surface integral,

and therefore
/(curl H).dS= / j-dSs,

S S
and we obtain

curl H(r) = j(r) (6.12)

at a point r, which is the Ampere law in differential form.

Equation (6.12) is the law that can be applied locally to an arbitrary position
r in the field. Although H = 0 at a position r where j = 0, there is a point I’ in
the field where H £ 0, even if j(r') = 0. In this case, curl H(r’) = 0 corresponds
to the integral law ¢ H.ds = 0, where I is chosen arbitrarily by enclosing no

currents. Such a magnetic field H appears to be conservative in this region, where
a magnetic scalar potential can be defined from H(r’) = —V,(r’). However, in
the Ampere law (6.2) the curve I' must be a field-line C encircling the current
j. Along an arbitrary path I', physically neither a unit magnetic charge could be
found to move, as will be discussed in Chapter 8, and hence the field of H is not
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conservative. Nevertheless, the magnetic potential Vi, (r’) is a useful mathematical
concept for calculation, called a pseudo-potential.

As an example, we consider a long cylindrical conductor of circular cross-
sectional area of radius a, which extends along the z-axis. Assuming that a current
| is flowing steadily along the conductor, we calculate the magnetic field, using first
the Ampere law in integral form, fc H - ds = |. We canuse cylindrical coordinates
r, ¢, z, referring z to the cylinder axis. At a point for r > a, a circle C of radius r
encloses the entire current | inside of I', whereas forr < a, only | (r/a)? needs to
be considered for the integral on C. Further, considering that only the component
H, is significant, we can write that Hy(2mr) = | and Ho(27r) = | (r/a)*forr > a
and for r < a, respectively, and obtain

I Ir
H‘sz (forr >a) and H“’:m
The differential equation (6.12) offers a more accurate analysis for obtaining
the correct solution. In terms of the components, (6.12) can be expressed as
19H, oH, _ 9H  oH, 19 (rHy) 1aH

=0, and =]
0z ar r or r do

(forr < a).

r e 0z

’

As the field components should be independent of ¢ and z by symmetry, only
the derivatives with respect to I are significant in these equations. From the second
oH
relation, we obtain —rz = 0, and hence H, = constant, which eventually leads
us to a constant H;, independent of the current. However, this value cannot be
determined by (6.11) only, unless the problem is supplemented by the relation div
H=0.
From the third equation, we have
1d(rH,)
rodr
which can be integrated as

. . . I
=, where j=0(forr >a)and ] = ——(forr <a),
ma

Ho = 2 (forr >a) and H Ir + 2 (orr < a)
= — or > an = —F — (1or < ,
oy ¢ owa? v

where ¢, = | /4w and ¢, = 0 were determined by the conditions at r = a and
r=o0.

The above example shows clearly that the Ampere law for the H vector is not
sufficient to determine the magnetic field of a current, hence we require another law
such as div H = 0 to complete the description. It is notable from the relation H, =
| /2mr for r > a we can define the scalar potential with H = —V'V,,, namely,

I
Vin = ——— ¢ satisfying
2m

oV 10Vy I
H=—-—=0 and Hy=——-—-=—.
ar r oo 27r

Here, it is noted that H, = 0 is originated from div H = 0, regardless of |.
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As indicated by this example, the magnetic field is not signified only by the H
vector, but requires an additional relation divH = 0. In fact, this relation for H
constitutes another basic law for the absence of magnetic charges in nature, as will
be discussed in Chapter 8.

6.7. The Rowland Experiment

Itis a well-established fact that an electric current is due to moving charges through
matter, however, it was not quite obvious in early days. Hence, the current was
defined by means of visible phenomena such as magnetic, thermal, and chemical
effects. Although today we have no doubt about moving charged particles, in early
days it was questionable whether a charged body in motion was equivalent to an
electric current. H. A. Rowland (1878) demonstrated magnetically that a current
also arises from moving charges in the observer’s frame of reference.

Figure 6.8 illustrates Rowland’s experimental set up, as quoted from Pohl’s
textbook. A disk of an insulator with a metallic rim (A) of about d ~ 20 c¢m in
diameter was rotated at a frequency v = 50 rev per second around the shaft. It
was rotated inside a cylindrical metal case (B) at a narrow gap without contact.
The metallic rim was charged to about 10~’C by applying a voltage of about 1 kV
between the disk and case. The rim had a split ab as shown in the figure, so that

|
B :
| s
L L
i FIGURE 6.8. A set up for the Rowland exper-

|

| iment consisting of an insulating disk with
\_-r conducting rim (A), a metal case (B) and a
3

small compass with a mirror (M) suspended
vertically.
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FIGURE 6.9. A rotating ring condenser, where (X', y', Z') are the coordinate axes rotating
with the condenser at which magnetic field-lines should appear. The fields D and H are
related to the linear speed v of rotation as illustrated.

the charge could not be in conducting motion, but could be moved only with the
rotating disk.

If such a rotating disk were equivalent to a current in space given by | = qu,
where v = (md)w/27 is the speed of motion, a magnetic field H could be expected
in the vicinity of the case. In Rowland’s experiment such a magnetic field was
detected by a small magnetic needle (M) suspended at a close location.

This result can be extended further for investigating the relation between a static
electric field and a magnetic field with regard to an observer in relative motion.
Figure 6.9 shows a capacitor of parallel disks of a ring-shaped area A with a
narrow gap d, which is rotatable around the z-axis. The capacitor can be charged
to £q before rotation, where the electric field-lines are signified by the density
ID| = g/A, as illustrated in Figure 6.9(a). On the other hand, when the capacitor
rotates at a constant speed, we can consider a pair of ring currents +qu, where
v = o the linear speed of charges, thereby generating a magnetic field H across
the gap between the rotating rings.

Referring to the rotation axis,we can set rectangular coordinate axes X, Y, and
Z on the capacitor at rest, and another set of axes X', Y and Z = z in rotational
motion. The vector D is signified only by the components D, and D} in these
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systems, although D, ~ D/, unless v is close to the speed of light ¢, according to
the relativity theory. However, a stationary observer should recognize a magnetic
field between the disks in the radial direction Y', as related to D/, and v, depending
on how v compares with €. As illustrated in the Figure 6.9(b), these factors are
related by H;/ o« v x D7, as consistent with Ampere’s law, and such a field H,
should be detectable by a stationary observer, in principle. In contrast, an observer
moving with the disks should detect only D,. Such an attempt may remain a
thought experiment, but it gives insight into the relativity theory in relation to
dynamic electromagnetism.
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Magnetic Induction

7.1. Laws of Magnetic Induction

The magnetic field is a property of the space that surrounds an electric current
and a magnet. In early physics powdered iron was used to visualize its geometric
character, and the distributed field intensities were studied with a compass needle.
However, such observations were hardly subject to systematic investigations, until
a coiled wire became available for studying a uniform magnetic field at a measur-
able intensity. Indicated by a ripple pattern of iron particles, the field-lines revealed
the distribution in space, which were recognized as significant for describing the
nature of a magnetic field. Faraday (1832) made a number of sketches of field-lines
emphasizing the significance of a distributed pattern, and he discussed the field
with the concept of flux of field-lines. In fact, in the previous chapters we used his
idea for electric fields for which electric charges on conductors were responsible.
For a magnetic field, in contrast, we cannot argue further using electric analogies
because magnetic charges are absent in nature. Nevertheless, with the concept of
flux Faraday described the induction effect in magnetic fields, which lead him to
establish the fundamental laws of electromagnetism. Owing to Faraday’s discov-
ery, the flux of magnetic field-lines, as determined by induced voltages, allows a
quantitative description of the magnetic field with no responsible magnetic charges.

7.1.1. The Faraday Law

Figure 7.1 shows a basic set up to demonstrate the magnetic induction effect. The
coil L in Figure 7.1(a) produces a magnetic field (as sketched in Figure 6.4), where
the field-lines are in near parallel inside L, when activated by a steady current. A
smaller coil L, connected with a galvanometer G can be moved to and from L to
detect an induction current. Figure 7.1(b) shows another set up with a permanent
magnet, where a similar induction effect can be observed by moving L,. An
induction current in L, flows as related to the flux through the cross-sectional area
S, and hence the flux can be defined in terms of an observed induction current. A
modern version of L, with a connected circuit, called a search coil and fluxmeter,
is a basic device for measuring the magnetic field.

101
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(a) FIGURE 7.1. (a) Magnetic induction between two

coils L and L,. Induction between a magnet and a

search coil L,.

%

(0)
s/ Aﬂ

When L, is moved against L, an induced current / can be observed on G,
depending on the electrical resistance of L,, for which the induced emf (V) is
considered primarily responsible. The emf voltage varies as a function of the time
for the relative motion between L, and L or the magnet, exhibiting a pulse-shaped
peak, as sketched in Figure 7.2, which is higher the faster the movement. The
observed Vens depends on other factors of L,, such as the area S, turn number N,
and the closest position. However, most significant is that the voltage pulse defined
by U = fo Vems (t) dt is independent of the speed, which is therefore considered
a variable for expressing the magnetic flux.

The number of field-lines, or the flux, is determined by A® = |, ¢ BdS = BSper
one turn in L, if the field is uniform, which can then be described by an observed
pulse U/N, where N is the number of turns in the search coil L,. By equating
A® to U/N, the flux density B can be defined as B = U/NS. In this definition
the unit of B is given by V-sec/m? in the MKSA system, a unit called the “tesla.”
The traditional CGS unit “gauss” is still in use; the conversion to tesla is 1 tesla

FIGURE 7.2. Examples of induction
pulses. a and b correspond to fast and
slow movement of a search coil, respec-
tively. Empirically, these areas [, Vdt
are identical.
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= 104gauss. Also, the flux A® = BS is measured in the practical unit “weber,”
which is the same as the voltage pulse in V-sec, and accordingly tesla = weber/m?.

The quantity A® represents the flux of field-lines that is picked up by one turn
of a search coil when inserted in the magnetic field. At a given position of L,, the
Faraday law can then be expressed as

! do
AD() = / Venr Ol dt 01 < = Ve 0 (7.1)
0 t

and, hence, the observed |Vey¢(?)| represents a changing rate of the flux through
the area S of a search coil. It is noted that the formula (7.1) between the magnitude
of Veme(t) and d®/dr is not exactly correct for magnetic induction phenomena
since the direction of V.n,¢(?) is not specified. Nevertheless, (7.1) indicates that the
magnetic induction is signified by an induced voltage pulse in a moving coil, and
is called the Faraday law.

7.1.2. The Lenz Law

Lenz also studied magnetic induction and published his interpretation in 1834.
Lenz revised the Faraday law by attaching the correct sign to the induced voltage;
the revised law is called the Lenz law. At his time, electronic motion in metals
was not a familiar concept, so that induced emf was not recognized as originating
from an electronic mechanism. Nevertheless, Lenz considered a mutual interaction
between coils, referring to Newton’s action-reaction principle.

The induction current flowing in a coil generates heat in L,, indicating that a
change A® in the main coil L can be attributed to a mutual interaction energy
between L, and L. If so, it is logical to consider the reaction —A® of L, to the
change A ® as originating from such a mutual interaction, and hence the induction
current can flow as the reaction —A ®. In this way (7.1) can be revised as

t do
—AD =/ |V (1) dt - or  — 4= [Veme (], (1.2)
0

which is the Faraday-Lenz formula. Originally Lenz stated that the induction
current should flow in such a direction as to oppose the change A®, which can
be precisely expressed in the revised formula (7.2). Figure 7.3 shows the relation
between positive directions for d®/df and Vs = RI, where R is the resistance of
L, and the detector, a resistance that is described by the left-hand screw rule.

7.1.3. Magnetic Field Vectors

In the above, we considered a search coil L, of cross-sectional area S, placed
perpendicular to the field direction, in which the flux was defined as AP = BS.
Considering S as a vector S= Sn, where n is the unit vector to the area, the
quantity B can logically be regarded as a vector B, signifying the direction of
field-lines. In this definition, |B|cos 0, where cos 8 = (B.n)/B, represents the
density of field-lines measured as the induced voltage pulse U/N of L,.
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(a) . FIGURE 7.3. Magnetic induction. (a) Induction current
B Ias related toB, (b) dynamic electric field E related
to B.
‘ G
S

(b) .

On the other hand, the magnetic field in the coil L was expressed by another field
vector H, as stated by the Ampere law. The magnitude is given by |H| = nl if L
is sufficiently long, and the direction of H is tangential to the field-line. With these
two descriptions combined, the region of “intense” field can be specified by a large
value of | B|, whereas the direction of field-lines can be specified by the vector H.

The uniform field in a long solenoid can be shown by parallel field-lines that
are evenly distributed, where the vectors B and H are parallel. For such an empty
solenoid, we can write a proportionality relation

B=poH, (7.3)

where |, is an empirical constant. The value of ., can be determined experimen-
tally from the relation U/N S = wonl, and is known as

o = 1.256 x 107% = 41 x 1077 V sec/A-m.

Considered for representing empty space, like dielectric parameter €, in electro-
statics, the constant ., is required for all calculations with MKSA units.

7.2. Differential Law of Induction and the Dynamic
Electric Field

In a magnetic field, field-lines are described by two vectors H and B expressing
their intensities and distribution, respectively. In a uniform field inside a long
solenoid, the two vectors represent parallel field-lines at a constant density over
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almost entire volume, where we have the relation B = ., H, and the flux is simply
expressed by @ = BS. In amore general field the distributed flux should be related
with respect to a closed area S for counting the number of lines within its peripheral
curve C, as expressed by ® = [ B.dS

Generally, such a flux is a function of time ¢, as indicated by induction exper-
iments. According to the Faraday-Lenz law, an emf (V,¢) is induced in a coil
by changing magnetic flux @ through the sectional area S. Such an area S for
defining @ is essential for Veps; on the other hand, due to the emerging potential
difference —V (1) = Viny, the corresponding electric field E(¢)must be considered
in the coiled wire, driving charge carriers in motion. In this context, the Faraday
law can be re-expressed as

d
——/ B.dS= ‘(ﬁ E.ds, (7.4)
dr
[ C

which is the Faraday-Lenz formula in integral form. Such an electric field E(¢) in
(7.4), called the dynamic electric field, has been best substantiated in the betatron
accelerator, where particles of charge e are accelerated by a force eE(¢).

Using the Stokes theorem, we convert the integral on the right side of (7.4) to
a surface integral, i.e., f E.ds= f curl E.dS, and hence the equation (7.4) can be

reduced to a d1fferent1al form, that is,
0B
—— =curl E. (7.5)
ot

Such a dynamic electric field is not conservative because curl E # 0, as indicated

oB
by (7.5), or ¢ E.ds # 0, for T # 0. If a small charge gis brought into such a

field E, a chgracteristic force F = gE can be detected to verify the effect. Such
forces should act on charged particles and mobile charge carriers in matter as well,
so that a moving conductor in a magnetic field should be subjected to such a force
due to the induction effect, which is therefore called a magnetic force.

Figure 7.4 illustrates an example of a conducting wire that is moved in a uniform
magnetic field against a magnetic force. Consider that B is normal to the page, and
a pair of long parallel wires is placed perpendicular to B, to which a galvanometer
G connected. A metal rod ab with an insulating handle P slides along the wires to
the right or to the left. The rod and a portion of the wires form a closed loop along
which an induction current can flow when the rod is moved. Denoting the length
between contact points a and b by [, and the sliding distance of the rod as x from
the initial position marked o-o, the magnetic flux in the area swept by the rod is
given by ® = Blx. When ab slides at a speed v = dx/dr, the Faraday-Lenz law
describes the induced emf voltage

Vemf = _E = _Blv’

giving a potential difference V(#) = —Veyr = Blv on the moving rod.
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FIGURE 7.4. Magnetic induction with
a moving rod ab along parallel wires
0 a in a magnetic field B. v and E are the

i { speed and induced electric field in ab,
B | I \ P respectively.
® | 772222227

I
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I
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‘BT— v
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Accordingly, an electric field, described by E = — dV/dl = Bw, is in the rod

between a and b. Taking such directions of v, B, and E into account, we can write
a vector relation

E=vx B, (7.6)

as shown in the figure, which is detectable with mobile carriers or particles of
charges g. On a particle moving at a speed v # 0 in a magnetic field B, the
magnetic force can therefore be expressed as

FL=gE =q(v x B), (1.7)

which is known as the Lorentz force.

The Lorentz force acts on a charged particle of mass m and charge g in a direction
normal to the speed V, and hence no acceleration takes place along v in a magnetic
field, but deflects from the initial path determined by v. Therefore, we can write
the equation of motion as

dv v?
m— =0, m— =quB,
dt r
and therefore
mv
= —, 7.8
r 7B (7.8)

where r is the radius of a circular orbit in a uniform field of B = constant. Such a
circular motion of a particle, known as cyclotron motion, is shown in Figure 7.5 for
a negative electron, g = —e. From (7.8), the radius is large for a large momentum
muv, but small in a weak magnetic field B.

In a betatron, such a dynamic electric field is utilized for accelerating electrons.
Electrons injected normal into a large magnetic field B exhibit a cyclotron motion
of radius rgiven by (7.8). The speed v in a circular orbit remains unchanged in a
steady magnetic field, but by varying the field at a rate d®/d¢, v can be modulated
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FIGURE 7.5. An electron in a uniform magnetic = = & & W & on B
field B. The centripetal force F = —e(vx B) is
responsible for the cyclotron motion.

by the dynamic electric emf voltage arising from d®/d¢. The circular motion and
varying field can be synchronized to accelerate electrons. An average rate of 1
weber/1073-s is technically quite feasible, giving rise to an induced emf of the
order of 1 kV, which can accelerate electrons when the cyclotron motion and
d®/dr are in phase.

Equation (7.7) can also be expressed for a macroscopic magnetic force on a
current flowing in a magnetic field. Consider that a conducting wire of cross-
sectional area A and the length [ is exposed to a uniform field B. The current on
such a wire is given by I = jA, where j = nqv, and n = N/(Al) are the current
density and the number density of carrier particles, respectively. Hence, qv =
1/nA = (I/N)I. The Lorentz force F given by (7.7) acts on all particles in the
current, so that the macroscopic force is given by NF. = F. Hence, the force on
the conduction wire can be expressed as

F=1( x B), (7.9)

where the vector [ indicates the direction of the current Ispecified by the wire.
Figure 7.6 illustrates the relation (7.9).

Because of the induction effect, an amount of work is required for a conducting
body to move in a magnetic field, resulting in an induced current and heat in
the coil. Such a process can be described by the law of energy conservation; the

FIGURE 7.6. A magnetic force F on a straight S
current / in a uniform magnetic field B(BL I).
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input power to move against the magnetic force is equal to the heat produced
in the output. Namely, P, = —F.v = —IIBv = (Ves/ R)IBv, where Ve = Blv
and R is the electrical resistance of the conductor. Therefore, we obtain P, =
(BW)*/R = V2;/R = Poy.

We discussed a moving rod in the above example, but the induction can generally
take place in any conducting body in a magnetic field, where the induction causes
a distributed current called an eddy current. For example, in a simple pendulum of
ametallic bob in a magnetic field, the amplitude is decreased with time, as induced
eddy currents generate heat in the bob.

7.3. Magnetic Moments

A magnetic force on a current given by (7.9) has numerous engineering applica-
tions: alternating current (AC) generators, AC and DC motors, metering devices,
and many others. A coiled wire in compact size is suitable for the rotation in a
limited space between magnetic poles, converting electric energies to mechanical
ones via a magnetic induction effect. Such a rotating coil in a magnetic field may
be described conveniently in terms of a magnetic moment.

Although rectangular and circular coils are used in many practical applications,
a coil in arbitrary shape can be discussed for a general description. As we dis-
cussed for the Stokes theorem, the area of a given coil can be divided into many
small rectangular areas as shown in Figure 6.6, where each one is regarded as
an elementary rectangular coil. Assuming that all of these currents flow around
small coils in the same direction with an equal magnitude, their integrated result
is equivalent to a current around the peripheral rim. Therefore, for a theoretical
argument it is convenient to consider a small rectangular coil in order to calculate
the resultant induction in a given coil. Nevertheless, a coil in rectangular shape is
suitable for many practical designs.

Figure 7.7(a) shows a rectangular coil that can be rotated around the axis as
indicated. On the four edges currents flow in different directions in the magnetic
field B, and hence four different forces, Fy, F,, F3, and Fy, determined by (7.9),
should be considered together, as shown in the figure. It is noted that F, and
F, are equal in magnitude but go in opposite directions parallel to the axis, thus
causing no effect to the rigid coil. In contrast, F; and F3 are equal and opposite,
being exerted on different parts of the coil in perpendicular directions to the axis.
Consequently, a forque or a couple of forces acts on the coil. As | Fy| = |F3| = IbB
in this case, the torque can be expressed as T = IbB x asin 0, where b and a are
edge lengths, and 0 is the angle between B and the normal n to the rectangular area
of the coil, as indicated in Figures 7.7(a) and (b). Considering the area ab = S as
a vector S = Sn, where the direction of n and the current direction are related by
the right-hand rule, the torque is written as a vector

T=ISxB=p, xH, where p,=pnlS (7.10)

Here, the vector p,, is called the magnetic moment of the coil. However, the
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(@) (b)

FIGURE 7.7. (a) A magnetic torque on a rectangular current /in a uniform magnetic field
B, where the axis is perpendicular to B. (b) A current-carrying short coil in a uniform field
B, where the magnetic torque can be expressed as T & N x B.nis the unit vector normal to
the area of the coil.

definition of p,, may often be a matter of preference, e.g., if writing p,, = ISto
exclude p,, the torque of (7.10) can be expressed as T = p,, x B. As remarked,
for a coil in arbitrary shape, Sin (7.10) can be considered to represent the whole
area, whose direction can be related to the rim current by the right-hand screw
rule.

The torque T is responsible for coil in rotational motion. Therefore, the angle
6 between p,, = I.Sn and B, shown in Figure 7.7(b), depends on the energy U
for p,, to be rotated by the torque T = —dU/090. For a given 7 by the field as in
(7.10), U can be expressed as

0
U= —/Tde = —pmB(® — cos 6,) = —p,,,.B + const (7.11)

0o
where const = pp, B cos 6,. Assuming 6, = %'n, the minimum of U is determined
at 6 = 0 corresponding to Py, || B. In this case, U = pp, B(1 — cos 0) represents the
potential energy of p,, in the field of B .

Example 1. An AC Generator.

When such a coil as called the armature is rotated mechanically in a mag-
netic field, an induction voltage is generated, which can then be utilized for
practical applications. In this case the angle 6 of rotation can be expressed as
0 = o(t — t,), where w is the angular frequency of rotation, and ¢, the initial time.
The flux in the armature is given by ® = BS sin w(t — £,), and hence the induced



110 7. Magnetic Induction

emf is expressed by

Vomt = —c(li—cf = BSwcosw(t —1t,) = Vocosw (t — t,),
where V, = BSw is the amplitude of the alternating voltage, varying in sinusoidal
form with time. Therefore, when connected to a resistor R, a sinusoidal current
I(t — t,) at the frequency w flows through the circuit of R and the armature coil.
In terms of energy, the required input power for rotating the armature depends on
its moment of inertia, whereas the electrical output power is given by the product
[Veme(t — to)][1(t — to)]. For such an AC circuit, the variable &(f) = w(t — t,),
called the phase, plays an essential role, as will be discussed in detail in Chapter 9.

Example 2. An Electric Motor.

Instead of rotating mechanically, the armature can also be turned by a DC current
that flows through the coil, and the rotational energy can be utilized for mechanical
work. In such a device, an electrical power is converted into mechanical output,
constituting the principle for a motor. However, we note from (7.10) that the
armature can rotate in both directions depending on the phase, for which rotation
an additional mechanism must be devised to keep the rotation in one direction. A
commutator with brush contacts is usually installed with a DC motor for reversing
the phase, so that the current flows in phase with the rotating armature. In a DC
motor the frequency of rotation can be made variable in a limited range by adjusting
the current.

In almost the same device, but one without a commutator, an armature can be
rotated in one direction by using an AC current with a fixed phase. In such an AC
motor the speed of rotation is determined by the frequency w of the AC source.

Example 3. A Velocity Selector.

Electrons and ions can usually be evaporated from a high-temperature filament
or oven placed in vacuum, in which their kinetic energies are distributed in a
thermal range determined by the temperature. From these charged particles, those
of a specific velocity v can be selected for a given experimental task. In a uniform
magnetic field B, charged particles travelling at a velocity v in the straight path are
defected into a circular orbit by the magnetic force g(v x B ). On the other hand,
in an electric field E they are deflected into a parabolic path by the static force gE.
In a space where E and B are crossed, as shown in Figure 7.8, these deflections of
particles at a speed v can be compensated if E and B are arranged in such a way
that g E = —g(v x B).In other words, only those particles of a speed v = |E|/|B|

q B
FIGURE 7.8. A velocity selector of crossed magnetic N @v [ S
v

and electric fields. The magnitudes can be selected
asv = E/B.
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(b}

FIGURE 7.9. Magnetic force between (a) parallel currents, and (b) anti-parallel currents.
B shows the magnetic field of one of the currents at the other.

can pass through the crossed fields with no defection. A desired speed vcan thus
be selected by choosing suitable magnitudes of E and B , and such a device can
be used to control charged particles for many applications.

Example 4. Magnetic Forces Between Parallel Wires.

It can be demonstrated that two long parallel wires carrying currents /; and I,
attract or repel with each other when flowing in the same or opposite directions,
respectively. To obtain such an interaction force between them, we can consider
that one of these currents generates a magnetic field, as specified by the Ampere
law (6.1), at the position of the other, at which the magnetic force can be calculated
by (7.9). In Figures 7.9(a) and (b), a circular field-line arising from /; is shown at
the position of I, that is either parallel or anti-parallel to I, respectively. In this
case, from (6.1), we can write B = w,/1/27r, where r is the distance between the
wires. Then, using (7.8) the magnetic forces are given by F = + [,IB, where [ is
the length of interacting wires that are sufficiently longer than r. The magnitudes
of these forces are equal, i.e., |F|/l = woI1I»/27r, and directions are opposite,
as shown in the figure.
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Scalar and Vector Potentials

8.1. Magnets

Natural magnets played the central role in magnetic studies in early days, leading to
the Ampere law of a magnetic field, which was discovered by using iron magnets.
Characterized as N- and S-poles, magnetic charges were postulated by analogy to
electric charges. However, it was only after Heisenberg’s quantum theory (1928)
that the origin of magnetism was attributed to correlated electronic spin angular
momenta in materials.

With iron magnets and by induction experiments, it was recognized a current
carrying coil generates such magnetic poles upon which field-lines converge, just
like in natural magnets. Figure 8.1 illustrates a bar magnet and a uniform coil
carrying an electric current, where voltages V(¢) induced by moving a search
coil L, along their axes are plotted as a function of time ¢. Positive and negative
voltage pulses can be observed near the end regions as shown, indicating high flux
densities of magnetic field-lines corresponding to the magnetic poles. In the middle
part of the coil no appreciable induction takes place because of nearly uniform flux
densities. On the other hand, to interpret the observed results from the magnet, we
have to consider the infernal magnetic flux M, which is virtually constant due to
saturated spontaneous magnetization. Related to these poles, magnetic fields exist
inside and outside of the magnetic material, where the flux of field-lines should be
described by the respective densities; that is,

Bin = koHin + M and  Boy = poHout- (8.1)

A significant feature of the magnetism is that a single magnetic pole cannot
be isolated in nature. If such a single pole could exist at all, it was believed that
magnetic field-lines would emerge from it, similar to what is seen with electric
charges. However magnetic poles appear always in pairs, and no attempt to separate
them has been successful. Therefore, accepting this phenomenon as a fact in nature,
we consider it a law of magnetism. In fact, ionic and molecular magnetic moments
are responsible for such a pair of poles, so that macroscopically the absence of
single magnetic charges can be expressed by zero density per volume, i.e., p, = O.
Noting that the Gauss theorem expresses the general relation between flux densities

112
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FIGURE 8.1. Magnetic induction pulses as the
search coil L, is moved through a bar magnet
(top) and a coil (bottom). The voltage pulses V (¢)
vs. t in these cases are compared in the center
graphs. These pulses represent magnetic poles. Vo)

Mt
\N

and the responsible source, for the magnetic flux we can write a specific relation
divB = 0. 8.2)

Therefore, magnetic fields H;, and H, inside and outside of a magnet can be
expressed, respectively, by

div Hy, = _Mi divM and div Hy, =0. (8.3)
8]
Assuming M is constant over an idealized magnet, div H;, = 0 inside, with which
we can obtain the boundary condition on the magnet surface. Considering a cylin-
drical bar magnet with flat ends, we can apply the integrated form of (8.2) with
(8.3) to a short Gaussian surface of flat areas AS across the boundaries, and we
obtain B,y AS = Bj, AS. Therefore,

1 (dM oy,
Houw = Hin + — | —An = Hj, + —, (8.4
Mo \ dn AS 0
, dm . .
where o, = | —An expresses the apparent magnetic charge density on the
n AS

boundary surface. In Figure 8.1, the voltage V(¢) corresponds to distributed o,
in the pole regions, and consequently field-lines of H,y emerge from +o, /o,
ending at —o;, /.. However, it is noted that such an interpretation arises from curl
Hout = O dueto j = 0, and for such Hoy we always have the relation div Hyye = 0,
as deduced from (8.2).

It is noted that div H = 0 should also be significant at a point where j =
curl H = 0 in a stationary magnetic field that originates from a distant current. As
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FIGURE 8.2. A chain of differential coils
of lengths Asy, As,, As;, ..., moni-
toring magnitudes of magnetic fields
Hl, Hz, Hg,.... (RW POhl, Elec-
trizitditslehre)

Abb,6.13. Schema eines magnetischen Spannungs-
messers (A. P. Chattock, 1887; W. Rogowski, 1912)

discussed in Section 6.6, to obtain the solution at such a point, it is not sufficient
to solve curl H = 0, but necessary for H to satisfy div H = 0. In any case, the
equation div B = 0 holds in both magnetic and a steady current fields, and (8.2)
is regarded as a fundamental equation for any magnetic field.

8.2. Pohl’s Magnetic Potentiometer

Using a search coil, it is possible to map a magnetic field in terms of the induced
voltage pulse U. As implied by the relation B = p,H in empty space, a small
solenoid can be used for investigating the vector character of a distributed field. For
a long flexible solenoid of a cross-sectional area S = Sn, we consider a short part
of length ds = dsn, whose orientation is represented by n. A magnetic induction
should occur as related to the rate d(B.S)/ds, which is proportional to H.ds,
and both are specified by n. In such a device, plus and minus voltage pulses in
pair can be recorded in L, as illustrated in Figure 8.1. Pohl constructed a long
flexible solenoid attached to a galvanometer, which was, in fact, displayed for
demonstration in his lecture theater at Gottigen. Figures (8.2) and (8.3) show
sketches of his device and related concept, which is quoted in the following from
his textbook “Elektrizitétslehre.”

With such a device the experimental purpose is two-fold: to identify locations for
high and low flux densities in the field, and to verify that |, :’ H.ds is independent
of the path of integration terminated at points A and B. Figure 8.2 illustrates that
such a long solenoid can be considered to consist of small segments of lengths ds;,
so that the integral || f H.ds can be replaced approximately by the sum ) ; H;.ds;
where voltage pulses at each joint of adjacent segments are cancelled. Figure 8.3
illustrates some practical operations of Pohl’s device. Here, Figure 8.3(a) shows
measurements of voltage pulses at the ends a and b of a solenoidal magnet, and
in Figure 8.3(b) is shown an instrument that measures the N and S poles of a
horseshoe magnet. In these experiments it is significant that all the results are
independent of the device’s “shape,” confirming that the integral is determined
only by the end positions. Figures 8.3(c) and 8.3(d) illustrate experiments for such
voltage pulses at the ends of a solenoidal coil, giving the same results fa "H.ds =
nl, where I is current and n is number of turns per length, confirming the Ampere
law.
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G

L

Vemf

FIGURE 8.3. Demonstrations of Pohl’s magnetic potentiometers. (a) Obtaining magnetic
induction pulses from a coil, and (b) from a horseshoe magnet. (c) and (d) are for measure-
ments with a long air-core solenoid. (R.W. Pohl, Electrizitdtslehre)

As signified by the Ampere law, the field of H(r) is not conservative, however
in the outside space of a magnet, H.ds can be expressed by a perfect differential
of a scalar function V,(r), i.e., —H.ds = dV,;, between the limits. Such a scalar
function Vi, (1), called pseudo-potential, is useful for calculation of magnetostatic
problems. If a magnetic field signified by a pair of apparent charges, the pseudo-
potential is particularly useful. Writing that

Hou = —grad Vi, (8.5)
and the relation
div Hj, = ——m
[

for connecting H;, and H, at the boundaries, we have to satisfy the Laplace—
Poisson equation for V,, , i.e.,

()_/

VWu=0 and V2V, =-—-"1, (8.6)

Mo
Magnetostatic problems can be solved with such a pseudo-potential V;;, analogous
to electrostatic cases, for which Pohl’s potentiometer is designed to determine the
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magnitude of magnetic poles at A and B, as discussed for a practical laboratory
magnet in the next section.

8.3. Scalar Potentials of Magnets

8.3.1. A Laboratory Magnet

For practical laboratory use the magnet yoke is manufactured in closed-ring shape
with flat ends facing parallel to each other, as sketched in Fig. 8.4(b). When such
a device is magnetized, the flux of field-lines is almost entirely enclosed inside
the yoke, although continuous across the gap, apart from small “leaks” in the
vicinity of pole edges. Practical magnets are designed to produce a uniform field
between the poles with minimum leak; however, leak is ignored in discussions of
idealized magnets.

Denoting the cross-sectional area, length of the yoke, and gap by S, [, and d,
respectively, the magnet volume is expressed as v = S(I + d), as shown in the
figure. As given by equation (8.4), we consider the field along the central line,
whose intensities are H;, and Hg,p; inside the yoke material we consider that
Hi, = constant — o, /W, = —M /.. Since there is no electric current, we can
apply the Ampere law gfc H.ds = 0 to this magnet, where the closed curve C is
the path of integration, as shown in the figure. Accordingly, we write the relation

Hiyl + Hgapd = 0, (8.7a)
and
l I
Hyyp = _EHin =0, (8.7b)

indicating that H,,, in the gap can be very large if d < [
Between the pole faces the magnitude of H,,, at a given point P, shown in
Figure 8.4(a), can be calculated with the Laplace equation V2V, = 0. Assuming

@ (b)

FIGURE 8.4. (a) Calculating the magnetic potential at P between poles of a magnet. (b) A
typical ring magnet with an air gap.



Scalar Potentials of Magnets 117

circular pole-faces, we set cylindrical coordinates p, 6, z with respect to the center
O in the gap and express magnetic potentials due to charge elements o, (r)dS;
and oy, (r,)dS; on the N- and S-surfaces, respectively, where their positions are
specified by vectors ry and r, from O. At the point P, where r = (0, 0, z), the
potential is generally expressed by

1 oy, (r')ds
Vm(r)_4frm()/5 Ir—r| "

Assuming that g;, is constant over a circular region 0 < p < a’ on the pole faces,
this potential is written for the present case as

e ! ds, /cls2
mZ_41TMo s "N s, 12 )’

where

ds,

21 a
_ pdp  _ fr )% -
- —/0 dG/O \/m—%r( a?+z z 21T(a z)

and
ds
=2 —omfd —d-2).
s,
Hence, we obtain
a’ OVn(z) o
V() = =2 (d—27) and Hyyp = — =,
(2) 2pL0( ) gap 32 o

In the above argument, in the field across the narrow gap, the lines of Hy,, start
from o, and end at —o;,. The magnitude of o, determined by the magnetization M
is a function of temperature, but is usually adjustable in adjustable electromagnets.
In any case, a certain amount of energy u is required for keeping o;, on the pole
surfaces, which can be calculated as the amount to increase charges from 0 to o7,
ie.,

o o ’2
_ H d o 1 / d o ()-[1'1
u= gapd0p, = — Ondoy, = 2
0 Mo Jo o
per unit area.

Therefore, we can consider that a magnetic energy Uy, = uSd is stored in the
gap space, which is responsible for a strong attractive force Fy, between the poles.
That is,

WUnm

Fp=—22m g,
3d “
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Exercise. A small current-carrying coil (cross-sectional area S, turn number N,
length /) is suspended in perpendicular to a uniform horizontal magnetic field
B = p,H. Express the magnetic moment, angular momentum of this coil and
discuss the concept of magnetic charges as related to its rotational behavior.

8.3.2. A Uniformly Magnetized Sphere

A ferromagnet is spontaneously magnetized under ambient conditions, where the
magnetization appears often along a unique axis of the crystalline state. An iron
block can be fabricated in spherical shape showing axial magnetization related to
apparent magnetic charges in high densities on opposite surfaces. Such a magne-
tized sphere is characterized by internal flux of field-lines M in near parallel with
the axis. On the other hand, the vector M of the sphere appears to be a dipolar
moment, when observed at a distant point.

For such a spherical magnet we have a basic relation curl H = 0 in the outside
space, where the field H can be expressed by a scalar potential Vi, i.e., H =
—grad V;,. On the other hand, from the basic law div B = 0 we can write div H =

——div M, and hence the potential V;, should be determined by the Poisson
Mo

1
equation V2V,, = —div M. Applying this idea to outside of the sphere, because

0
M = 0 we are to solve the Laplace equation V>V, = 0, whereas inside the sphere
we also have the Laplace equation because M = constant. Solutions of the Laplace
equation can therefore be connected on the spherical surface, as required by the
boundary conditions

(Hout - Hin)tangenl =0 and (Houl - Hin)normal = 0'1;- (88)

Here, the constant magnetization M is responsible for Hj,, as given by Hj, =
—M /1, whereas Hqy should be represented approximately by a dipolar field at
a distant point.

In this problem, the potential function in axial symmetry can be obtained from the
Laplace equation V*V;, = 0, which can be solved by analogy with an equivalent
electrostatic problem. As discussed for the electrostatic case, the magnetic potential
in axial symmetry can be expressed as

B,
Vin(r, 0) = Z (Anr" + rn+1> P, (cos0),

n

where the constants A, and B, should be determined by boundary conditions on
the sphere.

Inside the sphere r < R, the potential should be given exclusively by terms of
Ay, because terms of B, are singular at » = 0. On the other hand, for » > R the
field is dominated by B, terms, because A, terms become infinite for r — oo.
Further, only the term for n = 1 is necessary for the spherical problem because
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FIGURE 8.5. Magnetic field lines of a Z
uniformly magnetized sphere.

Vm = —H;, rcos 0 forr < R, and hence A = — H;,. Thus, we can write
B
Vin(r,0) = —Hincos®  and  Vou(r, 8) = — cos,
r

with which the conditions (8.8) can be expressed as

aV aV;
Via(R, 8) = Vou(R, 8) and ( °“‘) —( ) _—
r=R r=R

or or
.. . B cos 6
From the first condition, we obtain —H;, R cos 6 = —r and hence B| =

—H, R?, regardless of §. The second condition gives rise to the expression for the
distributed charge density

0, = 3o Hin cos 6.

Field-lines of a magnetized sphere are sketched in Figure 8.5.

8.4. Vector Potentials

In the absence of magnetic materials, electric currents are solely responsible for
magnetic field, where the flux density B and the field intensity H are related as
B = poH. If currents are steady the magnetic field is stationary and described by
the equations

divB =0 (8.2)
and

curlH = j. (6.12)
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Such a magnetic field is not conservative in character, and hence cannot be de-
scribed by a scalar potential. In this case, it is noted that (8.2) can be satisfied by
a vector A in a manner that

B =curl A (8.9)

because of the identity div(curl A) = 0, where the vector A is called a vector
potential. In this definition there is an ambiguity because another vector A’ defined
as A = A+ grad x, where x is a scalar function, can also satisfy the equation
div B = 0, and hence curl A" = curl A. Accordingly, using this ambiguity, we can
define the vector potential A with additional conditions

divA=0 and V?x =0. (8.10)
With (8.10) and the identity relation
curl(curl A) = grad(divA) — VA= —V2A,
the Ampere law, curl H = j can be written in the form of Poisson’s equation, i.e.,
VA= ], (8.11)

indicating that the vector potential A at a given point I can be determined by a
current density j. However, if ] = 0 at this point r, (8.11) is the Laplace equation

VZA=0. (8.12)

Similar to electrostatic cases, we need to obtain the vector potential A(r) at
a given point r when a current distribution j(r’) is specified at another point
r’. The potential A(r) is determined by the Laplace equation, VZA(r) = 0, if
j(r) =0, whereas the current density j(r’) at r’ is related with A(r’) by the
Poisson equation V>A(r’) = —p.oj (). Therefore, we are to look for A(r) as
related to A(r’), and the problem can be analyzed by the Greens function method.
Here, we simply transfer the result to the present problem for stationary currents,
as already discussed the detail in Chapter 4.

For a given current density j(r’) at r’, the vector potential A(r) at r can be
expressed by

A(r) = ﬁ/ i) &S, (8.13)
47 |r —r’|

v(r’)

where the integral is performed over the volume v(r’) of distributed currents. The
flux density at r can then be calculated by B(r) = curl, A(r). To calculate A(r),
we replace curl, of the integrand in (8.13) by
j (r’ j(r’)y < (r—r’
L0 10X (=r)
Ir—r| Ir—r’|
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FIGURE 8.6. A differential current element for
the Biot-Savart formula.

and hence

Y —j(r)yx(r—r’
B(r)=He i(r) (% ) oy (8.14)
417 |r _ r/|‘
u(r’)

In the following, we modify (8.13) specifically for a line current. Writing the
volume element as d’r’ = S.ds, where |S| = § is the cross-sectional area, the
current element along the line element ds can be expressed as j(r/)d’r’ = Ids.
Further, replacing r — r’ by r for brevity, we obtain the formula

B(r)="o! f ds r (8.15)

47 3
c
where C represents the curve of the current. Equation (8.15) is known as the Biot—
Savart law, for which the relation among dB(r), Ids, and r is illustrated in Figure 8.6.
Among various distributed currents a curved line current is most practical, for
which current (8.15) is a useful formula for calculating the magnetic field.

8.5. Examples of Steady Magnetic Fields

Problems of steady magnetic fields can be solved with (8.2) and (6.12) in general,
and the Biot—Savart formula (8.15) is particularly useful for a line current. Some
simple examples are discussed in this section.

Example 1. A Straight Current.

Consider a straight long wire of radius a that carries a steady current I = j,(ma?)
along the z direction. Setting cylindrical coordinates on the wire with z along the
axis, the current density vector is expressed as ] = (0, 0, j,), which is equal to curl
H. Equation (6.11) can be written in the cylindrical coordinates (p, 0, z) as

10H, 0H
-2y, ®
p 09 0z

9H, OH,

— =y, (i)
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and

13(pHy) 10H, )
— - =, (111)
pdp p 99

The equation div H = 0 can also be expressed as

1d(pH, 1 0H, J0H,
10 H,) 13 | OH. (iv)
p op p 06 0z

By symmetry, H, and Hy should be constant, and hence (i) is not necessary. From
(ii), H, is constant and independent of p with no relation to j,, and therefore
insignificant. Then from (iv), we have

a(pH,

Lp) =0, hence H, = <

dp P

where the constant ¢ should be zero in order for H,, to be finite at p = 0, and hence
H, = 0. Thus, only Hjy is significant, for which (iii) should be solved against a
given j,. Namely,

1d(pHy) .
- — JZ7 (V)
p dp

from which we obtain j, = I/ma® for 0 < p < a, whereas j, =0 for p > a.
Integrating (v), we obtain the solutions

1 c/ C//

Hy=—-jp+— and Hy = —,
2 P p
in these regions, respectively. Here, the constant ¢’ should be zero in order for Hy to
be definite at p = 0. Further, on the surface of the wire p = a, these two Hy inside
and outside should be connected continuously because j has only a z component,
and therefore ¢” = I/2m. Thus, we obtain the expressions (Hg)j, = % J.p and
(Hg)out = I/2mp, describing circular field-lines in these regions.

Example 2. A Uniform Solenoid.

We discussed a long solenoid in Section 6.3, where the magnetic field inside
was considered uniform, although unverified from the first principle. Here, we
discuss the problem with the basic equation (6.11) for a steady current j. Setting
the z direction on the solenoid axis, we use cylindrical coordinates, p, 6 and z.
Assume that the coiled wire occupies a narrow radial region between p = a and
p = b, in which a and b are considered to be almost equal, but a < b, and that the
number of turns per length of the coil is n. Then, the steady current is expressed by
—1 = jy(b — a)/n, where jy can be assumed to be constant, and a =~ b. In such
a long solenoid, the field vector H should only be a function of p, independent
of 6 and z, hence, using equations (i) to (iv) in Example 8.1, we can derive the
following equations for the components H,, Hy and H;. That is,

1d(pH, 1 d(p H, dH.
1deHy) o LdeHe) o g =Yg
p dp p dp dp
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FIGURE 8.7. (a) An application of the Biot-Savart formula to aring current /. (b) Calculating
the magnetic field H at an off-axis point P due to a ring current /.

Integrating the first and second relations, we obtain that H, = ¢/p and Hy = ¢//p,
where the constants ¢ and ¢’ should both be zero in order to avoid singularities at
p = 0. Hence H, = Hy = 0. From the third equation in the above, we can easily
obtain that

b
H, = —/ Jedp = —jp(b —a) = nl,

describing a uniform field for a constant /.

Example 3. Magnetic Field on the Axis of a Ring Current.

A stationary current on a conducting ring is hypothetical, unless the current
source, e.g., a battery, is specified on the ring. However, the problem is discussed,
serving as a model for calculating the field in a coil or of an orbiting electron. We
can apply the Biot—Savart formula (8.15) to calculate the magnetic field at a point P
on the axis perpendicular to the plane of the ring current, as shown in Figure 8.7(a).

Consider two current elements /dS; and /ds, that are located on the ring
symmetrically with respect to the ring center. Related differential fields dB; and
dB, at P are perpendicular to the planes of dS; x ry and ds; X r,, where | and r,
are the distances between these elements and P, respectively. These vector fields
can be added as shown in the figure, i.e.,

ol <d51 X T +dsz X fz)’

dB =dB; +dB; =

47 rl3 r23
which is parallel to the z-axis at P where |r ;| = |r,| = r. Therefore,
1 sin 6d.
B=f|dB|cos¢>=pLO cosd)f~ u
4 r2

4712 2r

1 ’" 1
— |‘LO COS(!D (2 % / ds) — p‘O Cosd)’ (816)
0
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where 6 = %ﬂ. If P is at the center of the ring, & = 0 and r = a (the radius), and
hence B = w1 /2a.

Example 4. Off-Axis Fields of a Ring Current.

In this example, we calculate the magnetic field at an off-axis point P of a ring
current, as shown in Fig. 8.7(b).

The vector potential at the point P(r), where r = (r, 8, ¢), is given by

Ko ds’
Ar = — _
© 4w¢.|r—r”

where r’ = (a, ¢, %17) and

ds’ = (—asinddd, a cos bdd, 0),
(r —r")? = (rsin 0 cos @ — a cos $)> + (r sin 0 sin ¢ — a sin ¢)* + (r cos ¢)?
=r>+a* —2rasin6 cos(p — ).

Since the differential ring current /ds is on the xy-plane, the vector potential is
signified only by A, component, which is expressed as

Wola [>™ cos (¢ — d)dd
4w Jo  /r2+a% —2rasin®cos(p — )

Ay =—A;sing+ Aysing =

Writing ¢ — ¢ = { and 2 ar sin0/(r> + a*) = a, this expression can be simpli-
fied as

A

¢

Wwola 2m cos s
= dis.
42 +a2 Jo /1 —acosy

It is noted that for all points of (7, 0, {s ), the parameter a is in therange 0 < o < 1,
except for 6 = %TA’. Therefore, we can expand the above integrand into a Taylor
series with respect to a small «; that is,

! 4! ¢+3 *cos’§ +
—_— = — o COS - COS
1 —acosy 2 8

Using the formula

21 (2n!)
221 (n1)?

2m 2
/ cos™ Y dy = and / cos™™ g dy =0,
0 0

we obtain

A$:Mola2 rsin @ 1+§ a’r? G264
4 (» +a2)3/2 8 (r2 +a2)2
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The corresponding flux components calculated from A, are

0 inbA d(rA
= 2“.0 (rsm ‘P),Be=—&7(r ‘P) and B, =0.
r*sin a0 r ar

For a small «, only the first term in the expansion may be considered, hence,

I wa? (r? — 2a%)sin 0
_ Po

I 2ma*cos 6
= Pof ~Td and By =

" 4m (rz + a2)3/2 4 (rz + a2)5/2
For a distant point r > a, these can be expressed approximately as
2pm cos B sin
Br — h pm4 and Be — & Pm s
4 73 4 3

where p,, = Ima? is the magnetic moment of the ring current.
On the other hand, for r < a, we have

I cos0 Isin6
r:& and Bg:—& ! ,
47 a 47  a

which can be combined for B; and B, as

I
B, = B, cost — Bysinf = F;L and B,, = B,sin0 + Bgcos® = 0.
a

This B, expresses the flux density at the center of the ring.

Exercise. Derive the results of Example 4 directly by the Biot-Savart formula
(8.15).

Example 5. The Helmholtz Coils.

Two identical coils wound in the same direction placed on the same axis is shown
schematically in Figure 8.8, where magnetic field between the coils can be nearly
uniform, depending on the separation 2/ and the radius a. Such a device designed
for maximum uniformity in the central region is referred to as the Helmholtz coils
and used for a variety of laboratory experiments. In this section, we discuss the
field’s uniformity with the Biot—Savart formula.
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FIGURE 8.8. Helmholtz coils. kaid
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We consider a point P2 at a distance z from the center O on the axis. In the
magnetic field of a coil of N turns, the flux density can be described by the formula
(8.15) modified for the present problem. The point P can be specified by the
distances h + z and & — z from the centers of coils, therefore the total flux density
at P is expressed by

_ Npol 1 N 1
T T (h— a)2 3/2 (h+ Cl)2 3/2
{1 + 5 } {1 + 3 }
a a

Writing h/a =m, z/a={, and further defining p =m/(1 +m?) and
g = 1/(1 + m?), this expression can be changed to

o ol g 1 1
z 20 2 3/2 + 2 3/2 :
(1 —2pt +qt?) (1+2pC +qt?)

Considering z < a for the Helmholtz coils, this equation can be expanded into
a power series of a small parameter {, where all terms of odd power vanish by
symmetry. Therefore, we keep terms proportional to {? and {*, ignoring higher
terms as insignificant. After some calculation, we obtain

I1q3/? 3 15p? 15¢>  105p?
BZZP“Oq TR s ) 4 0+ 7 _ pq+315p4 e
a 2 2 8 4

If the coefficient of {2 is taken as zero, the density B, is homogeneous in the
vicinity of { = 0, 1i.e., z = 0, at least approximately, for which we have the relation
g = 5p?,orm = 1.Hence, the uniform field is approximately obtained at the center
Oif 2 = a. In this case, the uniformity is given by the coefficient of {* in the last
expression, which is calculated as —144/125. The Helmholtz field is then given by

wol [4\*? 1447
B, = - 1——).
: a \5 125a*

8.6. Vector and Scalar Potentials of a Magnetic Moment

In Section 7.3 a magnetic moment was defined for a rectangular wire of area S,
carrying a current /, to rotate in a uniform magnetic field, which was expressed as
Pm = ISin (7.9). In general, such a magnetic moment can be defined for stationary
current distribution j (r’) from its vector potential A (r). We can expand A (r) given
by (8.13) into power series of 7'/r, assuming r > r’. Namely,

1 1, 1 1 > (1
—  =—_y.v(= — {x! - cee
|r —r’| r (r) + 2! lexJ 9x;0x;j (r) +

ij
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and
Ar) = As(r) + A(r) + A(r) + ...,

where

d1r

> . 1
A (r):—r—q‘_r ji(r’) {r’xV(;)}d%’,
v(r’)

SGE= 3§ ERTORT yp
> 8 () IJ axidxj \r )’

Ar) = Ko /( ’)j (r’)d3r’,

First, we can prove that A,(r) = 0 for a circular closed current. For a ring current,
we have d3(r) = S.ds’ and j(r').S = I, where Sis the cross-sectional area of the
current path C. We can therefore write

/ jrhd’r’ = S?g j(r'yds’ = If ds’ =0,
v(r’) C C

and A, (r) =0.
For the second term, A (r), the integrand can be manipulated as

i) (o) =2 [ (r9 ) e v ]
ss[ie (rvr)er{ier ]

For a circular line current along C, j(r')d? r’ = Ids, so that the second square-
bracketed term times d*r’ can be written as proportional to

1 1 1
ds’ (r’.Vr—> +r’ (ds’.VF) =d {r’ (S,'VF)} ,

which is a perfect differential, giving rise to zero when integrated along C. There-
fore, contributed by the first term in [ ], we have

r'xj(r 1
Ar) = — e /7“( ) v x V-,
41 2 r

u(r’)

from which we can define the magnetic moment as

1

pm= / o (1) &, (8.17)
u(r’)



128 8. Scalar and Vector Potentials

L FIGURE 8.9. The Bohr model of a hydrogen
atom. The angular momentum L and the mag-
netic moment py,.

mv
-e

P

Replacing r by a relative distance between points of observation and of the current
source, i.e., R=r —r’, and converting V to Vz, we can write

Mo P 1 Mo Pm
A(R) = — Ve— =—V —. 8.18
1(R) A < KR~ am RX|R| (8.18)
The corresponding flux density is then expressed as
B1(R) = curl A|(R) = &curlR(curlR&)
4 IR
Mo P Ko P Ko , 1
=—V \Y% — = —Vi|Vr—=)——pPnVi—,
Ve Tax = 2 (Ve ) - B iy
where the last term should be zero for |R| # 0. Therefore,
o 1
BI(R) =—-Vi|—7=Pn Vig )| = —VeVa(R),
4t IR
where
1
Va(R) = -2 p v 8.19)
41

“IRI

is the pseudo-scalar potential, which is analogous to the electrostatic dipolar
potential.

The magnetic moment py, in (8.17) can be written for a circular line current by
replacing j (r')d*r’ = Ids'. In this case, %( r’'x ds') = dSis the differential area
swept by the current, and hence p,, = /'S, being consistent with (7.9).

8.7. Magnetism of a Bohr’s Atom

In the Bohr model of a hydrogen atom, an electron is orbiting around the proton,
displaying a feature of aring current discussed in Section 8.4. The model represents
the nature of orbiting charges in atoms, offering an elementary interpretation of
magnetism in matter.

The orbiting electronic charge —e in a period of time 7" for a revolution around
the proton is equivalent to a circular current / = e/T. Therefore, for a circular
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orbit of radius r the magnetic moment can be expressed as
P = (=)
=|—=)mrn,
" T

where the unit vector n is perpendicular to the plane of orbit. Denoting the mass
and speed of the electron by m and v, respectively, we have T =(2mr)/v, and
murn = L is the angular momentum vector, as illustrated in Figure 8.9. Therefore,
we can relate the magnetic moment with the angular momentum as

pmz—iL='Y|-, (8.20)
2m
where vy = —e/2m is called the gyromagnetic ratio. Noting that L is constant of

time for an isolated atom, such a magnetic moment, due to electronic motion, can
be detected only in a magnetic field applied externally. Therefore, such an atomic
magnetic moment can be observed as a response to an applied field.

Figure 8.10 illustrates the circular motion of an electron in a hydrogen atom,
where (a) is the isolated case, and (b) and (c) show the atom’s orbit in a uniform
magnetic field B applied parallel to n and — n, respectively. The Coulomb force F
between the electron and the proton is primarily responsible for orbiting motion,
as shown in Figure 8.10(a), whereas additional magnetic forces F1 = Fe(v x B)
modify the motion, as illustrated in Figures 8.10(b) and (c), respectively. However,
in such a model, the result is oversimplified, as inferred from the induction effect
calculated for the circular orbit, where the normal vector n is not exactly parallel
to B.

Magnetic forces arise from the dynamic electric field E, which can be derived
from basic equations: curl E = — dB/dr and div B = 0. As seen from the relation
curl E = curl (—dA/dr), the quantity eA can be considered an additional momentum
due to the applied field B. For a circular orbit in a uniform field, the Faraday—Lenz

(@)

-e

+ L3 + + + + + . . . - . . .

FIGURE 8.10. (a) A Bohr atom, where the force F is the Coulomb attractive force. (b) A
Bohr atom on a uniform magnetic field B, where the magnetic force F is additive to F,
ie., F + F.. (c) With the magnetic force F_ the net force on the electron is F — F_. The
magnetic forces in (b) and (c) are equal in magnitude but opposite in sign.
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law can be expressed as
d rxds oA
_Ig. ?ﬁ x zygE-ds:—?g—ds,
dr 2 ot
c C C

from which we can derive an expression for the vector potential A of a uniform B,
that is,

A:%(er). 8.21)

In a uniform field B, the Hamiltonian of the orbiting electron can be written as
2

1
= — AP —
H 2m(p+e ) dmeyr

e 62
=H,+ —p.A+ —A% (8.22)
m 2m

p o2
here H, = — —
whete Tto 2m  4welr

(8.22). The second term in (8.22) can be modified as

is the Hamiltonian when B = 0, and A is given by

Cp A= (p.Bx))==—((t x p).B} = —p,-B, (8.23)
m 2m 2m

representing the magnetic dipolar energy U, = —p,, - B in a magnetic field, mak-

ing the dipolar direction stable if py||B, similar to the electric dipolar energy

(4.26a). For a system of N atoms, the corresponding macroscopic energy W

should be related to the time average of p,, over many revolutions, and expressed
The third term in (8.22) can be expressed for B = (0, 0, B) as

I )

— A =— (x"+ B-,

2m 8m ( Y )
which should also be averaged over many revolutions of the orbiting electron to
represent a macroscopic energy. Therefore, we consider that (x> + y?) = %(rz),
where r? = x? + y? + 72, resulting in a macroscopic energy W,

Né*(r?) B
Wy = ———.
12m

On applying an external field B, a system of N atoms gains a macroscopic
energy W = W + W,, for which we can define the magnetic susceptibility by
x = —dW/dB. Hence, we have

Nez(r2)
B < 0.

X =X1+x2 where x;=N<p, >0 and x»=-—

In this context, for such a system of independent atoms, the magnetic susceptibility
can be positive or negative, corresponding to paramagnetic or diamagnetic cases,
respectively.
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Any materials other than spontaneously magnetized materials can be magnetized
by an applied field. Therefore, we can consider the induced magnetization M, which
is expressed by

M =xB = xpH, (8.24)

excluding spontaneous magnetization.

The spontaneous polarization occurs in certain groups of materials, such as the
iron group, rare-earth compounds, and others, whose mechanism is attributed to
specific internal interactions in these materials, and the relation M = M(H) cannot
be expressed by a simple function of H. In such materials, the magnetizing process
is usually characterized by “hysteresis” due to domain movement, constituting a
subject of specific investigation.

For materials other than such ferromagnetic cases, the magnetic flux density is
generally expressed as

B=pH+M=(+x)poH =pH, (8.25)

where the constant i = (1 4 x ), represents the magnetic permeability.
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Inductances and Magnetic Energies

9.1. Inductances

In a uniform solenoid of the cross-sectional area S, number of turns N, and length
[, the number of field-lines is given by the flux & = NBS, where B = w,H and
H = NI/l if a current /is flowing through it. Hence,

®— woNZS

I =1L, .1)

where the constant L, = MONZS/Z is referred to as the inductance of an idealized
coil, where the inside field is uniform. If the empty space in the coil is filled with
a magnetic material of a permeability ., the inductance is given by L = puN2S/1,
which is larger than L, because of the factor i > p,. If the filling is ferroelectric
we obtain a substantially large flux & = L1 in the solenoid. With these parameters
N, S, 1, and w, inductors of various L can be designed for practical use.

According to the Faraday—Lenz law, such a flux @ changes with varying current
as a function of time 7, and an induced electromotive force occurs as described by
e i ©2)

dr dr
where the unit of Lis V-sec/A in the MKSA system and is called “henry.”

Figure 9.1(a) shows a circuit to “activate” the inductor L, where the current can
be on or off by switching S to positions “1” or “2,” respectively. It is noted that
during the process for setting currents, the magnetic induction takes place in L, as
specified by (9.2). Therefore, when S is turned to “1” in the circuit including the
resistor R, the current /can be determined by the Ohm law, that is,

Vemt =

Veme + Vi = RIL
Hence, using (9.2) we have a differential equation
dr7
LE + RI = Ve (9.3a)

First, we discuss a case where the current [ starts to flow through L and R after
the switch S was turned to “1” at ¢t = 0. In this case the transient current I = I(t)

132
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FIGURE 9.1. Transient currents (a)
in an 1ndu.ct0r L, when the —
current / is turned on or off. :ﬁ:
(a) A typical circuit for — ) (R
A . im———— ——
observing transient effects by a L —
voltmeter V or by an ammeter A. —— 1 I
Switching S to 1, the current is ](
“on”, while to 2, the current is aq—. s 2
“off”. (b) A voltage pulse.
(c) Transient currents vs. time #, v I
when S is on and off in sequence. (b) (c)
300 L=
1
200 !
|
100 /
!
0 ' i
y O

flows from the battery of V¢, for which (9.3a) is solved with the initial condition
isI =0att =0.
Letting Vemi/R = I, and L/R = 7, (9.3a) can be modified as
dr/ dt
I,—1 =’

and hence
t
—In(l, — I) = — + const,
T

where the constant can be set equal to — In I, by using the initial condition. There-
fore, the transient current is expressed as

I =1, [1 — exp <—£>i| . (9.4a)

On the other hand, when S is switched to “2,” the current starts to flow, bypassing
Vemt,for which the equation
dr

L—+RI=0 9.3b
o (9.3b)

is solved with the initial condition I = I, at t = 0. The transient current is ex-
pressed by the solution of (9.3b), i.e.,

I=1Iexp <—5> (9.4b)

T

showing an exponential decay. Figure 9.1(c) shows such build-up and decay curves
of the transient current I, as described by (9.4a) and (9.4b), respectively. Such
transient currents can be displayed on a CRO screen when square-wave voltages
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stimulate the on-off switching. We note that the parameter 7 is in units of sec and
hence called the time constant of a given circuit.

If a high inductance L is connected with no resistance or a small R in the circuit,
ahigh V; surges when it is switched off, due to a large d//drand small time constant
T, as shown in Figure 9.1(a). To avoid a dangerously high voltage surge in such a
case, as a usual precaution one should include a sufficiently large R in series with
the circuit to maintain the current at a low level.

Next, we discuss such transient processes in terms of electrical energy. Equation
(9.3a) multiplied by I is written as

dI 5
LI+ RI® = Vel

where V.l expresses the power delivered by the battery. Integrating this equation
for a process of increasing current during the time interval betweent = Otot = oo,
we obtain

1 o0 o0
EL1§+ / RI(t)* dt = Vey f 1(t)dt,
0 0

signifying the energy relation among L, R and Veps. Clearly, the term 1L 12 in this
relationrepresents an energy stored in the inductor Lwhen it is activated by the
current /,, and the second term is the heat produced during the charging process.
The magnetic energy can further be modified to express it by the field quantities
B and H. Namely,

1, 1IN®> N°B>S’ B?
L = - = = —Sl=u,V, (9.5a)
2 2 L 2uN2S T 2u
where
BZ
Uy = —— (9.5b)
2p

is the energy density in the solenoid of volume V. For a general magnetic field,
(9.5b) can be written as
I _, 1

m=-—B?=2ZH?=_B.H. 9.5
= o 2 2 ©-5¢)

Example 1. Some numerical examples are instructive for understanding for-
mal arguments. Referring to Figure 9.1, we assume that L =3 henry and
R =20 ohm. If a battery of Vi = 100 V is turned on at t =0, the
transient current for activating L 1is characterized by the time constant
T=L/R=0.5 sec. The current is then given by I = I,[1 — exp(—1/0.5)],
where I, = Veni/R =5 A. When r=r, then I =I,(1 — ¢ ')=3.16 A,
and d//dt = 12.3 A/sec. Therefore, the magnetic energy increases at a rate
given by P, = d(1LP%)/dt = LI(dI/dt) =3 henry x 3.16 A x 12.3 A/sec =
17 watt. The heat dissipation in R occurs at a rate Pr = [ 2R = (3.16 A)* x



Self- and Mutual Inductances 135

FIGURE 9.2. Calculating the mutual
inductance of a concentric cable.

20 ohm = 200 watt. These P and Pg should be related to the power delivered by
the battery, i.e., P = 100 V x 3.16 A = 317 watt. Thatis, P ~ P, + Pg.

Example 2. Inductance of a Coaxial Cable.

Figure 9.2 illustrates a cross-sectional view of a long coaxial cylinders of radii a
and b(a < b), carrying steady currents I and —/ in opposite directions. In the space
between these cylinders, the magnetic flux density B is radial and the magnitude on
a coaxial surface of radius r is given by B (r) = o/ / 2mrr. The magnetic energy
stored in this field can be calculated by (9.5a), that is,

1 b 1 \* b rd 1’1 (b
U=—-L,I =f U (F)2mrdr = Hol ) o [ Pl T (2),
2 g 2o \ 2 . T2 4 a
where
[ b
L,= RoZ In <—) .
21 a

9.2. Self- and Mutual Inductances

The inductance Lrepresents the magnetic induction effect in a coil when the inside
field changes with time. Such a change can take place not only because of a
changing current in the coil, but also by changing currents in other coils located
nearby, which are called, respectively, self- and mutual inductions. Although (9.1)
is written for an idealized solenoid, the inductance can be expressed in a general
form that is convenient for calculation.

The flux @ defined for the cross-sectional area S at a position r along a coil can
be expressed in terms of the vector potential A(r), that is,

P = / B.dS= /curlA. dS= jg A.ds, (9.6)
s C

N
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where Stokes’s theorem was used for conversion from the surface to line integral,
and dsis the line element on C. Considering a current j(r’) atr’, the potential A(r)

at r is given by
Mo j(rl) 3.
Ar)=— d’r
©) 47 / Ir—r’|
v(r’)

For the ring current along the coiled wire we can write j(r)d*r’ = Ids’, and hence

ol ds’

AN = r—r’

Thus, from (9.6) we obtain the expression

ds.ds’
=P f f . 9.7)
oy [r —r’|
Cc C

For two interacting coils 1 and 2 fluxes are written as

P = f (A1 + App).ds; and &, = %(AZI + Ap).ds;
C Cy

where

’
% d51 and A22=M0[¢ ds’,
‘rl—r1| 4"ITC ’rz—rlz}
2

are vector potentials due to inductions in these coils 1 and 2 by their own currents
I; and I», and

ol dS'z Mol dS’]

Bol g 22 and Ay =R S

da ] |ry =t/ 4 J o fry—ry]
(&) Ci

A12 =

represent inductions mutually caused by I, and 7}, respectively.
Therefore we can write

Sy =L I + Mipl, and @y = My 1 + Lo 1, (9.8)
where
ds;.ds’' ds,.ds’
11 ff L ! and L22 %% 2 2 (99)
4 ‘rl—rll ’rz—rz’
C; C;

are called self-inductances, and

ds;.ds’ ds,.ds’
Mip =22 %yﬁ 1052 d My, = 7f7§ 28 (910
|r1 —r'| ’rz—r

C1 Cz CZ Cl
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the mutual inductances. We note that in (9.10) these mutual inductances are sym-
metrical between 1 and 2, that is,

My = My;. 9.11)

Activated independently by currents /; and I, the two inductors interact mag-
netically at a close distance. As discussed for a single inductor in Section 9.1,
energies from two emfs are dissipated in resistances in part and stored, also, in
inductors as magnetic energies. For two conductors the induced voltages are deter-
mined by Vi,(1) = —d®, /dr and Vi,(2) = —dd,/d¢, respectively, where & and
®, are given by (9.8). Therefore, the stored energy is expressed by

t t
do, do,
Ut)=— | —Lidt — | —=Ldr.
0 /dtl fdt )
0 0

Using (9.8), this can be written as

1 1
U@ = sLul} + S Lol + Mphb + Ma b1, (9.12a)

varying generally as a function of time, as /; and I, change with different time
constants. However, both currents become steady as ¢+ — oo. With stationary cur-
rents on, both inductors can store energies in the form 1L 12, whereas symmetrical
mutual inductances (M, = Mj;) give rise to the same interaction energy. There-
fore, the total magnetic energy in the two inductors with steady currents /; and I,
can be expressed as

1 1
U@t) = ELlll2 + §L2122 +MILDL, (9.12b)
which is the same as (9.12a) where L, Ly, and M|, = Mj; are replaced by L,

Ly, and M.

Self-inductance characterizes an inductor as a circuit element, while mutual in-
ductance signifies a coupling between inductors, depending on their distance and
arrangement. In the above we discussed two inductors activated individually by cur-
rents /,and I,; however, in many cases these currents may originate from the same
source. A coaxial inductor is the example wherein the magnetic field exists only
inside the coaxial cable as related to currents /andg — Ion the inside and outside
conductors. Therefore, the inductance L calculated in Example 9.2 is the mutual
inductance between the currents. Nevertheless, the mutual parameter M refers to
an interaction between two well-defined inductors with a fixed configuration.

We can show that at any point in a magnetic field the energy density u,, is
expressed by (9.5¢). In the above, Aj; + Az and Ay + Ay represent in parts
the vector potential A in the entire field at the positions of currents /; and I,
respectively. Therefore, the rate at which magnetic energy changes is given by

dU (1, 2) dd, dd, dyg d%
———=L—+L—=1— Ads+ L, — A.ds;
dt Vdr T dt Yar + 2dr
Cl CZ
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however, the mutual interactions are duplicated in this expression. Writing /;ds =
, . Co . : 1
J1dv, [hds = j,dv, and j; + ], = ], for a symmetric energy U = E[U(l’ 2)+
U2, 1)] we have
du d
2— = —
dr dr J,

Using the identity div(A x H) = (curlA). H — A. (curlH), the last integral can be
expressed as

/A. (curlH)dv = f(curlA). Hdv —/div(Ax H)dv.

v

. d
A jdv = —/A.curlHdv.
dr J,

Here, with the Gauss theorem, we have [, div (A x H)dv = (A x H),dS — 0
as S — oo, and therefore obtain the formulaU = % f " B. Hdw for a stationary field
with the energy density u, = % B.H.

9.3. Mutual Interaction Force Between Currents

We discussed the magnetic field of two current-activated inductors, where the
stored energy is not only in individual coils, but also in the space in between. The
energy of the field spread between inductors was calculated as in Section 9.2 for
arigid configuration.

On the other hand, in a non-rigid configuration the interaction energy W between
two inductors is responsible for a mechanical force. Such an interaction force can
be considered as arising from a variation in W due to a small displacement 8r in
the mutual distance. Namely,

—F.5r = 3W. 9.13)

Such a small variation 8Win the interaction energy can occur with a variation in
magnetic flux, so that we can write

W = 118(1)12 = 128q>21,

where

3D, Z/ B,(r).8S; Z/ B,(ry).(ds; x 8r) = {% B,(r) x dsl}.Sr.
S[ Sl
C

and hence the force F, can be determined by

Fi, = 11<¢ B, (ry) x d51>.

C
In this case, the Biot—Savart formula is written as

Mol> % ds; x (ry —r»y)

4w Iry—raf?
2

By (ry) =

s
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and therefore the interaction force can be expressed as

L1 d ry—r
Floe —Fa = %127{(11 yg Sy X (I 32). ©9.14)
Iry—rol

9.4. Examples of Mutual Induction
9.4.1. Parallel Currents

In Section 7.3, we discussed a magnetic force between parallel currents. Here we
calculate the mutual inductance and force with formulas (9.10) and (9.14).

Figure 9.3 shows two parallel conductors of finite length / and width d. Taking
current elements /;dz; and I>dz, at z; and z, on these conductors, as indicated in
the figure, we calculate the mutual inductance with (9.10). That is,

1 l
_M—W/dm/ >
J o d? +(21—Zz)

Replacing z, by x = (z1— z2)/d, we have

.[;

/ -2y
dz, / dx 1 <l—Z1> .1 (2
—_— = ———— =ssinh ——— | +sinh (—)
O/ P+ @ -2 ) v+ d d
“Vd
These terms on the right give rise to basically the same results as when the expres-

sion is integrated once again, namely,

I
/d
M= :L—OZd/ (sinh’lx) dx = xsinh™'x — /1 + x2.
T

0

_________ -———T

1dz
T /\\ i 1
dzi/ 2 '
J ' %,
]

=y
.

FIGURE 9.3. Calculating the mutual inductance of twin parallel
currents. el

.
re
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Using the identity relation sinh™! x = In (x + 1+ x2>, we obtain
=Pl (Log ’ +1—4/1+ -
= n —_ _ — J— .
2md d d? d?
If I > d, this expression can be simplified as
l 2l
M= (1n= 1),
2md d

For the interaction force, using ds; = (0, 0, dz;), ds, = (0,0,dz;), 1y —rp =
(d, 0,z — z2) in (9.14), we can write dS; x (dS, x (r; —r3)) = (ddz1dzz, 0, 0),

and therefore,
L Ld , l
Fx:MOIZ/dZI/ 2 213/2
0 ) {d? + (@ — 22}

ol (
2md

Mol
2md

d2+z2—d) LU

9.4.2. Two Ring Currents

Figure 9.4 shows two parallel ring currents whose centers are located at z = +b
on the z-axis, flowing along circular paths parallel to the xy-plane. Considering
current elements /,ds; and /,dS; on each current at positions (a cos ¢, a sin ¢, b)
and (a cos ¢, a sin ¢, —b), the distance between them can be calculated from

rq{ — r2|2 = az(cos @] — Cos cpz)2 + az(sin ¢ — sin (pz)2 + 4p?
= 4b% + 2a*{1 — cos(g1 — )},

and

ds;.ds, = a*cos(¢r — ¢2)dede.

]

FIGURE 9.4. Calculating the mutual inductance of
twin parallel ring currents.
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Writing ¢ = ¢; — ¢, the mutual inductance is a function of ¢ and ¢,, but can be
expressed as

2m
d
M = & (Zwaz)f COS‘P (P ’
4 ) V4b? +2a2 (1 — cos @)

after integrating with respect to ¢,. Further, defining an angle 6 = %((p —m), M
can be written in terms of elliptic complete integrals, as derived in the following:

cos@ =2sin’0 — 1, 4b* + 2a*(1 — cos @) = 4{b> + a*(1 — sin® 0)},
and the range of integration becomes —%"W <0< %ﬂ. Thus, we obtain

/2

(2sin”6 — 1) do
J \/az—i—bz—azsinze‘

M = p,oaz

a2
a’ + b2’
2—k* 2(1—«*sin’6)

K2 K2

2

Define a parameter Kk~ = and splitting 2 sin” 6 — 1 into two parts as

2sin’0 — 1 =

s

the last expression for M is divided into two terms of complete elliptic integrals,
1.e.,

2
_ Roa
K

M [(2 - &%) K (k) = 2E (x)],

where
11'/2 17/2

do
K (x) = ——— and E (k)= V1 —k2sin?0do
-
; V1 —k2%sin“ 0 J

are known as complete elliptic integrals of the first and second kinds, respectively.
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Time-Dependent Currents

10.1. Continuity of Charge and Current

Static charges and steady currents are responsible for electrostatic and steady
magnetic fields, respectively. A static field arises from a charge Q at rest, whereas,
for a steady field, a constant current | = dQ/dt is responsible; both represent
states of the charge carriers relative to the observer. However, charge and current
are not exclusive, and both electric and magnetic fields can be observed as related
with time-dependent Q and |, as discussed for magnetic induction.

Referring to Figure 1.2, if a current | is not steady, not all charges in the volume
SAX are necessarily moving out during the time-interval At, depending on the
position X along the conductor. For such a non-steady flow of charges, we can

A
write | (X) — | (X — AX) = A—?, which can be expressed as
Ap Aj  Ap

A()S)
AX = — SAX, and hence — — = .
AX At AX At

(10.1a)

In general, the charge density p and the current vector j are functions of the position
r and time t along the current passage for which (10.1a) can be expressed as

dp

op T divi=0. (10.1b)

which is known as the equation for continuity. Obviously, (10.1b) signifies that
p and j are not independent, so that these quantities, as combined, represent the
source of electromagnetic fields.

Assuming that all particles move at the same speed v in one-dimensional flow,
we have ] = pv, and the equation (10.1b) can be expressed as

d B
W o _

_o, 10.1
at " Uax (10.1¢)

where p is a function of X and t. We assume that such a function p (X, t) is separable
into factor functions of X and t only, as given by a product p (X, t) = p;(X)pa(1).

142
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Then, from (10.1c) we obtain

v dpl 1 dpz

—_—— = — =,

p1 dx po dt
where w is a constant independent of X and t, ignoring frictional effects. Solving
for p; and p,, we can write

p(, 1) = poexp {—iw (t= >}

v

representing the propagating density p that can be specified by the phase
X

) (t - —), where the constant w is interpreted as the frequency of periodic vari-
v

ation. At a low frequency w_ the phase is dominated by wt if 8X is negligi-

ble in macroscopic scale. In this case, the specific solution of (10.1c) is given
by j = pv = povexp(—iwt), and the corresponding current can be expressed as
I = l,exp(—iwt), almost independent of X. In contrast, at a higher w, as signified

2mv ® . .
by the wavelength A = —— the term —X becomes significant for the density to

propagate along X, and theu():urrent perfo;)mance is seriously affected by the size and
shape of a circuit. Leaving high-frequency problems to a later discussion, in this
chapter we discuss time-dependent currents at low frequencies, occurring almost
simultaneously in the whole circuit.

10.2. Alternating Currents

The principle of generating alternating current (AC) was briefly discussed in Sec-
tion 7.3 as an example of a magnetic force. By rotating a rectangular coil, as shown
in Figure 7.7, around the axis placed in perpendicular to the direction of a static
magnetic field, an induced voltage Vi, occurs as described by the Faraday—Lenz

do
law, i.e., Vi, = T where the magnetic flux is ® = @, sin ¢, here ¢ is the ro-

tational angle, i.e., d = wt + &,. Here ¢, is the initial angle att = 0, and w is the
angular frequency of rotation. Therefore, the induced voltage changes sinusoidally
with t, as given by

Vin = Vocosd, where V,=—wd,,

indicating that the amplitude V, is proportional to w, and that the variation of Vi,
is signified by the angle ¢, which is given by the phase of the alternating voltage.

If such a voltage source is connected with a resistor R, an induction current |
flows as determined by the Ohm law, V;, = RI, and hence

o

| = VE cos (ot + ), )

which is in phase with Vi,
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(a) (b) FIGURE 10.1. The displacement cur-
b rent density D in an empty capacitor.
i (B) The relation between a displace-
i A ment current of density D and the H
I . 2 E vector.
/N ¢
TR —
| | e —
1 o I — — D
| | !
| I !
13 1 —
A
| !
i A H
i)
5= e b

If connected with an inductor L, the induction current | is determined from the
relation Vi, — L(dl /dt) = 0, and hence

dl V, (ot + o)
— = —cos(w o) 5
dt L
and
V, [t Vo .
| = — cos (ot + ¢y) dt = — sin (ot + b) .
L 0 (J.)L
Such a sinusoidal current can be written as
V,
| = locos (ot + by — 1)  where |, = —E (i)
w

indicating that the phase of | is behind the voltage V, by 17, and wL behaves as
if it were the effective resistance, which is called the impedance of the coil.

Further, it is interesting when a capacitor C is connected with an AC source. In
fact, a current appears to flow across the gap in the capacitor, despite the open space
that is not conductive. Considering that capacitor plates can always be charged to
equal amounts, +Q and —Q, on the connecting wire the current 41 flows into
one plate, and —| goes out from the other, so that the current appears to flow
through the gap continuously. Although contradictory to non-conductive empty
space, Maxwell proposed his idea of a displacement current to dissolve the prob-
lem, and his idea was in fact verified experimentally.

Figure 10.1(a) illustrates that charges +=Q on the plates are distributed at a
uniform density o (t) over the area A of an idealized capacitor. To be consistent

with a static capacitor where o = D, Maxwell proposed a current given by the

. d d S .
density jp = d_(tr =3 across the gap, by considering that these o and D in the
space are functions of time, and called the displacement current. With this proposal,

the current becomes continuous on the capacitor plate, i.e., (j S)wire = (jDA)gap.
From the continuity relation (10.1b), we can write that

d (i, 40\ _,
x\UTa)="



Impedances 145

. oD .
which can be generalized as div (j + E) = 0. Maxwell considered that the net

current density j + r is responsible for the magnetic field H, and wrote the

Ampere law as
. oD
j+ i curl H. (10.2)

This is one of the Maxwell equations governing entire electromagnetic phenomena.
Figure 10.1(b) shows the right-hand relation between 0D /9t and H vectors.

Returning to a capacitor connected with an AC generator, we have a voltage
relation

v/ —Q—I/tmt—v (ot + do)
m—C—CO = V,COS(®w o).

Differentiating this, we obtain
1
| = —lysin(wt + &) = Iocos(wt + by + E'n'), where |, = wCV,. (iii)
1
Therefore, the phase of AC current is advanced from that of V;, by 517, and the

impedance of a capacitor is given by 1/wC.

10.3. Impedances

A practical AC circuit consists of resistances, inductances, and capacitances con-
nected in various ways with an AC source. Figures 10.2(a), (b), and (c) show

a !
(a) R iy
C
(b) R
(c) R
oL
c ; Z
. iX|-m~=g
FIGURE 10.2. Impedances of AC cir- i:
cuits in a complex plane. The phase Ly
s of AC current can delay or advance L i R
from the applied voltage. (a) RC, (b) =t
RL, and (c) RCL combinations. oC
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simple cases of RC, RL, and RCL connected in series with V,, respectively. In the
first case, the voltage relation can be written as

1 t
Viy = RI + ante = RI +6/0 Ipdt, where | =Ip,
Hence, the equation for | is given by
dl I
—wV,sin(ot =R— + <.
oVsin(ot + d) at + C
Letting | = l,sin(wt + &), the right side can be expressed by
dl I lo
RE + c= wRI cos(wt + ¢y) + c sin (ot + ¢y) ;

therefore we obtain the relation

|
—V, cos (ot + ¢,) = Rl, cos (ot + ) + —‘(’2 sin (ot + ¢y)
w

2
= — R2—I—<L> locos (ot + ¢y — ), @iv)
oC

where tan y = 1/wCR. The result can be expressed as

Vin = Z(w)l, | =l,cos(wr + dy — )

1 v,
Z(w)=,/R + peroiine (10.3a)

Here, the phase of | shows delay by s, and Z(w) is the impedance.
In the case of RL shown in Figure 10.2(b), we can carry out a calculation similar
to the one above. The equation for the current is
dl
V, cos (wt + d) — LE = RI,
which can be solved by letting | = l,cos(wt + ¢,). We obtain the relation

V, cos(wt + d,) = oL |, sin (wt 4+ ¢d,) + Rl cos (ot + &)

=/ R2 4+ (wL)*l, cos (oty + by + ), (v)

where tan y = R/wL. Therefore, we can define the impedance as

Z() = VR + 0?L2, (10.3b)

and the angle s represents the current phase, which advances the AC voltage.
For the LCR case shown in Figure 10.2(c), we have the equation

dl Q
V, cos (ot + d) — LE =c ™ RI,

which can be solved in similar manner, and the result is

V, cos (ot + &) = Z (w) I, cos (ot + b, — ),

and
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where
1

1\2 oL — —
Z(w)=,/R+ <wL - —> and tany = ——2C (103¢)
oC R

The power delivered instantaneously by an AC source is expressed by
PtHy=V®I@t) =Volocosdeos(d—1),

where & = wt 4 ¢, is the voltage phase. However, for usual measurements with
meters it is convenient to define its average over a period of the AC cycle T, =
27/ w; that is,

1 (" w [T 1
(P) = — Pdt = V,l,— cosdeos(b—P)dt = =Vl cosi.
To Jo 27 Jo 2
(10.4)
Accordingly, the AC voltage and current are defined as square roots of the mean-
} Vo o
square averages of V() and I (t), i.e. V = (V2> = > and | = 75, respec-

tively. With these mean-square roots, (10.4) can be expressed as (P) = V [ coss.
It is noted that such averages are referred to conventional AC measurements over
repeated periods of oscillation, which are characterized by a long timescale of
observation.

10.4. Complex Vector Diagrams

Equations (iv) and (v) indicate that AC voltages across R, L, and C can be given
effectively as if these elements are connected individually with V;,, namely, Rl, LI,
and | /oC, respectively. Further, (10.3a) and (10.3b) imply that the impedances can
be geometrically determined in X, y-planes by points (R, wL) and (R, —1/wC),
where {s is clearly the angle between the impedance Z and the x-axis, as illustrated
in Figures 10.2(a) and (b). Equation (10.2c) can be interpreted that Z is represented

1
by a point (R, oL — —C> and an angle s, as in Figure 10.2(c).
®

It is convenient to express such impedances on a complex plane, considering the
y-axis to be the imaginary axis iy. Actually, the diagrams shown in Figures 10.2(a),
(b), and (c) are complex planes. Thus, the impedance can be expressed as a complex
function of w, that is

Z(w) = R+ i X(w), (10.5)

1
where the imaginary part X(w) is called the reactance, e.g., X(w) = oL — — in

) oC
Figure 10.2(c).
The vector-diagram method can also be obtained by considering the AC voltage
and current as complex variables, whose real parts represent actual variables. For
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example, in an RLC circuit, the voltage relation
dl 1t
Vin=L—+ < [dt + RI
" dt  C /0

can be solved by assuming V;, = Vyexp(iwt). Then, writing | = l,exp(i wt), we
obtain

. . 1 . .

V,exp (iot) = oL 1, exp (iot) + Wloexp(l ot) + Rl,exp (iot) .
w
That is,
. 1
V, = <|mL+_—+R) lo =Z(w)l,, (10.6a)
iwC
where

Z(w)=R+i (u)L — L) (10.6b)
oC

is the complex impedance. This expression can be written in the form that

Z(w) = Z(w)exp(—iy), (10.6¢)
where
1\2 ol — i
_ 2 _ —
Z(w)=,/R +(wL wC) and tany = R ,

and from (10.4a) we obtain
Vo, = Z(w) loexp(—ils).

Hence, | = l,expi(d — ¥) when V = V,yexp(i ¢), where the phase of the AC volt-
age is written as ¢ = wt + ¢,. Figure 10.3 illustrates the relation between complex
AC voltage and current, characterized by a phase difference {s.

—— e ——

=}

FIGURE 10.3. A typical relation between AC voltage vs. AC current.
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10.5. Resonances

10.5.1. A Free LC Oscillation

In a circuit shown in Figure 10.4(a), when the switch S is turned on “1,” the
inductor L becomes active with a current |. Switching S to “2” disconnects the
battery, and the capacitor C is charged to +=Q, which is then discharged through
L, then charges C, and continues repeatedly. As illustrated in Figure 10.4(b), such
an oscillation takes place in a cycle of 1-2-3-4 for a long time if the resistance of
the coil is negligibly small.

A free oscillation between an idealized inductor and capacitor can be described
by

dl
Vin = V, —L—=—=
nTYe o it~ C
dl d

Multiplying by | = dQ/dt, we have —L | P gd—?, which can then be inte-
grated with respect to time, that is,

1 1 Q?

3 L12 4+ 5% = const., (10.7a)

implying that the magnetic energy in the inductor is added to the electrostatic
energy in the capacitor in a given time t. Equation (10.7a) represents the energy of
a harmonic oscillation of (Q, 1), analogous to a mass particle, in which % L12and
Q?/2C signify kinetic and potential energies of the moving charge, respectively.

(@)

(b)

FIGURE 10.4. Free oscillation in an
L — C circuit. (a) The inductor L is
activated when the switch S is turned -
onto 1, and then to 2 for oscillation. “,

\

(b) Repeated charging of the capaci-
tor in sequence of 1-2-3-4-1.
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The characteristic frequency of oscillation can be expressed as
(10.7b)

and Q(t) = Qoexplimwot), 1(1) = iwoQoexplim,t), where Q, is the amplitude,
shifting the current phase by 517 .

10.5.2. Series Resonance

Consider a series of RCL connected with an AC source, as shown in Figure 10.2(c).
In this case, the voltage-current relation is given by (10.6a), (b), and (c). It is noted
that if the frequency of AC voltage is equal to w, given by (10.7b), the reactance
X(w) vanishes at ® = w,, i.e. X(w,) = 0, signifying that Z(w,) = R is minimum.
The AC current exhibits maximum amplitude at this condition, which is therefore
called the resonance.

At resonance the current and charge in the inductor and capacitor are in oscilla-
tory motion with maximum amplitude at w,, while their energy is being dissipated
in the resistor. Hence, the resonance quality can be expressed by the ratio between
the energies of oscillation and dissipation averaged over a cycle of oscillation, i.e.,

L <| 2) w,L 1
Wy—— = = -,
‘R(17) T R T Qo
where Q, is called the quality factor or Q-factor of resonance.

The reactance X(w) can be modified by using the definitions of w, and Q, given
by (10.7b) and (10.8) as

(10.8)

X(w) = RQ, (3 - ﬁ) :

W, ®
and, hence, the impedance is expressed as
o @)’
Z(0)?’ =R+ X(w)? =R {1+Q§ (— - —°) }
W, ®

Therefore, currents at off- and on resonance can be calculated as | ,(w) = V,/Z(w)
and l,(w,) = V,/R, respectively, for which we have the formula,

2
|I0(w)2 = ! . (10.92)
o (@o) 1+Q2(2—&)
‘Nw, o

Figure 10.5 sketches the curve of (10.9a) against Aw/w,, where £Aw = w — w,.In
. 1
such a curve, frequencies w. at half-power points, defined by I,(w+)?/14(w,)* = >
W4 W, ., 2Amy

are of particular interest. Writing oy = 0w, £ Aw, — — — ==+ , and
W, w4 (O
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FIGURE 10.5. A typical L-C [ﬂ(@) /L("%)
resonance. The half-width is
indicated as 1/Q,, where the
quality factor Q, depends on
the internal resistance Rin the
inductor L.

A(J.)i

2
> = 2, we obtain

from the relation 1 + 4Q?2 (

0

Wo Qo . '
The quality factor Q, can be easily estimated from half-power points, as shown
in the figure.

10.5.3. Parallel Resonance

Figure 10.6 shows a parallel connection of L and C, where the resistance R can
represent an internal resistance in L as well as added resistances, for which the
Kirchhoff rules may be applied as in a DC circuit. With regard to junctions, marked
aand bin the figure, the impedances R + i wL and 1/i oC are connected in parallel,
for which the voltage difference V,;, is expressed as

. 1
Vap = (R+Tol) 1} = —1,,
ioC
a
L
AC e
R
FIGURE 10.6. A circuit for L-C resonance. Nor-
mally, R represents the internal resistance due to a

finite conductivity of the coil. b
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where || + |, = | is the net current to satisfy V;, = Z(w)|. Therefore,
Vab .
| = ———— +10CVa = Y(0)Vap,
R+ioL +lw ab (w)Vap
where Y (w) is the complex admittance
1 R—-iwL
Y =———4+i0oC= ———— +inC.
©) = RFiel T T Rz T

In this case, the resonance is signified by a particular frequency w, for the imaginary

part to become zero, that is, — C =0, in which case the resonance

R% + w2L?
frequency is determined by
2 ! R (10.10)
0w, = — — —, .
° LC L?

giving the characteristic frequency identical to (10.7b) in a series resonance, pro-
vided R is negligible. However, the impedance at resonance can be written as

Vi(wo) Rz—l—mgL2 L

Z = = =—,

(@) = 7700 R CR
for which an internal resistance R cannot be considered zero. Nevertheless, if so
assumed, | (w,) = 0 and |;(w,) = —I2(w,), so that the parallel resonance is often

referred to as anti-resonance.

In practice, for a parallel resonator characterized by L and C, 1/+/LC is a useful

parameter for approximate resonance. We can therefore write an approximate

relation between the exact resonance frequency w, and w, = 1/+/LC, with which
(10.8) can be re-expressed as

1 1 w,L

mozzu)g(l—ag) where a: R

[}

Therefore,

1 1
W A Wy (1 — Z—Q(%) and Z(w,) ~ Z(w,) (1 + Eg) .

10.6. Four-Terminal Networks

In this section, we discuss circuits with two input and two output terminals, known
generally as a four-terminal networks. When an AC voltage is applied to an input,
the output voltage is not necessarily sinusoidal, as caused by relaxation effects
with resistive elements. A guiding principle for solving network problems is the
Kirchhoff rules at low frequencies, thereby considering a unique time-dependent
potential at each point in a given circuit as related to the input phase. As will
be discussed in Chapter 11 for high frequencies, this assumption is valid only at
sufficiently low frequencies, where the physical size of a circuit is smaller than a
wavelength of radiation.
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FIGURE 10.7. A simple four-terminal network. The input and C
output are 1-2 and 3-4, respectively.

2

|
e °3

10.6.1. RC Network

Figure 10.7 shows a circuit of C and R connected in series, where terminals 1
and 2 constitute the input, to which a varying voltage can be applied. The output
terminals 3 and 4 are “open,” meaning unloaded, while we assume that terminals
1 and 3 are connected to the “ground,’ i. e., V| = V3 = 0.

We first calculate the output voltage V; at the open terminal 4, when an AC volt-
age at a frequency w is applied to the input. The voltage relation can be written as

V2—V4=g and V4=R|
C
Writing the input voltage as V, = V(t), we have

| =M=V _ Ve

dt R
Therefore, the differential equation for V is given by
dV. V. dV.
e T2 (10.11)
dt T dt

where T = RC is the time constant. For a sinusoidal input V, = Vyexp(i t), we
can set V; = Vyoexp(iot) in (10.11) and obtain

. 1 .
(Iu) + —) Vio = 10V,
T

and hence
Vio 0T ioT (1 —iwT)
V, 1+iu)T: 1 4 0?72
T I + 0T _ T
I+ o2 JT+ o2 1+ o2

expid,

1
where tan 8 = —. Therefore, the output voltage is given by
wT

Voot .
V, = —22T  expi(ot +9), (10.12)
! V1 + o?1? P
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(a) (b) FIGURE 10.8. (a) A square-
V(t) Va/Vo shaped voltage input; (b) its
distorted output.
1.0
Vo 05

2t

where 8 is a phase shift. Obviously, for a static input, V, = 0 as w = 0.

Next, we consider an input voltage pulse V, in a rectangular shape, applied
during an interval 0 <t <t,, as shown in Figure 10.8(a). In such a case it is
customary to express the pulse by a Fourier integral

V, (1) = f (w)exp (iot) dw,

1 +00
kY, 27 /700
where the function f(w) is given by

f(0) = Vs (1) exp (—i ot) dt.

I
2 /0
In the present case, Vo, = V, for 0 <t < t,, and 0 in other time regions, hence

f (@) V, /to (iwt)dt V, 1—exp(—iwt,)
W)= — €X —lw = - .
V2w Jo P 2 lw

Using this expression in (10.11), we can write

+00 . i
V, /explmt—explw(t—to)
. - dow.
2mi I

—00 - =

Vi () =

(10.13)

T

When we consider that o is a complex variable, we can evaluate the integral
in (10.13) by the Cauchy theorem from the theory of complex variables. The

. I . .
integrand has a “pole” at ® = —, hence the analytic function of the numerator,

T
f(w) = exp(iwt) — exp[iw(t — t,)], can be determined by the principal value that

is determined by
[ 1 f
T 2mi |
c 0—

T

where a closed path C is divided into semi-circular C; and C,, as shown in
Figure 10.9.
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FIGURE 10.9. Calculating a complex integral : o”
with a pole using the Cauchy theorem.

Equation (10.13) indicates that V,(t)/V, should be given by the principal value
f(i/7), and the output voltage can be described by

V4(t) =0 fort <O,
t
=V,exp(——) for0 <t <t,
T

t t—t,
=V, {exp (——) — exp <——)} fort > t,,
T T

which are sketched in Figure 10.8(b).

10.6.2. Loaded Transformer

A transformer for converting voltages is shown in Figure 10.10, where an AC
voltage V; can be applied to the input terminals 1 and 2 of the primary coil L,
whereas the secondary L, is loaded with an external resistor R. We consider a
mutual inductance M between L; and L,. In practice, the internal resistances I
and r, of these coils are not negligible, so are therefore included in calculation.

We can write voltage relations for these closed primary and secondary circuits;
that is,

(r1+iwL1)|1+in|1 =V

FIGURE 10.10. An AC transformer.
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and
ioMl; + (2 + R+iwbLy) 1, =0.
Eliminating |1, the secondary current |, can be obtained from these equations, and
expressed as
—ioM

2 = . Vl.
M2+ R +io{l 4+ R + Lo} +o? (M2 = LiLy)

Between the terminal 3 and 4, we have the relation V, = RI,, and therefore
\Y)) . —ioMR
V, iwLor; 4+ w? (MZ—Lle) .
Iy + R

r,+ R (I’l +iwly +

Inthe limitof R — oo, R~ r; + R — 00, hence this expression can be reduced to

V2 . —ioM
V, - r+iol;
. . V, .
which may further be approximated as V.o ifr; K oly.
1 1

10.6.3. An Input-Output Relation in a Series RCL Circuit

For a circuit of RCL connected in series, we already discussed the resonance in
Section 10.5. In this subsection, the input-output relation is obtained for a RCL
circuit, shown in Figure 10.11, where an oscillating voltage is applied to the input
terminals 1 and 2.

The input voltage in arbitrary shape can be expanded into a Fourier series

1 +00
Vo (1) = —/ V (w)expiotdo, )
21 ) p
and the current can be expressed as
1 +00
)= —[ I (1) expiotdo. (i1)
kY4 27 J -0 P
o ¢
[ Lr
2
b

I I ©f@  FIGURE 10.11. An example of a four-terminal
input-output circuit.
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The voltage relation is

di 0
Vor—L—=(R+n)l + —=,
21 at (R+n)I + c

from which the equation to be solved for | (t) is

d?l 1 dVy,
P — —| = —.
a2 +(R+r ) + C at

This is a linear differential equation, and (ii) is a linear combination of sinusoidal

functions exp(iwt) indexed by w. Therefore, we can derive from (iii) solutions

with respect to individual w. Using the series (i) and (ii) in the equation (iii), for
each component at w we obtain

(iii)

{ ® L+Iw(R+I’)+—} | () =ioV (w),

and hence
V (w)

. 1\’
R+r L-—
+ +I<w wC)

The output voltage between the terminals ¢ and b in Figure 10.10, is given by

| (w) =

~+00
Vep = \/%—TI' /_oo r+iol) ! (w)exp(iot)do,

whereas those between b-a and a-1 are

Vba = \/%_ﬂ/ RI (w) exp(iot)dw
and
Va = /+00 (w )exp(i ot)dw.
N

At resonance, i.e., w = w, = 1/+/LC, these output voltages are signified by the
current, i.e., | (w,)exp(—is), where the phase shift {s is determined by

1 1
tan § = L——).
my = e <‘” wC)

10.6.4. Free Oscillation in an RCL Circuit

In an unloaded RCL circuit, as shown in Figure10.11, we consider a free oscillation
caused by a short voltage pulse applied to 1 and 2.

An input pulse is assumed as a voltage V, in a short duration of time 7, being
described by a delta function, i.e., Vi, = V,0(t). The current in the circuit is given
in such a Fourier series as (ii) in the previous subsection, hence,

V. +00
Vin ) = ﬁ/ exp(i wt)dw,

o0



158 10. Time-Dependent Currents

and

+00 i
L) :&/' exp(iwt)

This expression can be modified as

+00 .
|t = \/.O / wexp(i wt)dw
il ) o in b
e L LC
.. . iR
Factorizing the denominator as (w — w;)(w —w;), where w;, = o +

1 R 2,fR 5 L
tc \a) " T
Vv +00

) = o exp(i ot)wdw
© 2wl (0 — 1) (0 — o))

+o0o
= Vo / : 1 [0 expiot)]d
T 27 () — @) 0w—0 O—0 @exple @

Using the Cauchy theorem, the integrals are given by the principal values at the
poles w; and w,, and

VO (O] . .
I ()= — exp(imt) — exp(imyt) | .
L |w —w w; —
Writing that -~ = \ and — R 2
riting that — =X and — — — = o,
T LC 4Lz *°
V, —Ab) . . . .
(1) = Yo PN 1y 4 ) expiwot) — (A — o) exp (—iwot)]
L 20,
V, N
= — exp (—At) | cos(wot) — — sin(w,t)
L W,
Vo
= — exp(—At)cos (wot + ),
Joil2 + iR
where

tan & = .
an 2L w,

Here, the constants A\ and 8 signify an exponential decay and phase shift of the free
oscillation.
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11.1. Self-Sustained Oscillators

Free oscillation in a circuit is generally short-lived because of the presence of a
resistance. Normally AC current flows continuously, as the generator keeps supply-
ing energy, but it is not simple to obtain a source of persisting electrical oscillations
at a desired frequency. Today, vacuum tubes and semi-conducting devices, oscil-
lators, signal amplifiers, and other electronically controlled circuits are available
at almost any frequency, thereby, basic electromagnetic experiments can be per-
formed with precision in modern electronics. A self-sustaining oscillator with a
sizable output power is a particularly important device to study high-frequency
phenomena.

A sustaining oscillator is basically a forced oscillator whose output power is fed
back in part to the input to sustain oscillation. In this section, to understand the
feedback principle, we take a vacuum tube as an example, although it is almost
obsolete in modern electronics. In fact, a feedback mechanism is significant for
various growing processes in natural phenomena, and described effectively in
terms of negative resistance in circuit theory. While a conventional (positive)
resistance signifies energy loss, a negative resistance can be interpreted as sustained
oscillation.

Figure 11.1(a) shows a circuit of a friode tube providing an electronically gener-
ated current (¢) at the characteristic frequency w, determined by the LC resonator.
The triode consists of an electron-emitting cathode (K), an anode (A), and a grid
(G) that controls the electronic flow in the tube. The electronic current driven by
the anode voltage V, can be modified by the grid voltage V,, exhibiting, typically,
a sharp rise at a negative value of V, = —V;,, called a bias voltage, as illustrated
in Figure 11.1(b). In such a four-terminal circuit, the current-voltage relation can
normally be described by a linear relation

I=Y(BVa+ V),

where Y is the electronic admittance and [3 the coupling between anode- and grid
voltages. In this case the output voltage is given by V = BV, + V,, and the current

161
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(a) (b)

e ,—10
W

FIGURE 11.1. (a) A triode oscillator. (b) A typical non-linear / — V character.

modulated by the grid voltage AV,, can be expressed by

v,
AI=Y<[3 +1) AV, = (—Bay + 1) AV,

IV,
where o, = —0dV,/dV, is called the amplification factor. Hence,
AV, 1

Al Y (1 —Bay)’

which is positive if 0 < Ba, < 1, but negative if Bo, > 1. The former case repre-
sents an amplification, whereas the latter condition gives rise to a negative resis-
tance for the current to be controlled by the bias potential. In solid state electronics
the 7-V relation in some semi-conductors is signified by a negative slope in a cer-
tain region as shown in Figures 11.2(a) and (b). This condition provides a negative
damping condition similar to a triode case.

Electric oscillations in a wide range of frequencies are utilized for a variety of
applications, such as telecommunications and other purposes in modern electronics
for which oscillators are built on the basis of the principle of negative feedback.
Although no details of oscillating mechanisms are given here, we should bear
in mind in the following discussions that self-sustaining oscillators are always
involved in interpreting theoretical results.

(a) (b)

v FIGURE 11.2. Examples for neg-
o ative resistances.
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11.2. Transmission Lines

Long parallel wires and concentric conductors are of particular importance for sig-
nal transmission. Known as Lecher’s wires and coaxial cable, these transmission
lines are mathematically equivalent, sharing similar principles. Physically, how-
ever, their performances are not identical: the electromagnetic field is completely
confined to the space of a coaxial cable, whereas it is somewhat diffused from
Lecher’s wires. Both devices are in practical use, but a coaxial cable is an ideal
transmission line at high frequencies. Practically, the space between two conduc-
tors is filled with insulating material to maintain uniform spacing, although the
signal can be modified by the dielectric property. At a high frequency, the oscillator
energy is transferred to such a transmission line, thus it is transferred to a terminal
load that is expressed by an impedance Z, as illustrated in Figure 11.3.

In such a long device required for power transmission or communication pur-
poses, the internal resistance cannot be ignored, and the capacitance between two
conductors plays an important role. Besides, their self- and mutual inductances are
also significant at high frequencies. Under the circumstances the voltage difference
across the conductors and the currents on two conductors should be described as
functions of the position x and time ¢, to which an oscillator and a terminal load
are connected.

For a uniform transmission line a potential difference AV between x and
x + dx along the line should be related to a resistance RAx by the Ohm law
AV = (RAx)Al., where R is defined as the resistance per unit length, and
the conduction current is Al = I(x + Ax) — I(x). Writing for convenience
G Ax = 1/RAx,where G is the conductance per unit length, we obtain the relation

Lon = (GAX)AV.

(©) @\VSWR

Q. T

FIGURE 11.3. (a) Distributed impedances of a transmission line and a terminal impedance
Zy . (b) Current and voltage functions. (c) Measuring VSWR in a transmission line.
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Next, with regard to capacitive effect, the potential difference 8V across the
two conductors due to varying time can be expressed as 8V = AQ/C Ax, where

a (Vv
C represents the capacity per unit length. Hence, writing as 8V = %At and
AQ = AlpAt, we have
A a Vv
Al =22 _ cpclOY
At ot

Here, Al,, represents displacement current between the conductors. Therefore,
on each conductor of the line we connect a loop of a net current I = Icon + Leap,

whose variation along the section Ax is given by Aleoy + Al = Al = —Ax.

If such a line segment is isolated, Alcon = —Alcap, so that AT = 0. Howevgr, the
propagating current is signified by Al # 0, which is Al or FAI, due to the
continuity theorem, in opposite directions on each conducting segment.

On the other hand, the voltage relation in the loop must be AV + 8V =0, so
that

oV = —AV. (11.1)
Accordingly, we have

al a (v

— =-Gd3V —-C (—),

ox at

which is the relation between the voltage difference 8V (x, f) and currents +1(x, t).
Writing V (x, t) = 8V for the potential difference between two conductors at x and
t, this relation can be expressed as

ol oV
— =-GV -C—, (11.2)
0x ot

representing the voltage across the conductor V (x, ) and the conducting currents
+1(x, t) along the transmission line.

\% .
For ™ on the two conductors we can write

X

1Y% 3 (+1) a(—1)
— =—RHI)—-L -M

ox +D) ot ot

and

aV o(—1 (1
LWV o 2D aeD
0x ot ot

where L and M are self- and mutual inductances per unit length. Combining these
relations, we can write
av

al
— =—RI—(L-M)—,
0x ot
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where L — M is the effective inductance of coupled conductors per unit length,
which we may rewrite as L for simplicity. Hence, we have

v o1

— =—RI—-L—. 11.3
ax ot ( )
Differentiating (11.2) and (11.3) with respect to ¢ and x, respectively, we obtain
021 av 2%V 3’V al 3°V
=—G6G——-C— and — =—-R—— .
0x0t 0x 012 dx2 0x dx0t
S 2 .ol . . .
Eliminating from these and replacing PP by (11.2), we obtain a differential
X

xXot
equation for V(x, t), namely,

il LCazv LG + RC oV RGV 114

o2~ LG TUCHRO) ' (14

For the function /(x, t), we can write exactly the same equation, and (11.4) is

known as the felegraph equation, indicating that the two functions V(x, t) and

I(x, t) express propagation along the x direction, being proportional at all values
of x and ¢. For these functions V(x, t) and I(x, t), we can write the relation

Vix,t) =ZI(x,1t), (1L.5)

and call the factor Z the impedance at x and t.

As remarked in Section 10.1, a propagating current /(x, t) is a time-dependent
current that also depends on its position in a circuit. Such a propagation is a signif-
icant phenomenon at high frequencies, as described in the following discussions.

11.3. Fourier Transforms
In Section 11.2 we defined two functions V (x, t) and I (x, ) for propagation along

a transmission line. Such functions can generally be expressed by Fourier series,
i.e.,

V(x, t)://V(k,w)eXp[i (kx — ot)] dk dw (11.6a)
o k

and

I(x,t):[/I(k, w)exp[i (kx — wt)] dk do, (11.6b)
o k

where V(k, ) and I(k, w) are the Fourier transforms of V(x, t) and I(x, t), re-
spectively. As (11.6a) and (11.6b) are written as linear combinations of elementary
waves expli(kx — wt)] that is specified by k and w educes the problem to indi-
vidual waves. Using Fourier expansions in (11.2) and (11.3), we obtain relations
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between Fourier transforms at k and w. Namely,
ikl (k,»)4+ (G —iwC)V (k, w) =0,
ikV(k,o)+ (R—iwL)I (k,w) =0. 117

Eliminating /(k, ) and V (k, ) from (11.6), we obtain a determinant equation

k]

ik G—ioC
ik R—ioL
from which we have

k* = (LCw> — GR) +i(RC —GL)w,

indicating that k is generally a complex function of w, which is a real number.
Therefore, writing

k=K +ik’, ie, k> =k + k" +2ik'k’,
and
K* = LCo? kK* =GR and 2Kk = (RC + GL)w.

From the first and second relations, we obtaink’ = +/LCwand k” = +/G R.Putting
these into the third expression, we derive the relation

2VLCNGRw = (RC + GL)w,
and hence the relation
RC =GL (11.8)

should be held, independent of
Thus, for the component wave specified by k and w, we have

V(x,t) = V(k, o)exp(—k"x) expli(k'x — ot)]
and
I(x,t) = I(k, w)exp(—k"x) expli(k'x — wt)],

showing propagaton with a phase k’x — wt, with amplitudes decreasing at a rate
1/k” along the x direction.
For the amplitude ratio, from (11.7) with (11.8) we obtain

Viko — —ik L(GR/L)l/z—iwclﬂ_\/f_ [R
[k,o) G—-ioC VC GC'P—iwC2 ~VC VG

Therefore,

L
Vk,w)=Z,I(k,w), where Z,= < (11.9)
is a constant independent of w and called the wave impedance of the transmission

line.
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For a uniform coaxial cable of radii @ and b (a < b), we obtained expressions
for C and L for static charges (Q, — Q) and stationary currents (/, —I) in Sections
3.2 and 9.1, respectively, namely,

2TE, o. b
C = T and L:lk—ln—
b 27 a

In —

a

per unit length. However, it is basically incorrect to use these expressions to write

1 &lnb

°T 2m €& a

for a transmission line; at least such a calculation does not give the correct wave
impedance of Lecher’s wires, although it conforms to a coaxial cable.

In the foregoing argument a uniform transmission line is characterized by four
parameters R, L, G, and C, defined per unit length. Among these, R and L rep-
resent basic properties of conductors, while G and C are related to the spacing
material. Therefore the transmission line can be regarded as many identical four-
terminal networks connected in succession, as illustrated in Figure 11.3(a), each
of which is characterized at a given w by a series impedance Z(w) = R 4+ iwL on
conductors and an admittance Y(w) = G + iwC across the space.

Assuming that R and G are negligible, the telegraph equation (11.4) can be
written as

WV, I

92 (V, I
v )—LC =0, (11.10)

dx? ot?
which is the wave equation. We can see that the functions (V, I) for k" = 0 of
(11.8) satisfy (11.9) when the wavevector k' = w+/LC, and hence the speed of

propagation is given by v =1/+/LC. For a coaxial cable, using the expressions for
C and L quoted in Section 11.3, we obtain

1
v = =2.998 x 10® m-sec™!, (11.11)

v/ €olo
which is exactly the same as the speed of light in a vacuum.

It is noted that k' = —w+/LC, or the functions (V, I) with the phase —k’x —
wt, also satisfy the wave equation (11.9). Such a wave is characterized by the
speed —v, expressing a wave propagating in the —x direction, and the general
solution of (11.10) is expressed by a linear combination of these forward and
backward waves. Waves of (V, I) are also characterized by decreasing amplitudes
[V(k, w), I(k, w)]exp(—k”x), where xq ~ 1/k” specifies a distance over which
the amplitude diminishes by the factor 1/e.

11.4. Reflection and Standing Waves

On two conductors of a transmission line in infinite length, the currents flow in
opposite directions £/(¢), where a single voltage function V(¢) describes the
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propagation. A combination of (V, +1) and (V, —I) can therefore be considered
for practical propagation of electromagnetic waves in other transmission lines
of finite length. Figure 11.3(b) illustrates a transmission line connected with an
oscillator at one end x = 0, and an impedance Z; at the other end x = /. At an
arbitrary point x and time ¢ along such a line, we can express the voltage and
current functions as linear combinations

V(x,t) = Viexp(id + V_exp(—id)
1.1 = S exp (i) = - exp(~id),

where the amplitudes V.. and V_ are determined by Z and the length [ of the
transmission line.
The terminal impedance is related with V(I, ¢) and I(l, t), and written as

_ V,rzt) _ Vi exp(ikl) + V_exp (—ikl)
YTTW 7OV, explikl) — V_exp (—ikl)
Accordingly,
1+T V_
ZL = ZOL, where I = — exp(—2ikl) (11.12a)
1-T Vi
is called the reflection coefficient, which can also be expressed as
Z1 — Zy
=——. (11.12b)
ZL + Zo

Itis clear that I' = 0, as given by Z|, = Z,, signifies no reflection from Z .

Normally, the terminal impedance Z; represents an unknown object at x = [,
which can be detected from the reflected wave. For that purpose, the standing wave
composed of incident and reflected waves is a significant measure to analyze the
impedance Z. Denoting the distance from Z, by z, the voltage function can be
specified by z and ¢ for convenience, that is,

V(z,t) = {Vyexplik(l — 2)] + V_expl[—ik(l — z)]}exp(—iwt)
= V, exp(ikl) [exp (—ikz)+ T exp(ikz)] exp(—iwt)

. . ZL - Zo . .
V. exp(ikl) | exp (—ikz) + exp(ikz) | exp(—iwt)
o

1L+ Z
_ 2VaexPik o oskz + i Z, sinkz) exp(—io). (11.13)
7L+ Zo
Therefore, the quantity
VDV (1) = 4V (Zf cos® kz + Z sin” kz) (11.14)
’ @+ z ° '

is independent of time, showing V (z)? as a standing wave along the line. It is noted
that the function V (2)% is justaconstant,if Z;, = Z,,orI" = 0, otherwise showing a
sinusoidal variation along the line with maximum and minimum occurring between
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two positions a quarter wavelength apart. Usually, the ratio V (2max)*/V (Zmin)* can
be measured with a device equipped with a sliding detector, as illustrated in Figure
11.3(c), and such a ratio is called the standing-wave ratio (SWR). However, using
a detector sensitive to V(z), the standing wave can be specified by a ratio of the
root mean-square (rms) voltages, i.e., the voltage standing wave ratio (VSWR)

given by Vims(Zmax)/Vims(Zmin)» Where Vims(z) = +/V (z)%. Using (11.14), we can
derive expressions

Z\* Zo\ 1Zul  Z,
SWR=|—) or | =— ) , and VSWR = or . (11.15)
Zo ZL Zo |ZL|

In the above argument, the complex character of an impedance, Z; =
Zyexp(iy ), was not particularly emphasized, but in practice it is important to
determine the angle s to determine if Z is inductive or capacitive. On the other
hand, the complex reflection coefficient, I' = I'exp(i¢) can be measured with a
standing wave; however the angle ¢ is not the same as {s. Nevertheless, { is
calculable from measured SWR; namely, from (11.11) we have

1z - Z, VSWR — 1

A expie) = VSWR 1 exp(i ¢).

From a complex load Z; , the reflection coefficient is complex, and hence (11.12)
can be re-expressed as

Vi(z, 1) = Vi f{explik (I — 2)] + T exp(iq) exp [—ik (I — 2)]}
Viexpi <kl + g) [exp (—ikz - g) + Iexp (ikz + g)] exp(iwt)
2V, expi (kl—i— E)

— 2 {Z ot DY 1iz sin (& g} o
7+ Z. Lcos(z-i— 2)—{—1 0sm(z~|—2> exp(iwt).

Therefore
4V02

V(Z, t)V (Z, I) = m

[Zf cos? (kz + g) + Z2sin’ (kz + g)] .

(11.16)

If observed with a power-sensitive detector (square-wave detector), the standing
wave shows power maximum and minimum in succession, where their distance
is determined by the phase relation kz + %np = %TF x n, where n is a positive
integer. If Z; > Z,, maxima and minima of SWR are determined by kzma.x +
%cp = %ﬂ x odd and even numbers, respectively, and hence the distances between
adjacent maxima Azmn.x and adjacent minima Azny, are given by w/2k = N4,
where \ is the wavelength defined by k = 2/A.

Figure 11.4 illustrates standing waves from such a complex impedance
|Z exp(iv )| > Z,, where the minima are shifted by £¢. If ¢ is not zero, the z = 0
position does not give an SWR maximum, shifting to z = ¢/2k. If the impedance
Zy, cannot be determined by well-defined extrema, the angle ¢ can usually be
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FIGURE 11.4. The terminal impedance. (a) Z; is complex with a positive phase angle ¢ > 0,
(b) Z, isreal, and ¢ = 0. (c) Z is complex and ¢ < 0.

estimated from the first minimum position of SWR, i.e., k(zmin)1 = ™ — %cp. As
remarked, the phase angle +{s of Z can be calculated from ¢, whose signs indicate
if the imaginary part of Zy = Ry + i Xy is inductive or capacitive.

11.5. The Smith Chart

Measuring a complex impedance is a significant experimental task for which there
are various methods to determine its real and imaginary parts. Although practical
details are not our present concern, it is worth discussing a graphical method,
known as the Smith Chart, as it is useful for many practical applications.

FIGURE 11.5. A Smith chart.
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For convenience, we define the reduced impedance Z;/Z, =7 +iz”, and

. . . . L+r +ir” .
write I' = r’ + ir”. From the relation 7/ + i7" = T i we can obtain the
—r —1r
relation
!/ 2
F4 1 .
r— +7%=— ()
I+2 (1+2)

and

2 r\? r\?
" n N ] .
-+ (r-5) =(5) 0

For given values of 7' and z”, (i) and (ii) are both equations of circles in the plane
of v’ and r”. Figure 11.5 sketches such families of circles (i) and of (ii) for ' = 1,
showing a graphical idea of the Smith chart to evaluate the values of 7’ and z” from
a measured impedance. (For details, see “Transmission Line Calculator” by P. H.
Smith, Electronics, 12,29 (1939)).
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The Maxwell Equations

12.1. The Maxwell Equations

Maxwell formulated the laws of electromagnetism by hydrodynamic analogy, bas-
ing them on Faraday’s concept of fields. The Maxwell equations constitute funda-
mental laws of physics, as recognized in Einstein’s special theory of relativity. We
have, so far, followed these pioneers’ footsteps in arriving at Maxwell’s equations,
the physical implications of which are formally discussed in this chapter.

Except for what is seen in spontaneously magnetized materials, electric charges
at rest and in motion are regarded as the source of electromagnetic fields in matter,
including vacuum space, and dynamic electric fields are derived from the time
variation of magnetic fields. On the other hand, the absence of magnetic charges
is accepted as a natural law for the electromagnetic field.

Acting on electric charges and magnetic moments, electric and magnetic field
vectors E and H are defined as force and torque, respectively, which are tangential
to field-lines, whereas their densities of distribution are signified by another set
of vectors, D and B. Although considered as theoretically the same in vacuum
space, the vectors D and E are not necessarily identical in dielectric media, and
neither are the vectors B and H in magnetized materials. And, these field vectors
are regarded as originating from charges and currents that are expressed by their
densities p and j.

The Maxwell theory consists of four differential equations:

. aD
@ ] + e =curl H, (10.2)
oB
In mrrie curl E, (7.5)
(III) div D =p, (4.2¢)
av) div B =0. (8.5)
For the field vectors in a vacuum, we have additional relations:
(V.1 D=¢E and B =p.H; 2.7), (7.3)

172
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whereas, in dielectric and magnetic media, these are written as

V.2) D=¢,E+P and B=p,H+ M, (2.12), (8.23)
where
(V.2) P=xeE and M = xnpnoH, (2.13), (8.22)

representing electric and magnetic properties of matter, respectively. Combining
these, (V.2) can be expressed as

(V3) D=¢E,e = (1 +x)& and B=pH,p =1+ xmpo. (2.14a), (8.23)

On the other hand, conducting materials are characterized by the electrical con-
ductivity o, for which the Ohm law

(V.4) j =oE,

describes electric properties of normal conductors.

In the Maxwell equations, all field vectors are functions of the position r and time
t in the electromagnetic field. In contrast to the densities p and j that are normally
restricted in limited regions, the field vectors are functions in much broader region
of space. Some regions in the field can be free from p and j, implying that the
electromagnetic field can be extended to a distant point in free space. Hertz (1888)
first demonstrated that an electromagnetic signal identified by its frequency travels
a distance through an empty space from one location to another, demonstrating
the presence of a field in a free space.

Figure 12.1(a) sketches Hertz’s experiment, wherein a spark gap attached to an
induction coil generates an intense electromagnetic field, which then propagates
to a “resonance ring” with a spark gap located at a distant point. The ring was

(a)

Antenna
Induction
Coll
Crystal Diode
(b) / Antenna I
{ Oscillator _—'

FIGURE 12.1. (a) Hertz’s experiment. (b) A modern version of Hertz’s experiment for prop-
agating electromagnetic waves.
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designed for its circumference to match the wavelength, where the detected signal
is evident from a spark in the gap.

Such an apparatus was primitive by today’s standards, but sufficiently demon-
strated a propagating field through an empty space.

The empty space can be characterized by 0 =0 and j =0, in which the
Maxwell equations can be written as

JoE .
curl H = GOE, (1)
oH
curl E = —}LOW, (ii)
divE =0 (iii)
and
divH = 0. @iv)

Operating “curl” on both sides of (i) and (ii), the operator “curlcurl” can be re-
expressed for any arbitrary vector F by using the identity formula as curl curl F =
grad divF — V2F. Thus, from (i) we obtain

dE 9
grad divH — V?H = eocurlﬁ = acurl E.

oH
Here, from (iv) and (ii) divH =0Oandcurl E = —MOW, and therefore,

°H

V2H — Eoblo oy = 0. (12.1a)
Similarly from (ii),
2
V2E — SO}LO% =0, (12.1b)
where
L (12.1¢c)
VEolo

is found to be equal to the empirical value of the speed of light in a vacuum.
Equations (12.1a) and (12.1b) are wave equationsin free space.

The field vectors E and H determined by solutions of these equations are char-
acterized as proportional to expi(K - r — wt), representing propagation along the
direction of the wave vector K at the speed c. It is a well-established empirical fact
that the electromagnetic field propagates at this speed c, identical to the speed of
light within experimental accuracy, providing solid evidence that optical rays are
electromagnetic waves at shorter wavelengths.
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All components of E and H in a free space obey the wave equation, indicating
that in a given direction their space-time variations are basically sinusoidal. Fac-
torizing the components into individual functions of space-time, these factors can
all be expressed as sinusoidal. Accordingly, it is logical to consider a space-time
variation as described by the phase k . r — wt. Therefore, assuming (E, H) «
expi (K.r — wt) in (12.1ab), we obtain

c’k> = w?> andhence =+ |kl = %

for the vector k , indicating that the propagation occurs in opposite directions, +k
and K .

12.2. Electromagnetic Energy and the Poynting Theorem

The electromagnetic field should have an energy, as described by the volume
densities %D.E and %B.H in, respectively, the static and stationary fields.

To obtain the expression for energies in a time-dependent field, we calculate

oD oB
E—+H TS from (I) and (I); that is,

ot
oD 0B .
E.—+H.— =E.curlH — H.curlE — .E,
ot ot
which can be written as
J (1

1 . ;
o <§D,E+§B.H> = —div(Ex H)—J.E.

Considering a volume v enclosed in a surface S= Sn, where n is an outward
normal, we can define the energy

1
U= /udv, where U= E(D'E+ B.H) (12.2)
v
is the energy density, and hence obtain the expression
ou . .
5 —/diV(E X H)dv—/].Edv = —yg(E X H).dS—/j.E dv,
v v S "

(12.3)

in which the Gauss theorem was applied to convert the first volume integral in the
second expression to the surface integral in the last one, whereas the j.E term
represents the heat dissipation in the volume.

Writing

P=ExH (12.4)

which is called the Poynting vector, the integral 553 P.dSrepresents an electromag-
netic energy flowing out of the volume v per unit time, expressing electromagnetic
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radiation. With definition (12.4), equation (12.3) can be expressed as

ou
_Y 7§ P.dS, (125)
at

S

which is known as the Poynting theorem.

12.3. Vector and Scalar Potentials

The static electric field arising from an electric charge can be described by a

potential function V that satisfies the Laplace-Poisson equation V2V = — g, and

the stationary magnetic field is determined by a vector potential A that is gi\?en by
V2A = —,j . A time-dependent electromagnetic field due to p and j changing
with time should, therefore, be represented by scalar and vector potentials V and
A as combined.

Equation (IV), signifying the absence of magnetic charge, indicates that

B = curl A. (8.9)

Hence, from (IT) we have

A A
curl E = —curl | — and curl{ E4+ — ) =0.
ot ot

aA
The last equation indicates that the vector E + m is given by a gradient of a
scalar function V, that is,
aA
E=—-gradV - —. (12.6)
ot
Using (12.6) and (8.9) in (IIT) and (I), we obtain

A
div(e, E) = —eodiv <gradV + E) =p, @)
and
! curl A re 0 qv A (i)
cur = o— | —gra —-— ). ii
o I &\ ot
Here, in (ii), curl(curl A) = grad(div A) — V2A, and, therefore,
ZA . LAY
VZA— EOHOW = —Wo] + grad <80p¢0¥ + div A) . (12.7a)

As discussed in Section 8.3, the vector potential A cannot be uniquely defined
by (8.9), as any other vector

A = A+grady (12.7b)
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gives B = curl A’ if VZy = 0. Also, we note that if we utilize this ambiguity, the
equation (12.6) is unchanged with such a redefinition of the scalar potential as
ax

Vi=V--=, 12.7
P (12.7¢)

!

ad oA
as verified by E = —gradV — A —gradx) = —gradV' — e Therefore,

ot (
it is always possible to choose a set of (V’, A") with a suitable scalar function x
atisfying V2x = 0, such that

oV )
8OMOW +divA=0. (12.74d)

Such a change of (V, A) with the scalar x stablishes the relation between V and A,

and (12.7b) and (12.7¢) are referred to as the gauge transformation. The equation

(12.7d) unchanged with a gauge transformation is known as the Lorentz condition.
Using (12.7d) in (12.7a), we arrive at an inhomogeneous differential equation

9ZA
2 _ .
\v4 A_SOMOW = —Mo]- (1283)
Equation (i) can also modified by (12.5) and (12.7d) as a form similarto (12.8a),1.e.,
7V p
V3V - — = 12.8b
€oMo It & ( )

The equations (12.8ab) are the basic equations to be solved for electromagnetic
potentials, when a charge-current distribution is specified. Obviously, at space- and
time coordinates (r, t) far away from p and j , equations (12.8a) and (b) become
homogeneous wave equations similar to (12.1a) and (b) for E and H in free space.

12.4. Retarded Potentials

In general, we look for the potentials (V, A ) at a given space-time (I, t), when
the sources (p, ] ) are specified as functions of space-time (r’, t'). It is significant
that an event at a point r is not detectable at a distant point '’ at the same time as
it occurs at t’. In other words, it takes certain time for the information to arrive at
a point of observation.

We consider that a point charge p atr’ appears during a short time interval be-
tween t” and t’ + 3t, and that at a point r no information about p (r’,t") is available
until a later time. In this case, the observed charge at a pointr att can be expressed
as p(r’)d(r —r’")d(t —t’), where the 3 are delta functions. Here r —r’ is the dis-
tance, whereas t — t" = 7 represents a period of time after p starts to vary at r;
that is, 7 is a positive time for p(r’,t’) to be detected at r. We define a function
G(r —r’,t —t') to satisfy the equation

< 2 1 82> / / l /
Ve —— |G —r', t —t) = =3 —r")d(t —t). (12.9)

c? o2
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If such a function G(r — r’, ), namely the Green function, can be obtained, the
potential V(r ) can be calculated as

V(r,t) = _ai//G(r —rt—t)p(r', t')drdt’. (12.10)

For convenience, if instead of r —r’ and t —t’, we write r and T, respectively,
the solution of the inhomogeneous equation (12.9) can be expressed by a Fourier
expansion

+00
1
G, T)= - / d3k/de(k,w)expi(k.r—mT)

21r)

k-space —00
and hence
1 +00
3(r)d(t) = - f d3k/dwexpi(k.r — o7).

21r)

k-space —00
Therefore, the Fourier transform I'(K , ) can be written as

1

(2) -k

Ik, 1) =

and hence

Gr,7)= )4/k2dk/exp(|k r)sin® dB/ /GXP(—NDT) o,

S ——k2

where the volume element, i.e., d*k = k?dk sin 8d0de, is expressed in polar coor-
dinates k, 8, and ¢ with respect to a fixed reference system in the K space.

Here, in the last integral, the integrand has two poles, at @ = %ck on the real
axis in the Rew—Imw plane, assuming w to be a complex variable. Modifying the
last integral as shown below, we can apply the Cauchy theorem to integrate it; that
is,

]ooexp(—im’r)d L f 1 1 Ciond
————do = — lim — — —— exp(—

)2 2‘” 2K Jwl—>00 o_ck  wtck)PITIOTEY
=~ (g) -k ¢

1 2
= 2mi 7K {exp (—ickT) —exp(ickt)} = —Tﬂ sin(ckt) for T >0,

where C is chosen as a closed path with a large radius |w| to avoid these poles.
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The integral factor with respect to ¢ is equal to foh de = 2, and the integral
with 0 can be calculated as

+1
/exp(i kr cos0)d(cos6) = ZS%(kI’) where r =|r]|.
—1 r
Hence, we have
o0
Gr,7)=— ! fsin(kr)sin(CkT)dk, (12.11a)
2m2r J

where the integration should be carried out for positive k over the range 0 < k < oo,
and the integrand can be written as

sin (kr) sin (ckt) dk = %{ exp tk(r —ct) —exp ik(r + C1)},

ignoring the complex exponentials for —k, because a negative k implies an ad-
vanced arrival of information at r, which is physically not acceptable. However,
excluding the negative region —oo < k < 0 from the above calculation is mathe-
matically incorrect, and hence we re-write (12.10a) for —oo < k < +00 as
e
Gr,71)=——— /expik(r —cr)dk, (12.11b)
8wr

—00

after omitting physically incorrect exponentials. Noted that the integral in (12.10b)
can be related to the delta-function as

+00
d(r —cr) = % / expik(r —cr)dk, (12.12)
—o0
we obtain
G(,7)= —Lﬁ(r —CT), (12.13a)
4r

signifying a peak at a later time T = r /C. Returning to original space-time coordi-
nates, the Green function can be expressed as
1

/ /
_ =3
Gr —r,t—t) v

{r—r"—c(t—-t)}. (12.13b)

Using (12.13b) in (12.10), the potential function can be calculated as

t—|r—r'|/c

Y !
V(r,t) = ! /p(r’t)a(r Ir)c13r’ / 3(t —t)dt’,
41e, [r —r’]|

vu(r’) —00
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in which
t—|r—r’|/c
’ g N a4/ ’ |r — r,|
p(r',t)d(t—t)dt'=p Ft———) (12.14)
—00
expressing the charge density atr’ ataretardedtimet — |r — r’|/c. Thus, a solution

of the inhomogeneous equation (12.7b) at (r, t) is determined by the charge density
(12.13) at a retarded time. Therefore, we can express the scalar potential as

p(l",t _ ‘r _Cr,|>

_ 1 AW

V(r,t) = pry / =7 3(r —r’)d’r’. (12.15a)
o)

For a given current density j(r’, t’), the inhomogeneous equation (12.8a) can also
be solved for the vector potential A(r,t) in a similar manner, resulting in a vector
potential at a retarded time, i.e.,

Mo ¢

Ar,t)= 2= )Br—r’ d’r’. 12.15b

b 4 / Ir —r’| ( ) ( )
v(r’)

These potentials (12.15a) and (b) for a retarded time are called the retarded

potentials.

12.5. Multipole Expansion

In practical applications, charges and currents are confined to a finite region of
space and observed at a distant point away from their distribution. Under such a
circumstance, it is significant that the electromagnetic field can approximately be
described by a distance r from the center of distribution to the observing point
at a retarded time t — r/c. In addition, the electromagnetic potentials (A, V) in
(12.14a) and (b) are involved in the factor 1/|r —r’|, which needs to expanded
into a Taylor series, considering r >> r’. Here, the retarded time is considered
sufficiently accurate to describe the field at an approximate distance [r —r’|~r,
and we write these source quantities as p(r’, Tr) and j(r’, Tr), where TR =t —r/c.
i(r”.7)

We apply the Taylor expansion to such a scalar function as F(r) = ‘ ,
r—r

)

and write
For—r’y=F(@)—r' grad, Fr)+---,

in which the terms higher than second order are not particularly necessary because
they are seldom used in practical applications. Components of the vector potential
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in (12.15a) can then be expanded in the form

i (1,
Ax(r,t)=:L—T"r f (1—r" grad, +-) Jx(r—TR)d»*r’. (12.16)
v(r')

The vector potential of components given by first term can be expressed as

Ar,t) = 4‘;‘} / j(r', )&’ = %fdrﬂ% j(r',m)dS,
u(r’) r S

where dr’ = dS' - dr’, representing a volume element between thin layers of

surfaces dS'. Using the Gauss theorem, the surface integral can be replaced by

— [ div j(r’, 7r) d’’, where the inward direction of j to S is considered pos-
v(r’)

itive, which is further modified by the charge-current continuity relation as div

o __3P(TI,TR) . .
jr',w) = ST Thus, we obtain the expression
TR
o 0
A(r,t) = 4:r pa(:R), where p(TR) = / p(r',w)r'd’r’  (12.17)

u(r’)
represents the electric dipole moment of the source.
The second term in expansion (12.16) is

Aox(r,t) = —r—; r’ . grad,

v(r’)

Yo 9 1 ;. , 3. 0 1 /- ’ ’
:_E[a_x{F [ xitemar|+ Sl [ yiemer]
v(r') ”(rl)

J (1 .
+E{F / z’Jx(r’,TR)d3r’”.
v(r’)

To make the expression short, we write this with components of r = (X;) and
r’ = (X)), where i = X, y, and z, and obtain

Ko 0 1 A ’ 3.7 .
AZX(r’t):_HXj:E{F/th(r’TR)dr , where i=X.

o(r’)

Here, the integrand can be modified as

jx(r,’ TR) d3r/
r

X Ji = 104 Ji + §i%D + 1 ji — Jix),
where the first symmetric part can be further re-written using the relations

V’.(jx{xj’) =j.V( xj’) + (X xj’)V’j and j.V'(X xj/) = l(xj/ Ji + JiX).
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Using the Gauss theorem,

/ V. (jx{xj’) d&’r’ = fx{xjj.dS: 0,
v(r’) S
and the continuity relation,

ap(r', )

Vi’ ) =—
J(r', ) T

)

we arrive at the expression

Ko a0 1|9 Iy’ ’ 3.7 ’s ’s 3.7
AZi(r,t)=—8—ﬂZa—Xj;[ﬁ/ X (1 1) &'+ [ (i = xJ;) '’ .
o(r") o(r)
(12.18)

Defining the quadrupole tensor as

Qji (r) = / 3xX{p (r', ) d’r’, (12.19)
v
the first term of (12.17), representing the quadrupolar contribution to the vector
potential, can be expressed as

Mo 0 9 Qj(tr)
Ao(r,t = A (' t) = ——=— — .
[Ao(r , V)]quaa iZei i (1) = — o~ §ij:eiaxj 3

On the other hand, the second antisymmetric term in (12.17) is written as

Mo 9 Xj’ J ]J r’ 3.7 Mo pm(TR)
Aot Dl = —oe S = [ AL gy = By B TR
[ 2( )]mag o j axj / r X

4w r
v(r’)
after a similar manipulation, where the vector p,, is defined as
1 .
Pu(TR) = 5 / ' x jmR)dr’, (12.20)
u(r’)

which is the magnetic moment of the source current. Thus, the electric quadrupole
and magnetic moment represents the charge-current source for the vector potential
in the same order of expansion.

The scalar potential V (r, t) can be expanded in a similar way. Namely,

V(r,t)=

!
/ (1 —r'.grad, +--) p(rri’TR)d%',
v(r’)

41re,
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where the first and second terms represent the charge-current source. The first term
can be written as

1 q(mw)
4me, 1

V, (r,t) = where q(1g) = / p(r', ) dr’ (12.21)
v(r’)
is the total charge in the source.
The second term is

1 rl rl’ T 1
Vi(r,t)=— grad, / M@ﬂ __ v, p(TR)’
47T€0 r 41T£0 r
v(r")
where
p(tR) = / 'p(r’, w)d’r’ (12.22)
u(r')

is the electric dipole moment of the source.

It is noted that the dipole moment, magnetic moment, and quadrupole tensor
are all time-dependent, being involved in the time-dependent vector r’ or its com-
ponents, whereas the total charge q(T1r) is constant of time. The dipole moment
contributes to both scalar and vector potentials, playing a dominant role for elec-
tromagnetic radiation, as discussed in Chapter 13, whereas the total charge is only
significant for the Coulomb potential.
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Electromagnetic Radiation

13.1. Dipole Antenna

Hertz demonstrated that electromagnetic radiation could be emitted from a spark
gap in an induction current, thereby giving evidence supporting the Maxwell the-
ory. Then, Marconi (1895) invented wireless communication by means of electro-
magnetic waves at radio frequencies and opened the modern era of telecommuni-
cation technology. Using an antenna, electromagnetic waves can be transmitted
through open space, and detected by another antenna at a distant location. Al-
though not clearly established in Hertz’s experiment, the spark gap played the role
of an antenna for emitting a high-frequency radiation. Further, he demonstrated a
persistent oscillation is required for continuous radiation from the antenna.

Figures 13.1(a) and (b) show schematically an antenna attached at the end of a
transmission line, where oscillating voltage and current are characterized by the
wavelength N\, which related to the frequency v, as A = ¢/v. The figure shows that
a sizable standing wave can be set on the antenna if its length is equal to A/2 x an
odd integer, depending on the reflecting condition at the input and at the antenna.
For short waves the antenna of length N\/2, called a half-wave antenna, is most
practical, serving as an idealized model for dipole radiation. This is discussed in
Section 13.2. Also, a loop antenna is in practical use, which is signified by an
oscillating magnetic moment for magnetic radiation.

Orbiting electrons in atoms and molecules can also be analyzed for optical
radiations, to which a model similar to an antenna can be applied, supporting the
Maxwell theory.

13.2. Electric Dipole Radiation

An oscillating dipole moment defined in (12.17) acts as a source of radiation
from the antenna in Figures 13.1(a) and (b), where the internal coordinate r’ of
charge p(r’, Tr) is considered as varying in sinusoidal motion, corresponding to
the voltage standing wave of A\/2. Assuming that the antenna is represented by an
oscillating dipole p = p, exp(—it), it can be observed at a distant point r by the

184



Electric Dipole Radiation 185

antenna

oscillator transmission line

FIGURE 13.1. A transmission from an oscillator to a linear antenna. (a) Voltage maximum
at the two ends. (b) Voltage is maximum at the center of antenna.

emitted radiation as

P, exp(—i wTr) = P, eXp {—iw (t — I’E)} = p,expi (kr — ot),

where k =

ole

2w . . .
= —. Therefore, the scalar and vector potentials at a distant point

r and time t can be expressed as

Vit 1 v expik.r iot)
,D=-= o exp (—lw
! 41re, Po- Vr r P
and
A =P D ik — oty = — PP SXPIKT ity
= — X — = — ——exp(— .
HED= o ot PP @ 4w ¢ OPUT®
Assuming that p is parallel to the z-axis,
p, 0 [expikry or .
Vir,t) = ———— — —lot
1, v 4me, or < r ) 8zeXp( ol
Pocos® 3 [expikr .
=— — exp (—iwt)
4me, Or r
—__P ik—l cos 0 expi(kr — ot) @)
41re r r
and
o) expi(kr — wt) .
At = 20 gy PP , (i)

417 r

where U3 is the unit vector along the z-axis, and 0 is the polar angle.
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From (ii), the magnetic flux density vector can be calculated by B = curl A,
which is signified by the azimuthal component Bg, i.e.,

1o(rA 10A
B — B, =0, B@:_( 1) 1dAy

ror r 0o ’
where A, = Ajcos 6 and Ajg = —A;sin 0 are the components of A;. Using (ii)
for the magnitude A, we arrive at
o, /. 1\ posin6 .
B, = ik—— i(kr —owt), 13.1
o = o < " ) T Xp ( ot) (13.1)

which is in the azimuthal direction of Us,.

A
The electric field vector E can also be calculated by E = —grad V| — —1, for

) ] ot
which we write
aA - IA i oAy
ot~ at ot
and
aV, 10V, 1 oV
dVi =y — 4+ Up—— + U, ————.
gradVi =t 5 U g Tl ne ae
Using (i) and (ii) for A; and V|, the E vector can be expressed as
Pocos® ik 1 .
E =-— —— = i (kr — wt),
' 2mE (r 2 ) XP ( o)
P, sin 6 , ik 1 .
= -k —+ = i (kr — ot
4me,r ( r ) ( b,
E, =0, (13.2)

indicating the vector E lies on the meridian plane, to which the vector B is
perpendicular.

For a large r signified by kr >> 1, the radial component E; becomes negligibly
small, so that the electromagnetic field at a distant point is dominated by Ey and B,
which are perpendicular to each other, as shown in Figure 13.2. Further, the plane of
E and B (or H in vacuum space) signified by a phase ¢ = kr — wt, is perpendicular
to the radius r if kr >> 1. Away from the source, such a field characterized by the
phase ¢ propagates along the normal direction n to a plane ¢ = const. Therefore,
we define a vector k = kn for propagation along the direction n, which is normal
to a plane determined by ¢ = k.r — ot = const. Such an electromagnetic field is
called a plane wave, where the vectors E, H, and k are mutually perpendicular, as
sketched in Figure 13.2.

As discussed in Section 12.2 for the Poynting theorem, the electromagnetic field

€0E? + poH?
BB g,
2
emitting radiation [ (E x H).dS from the surface per unit time. The Poynting
s

occupying a finite volume v is characterized by the energy [ (
v
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FIGURE 13.2. Radiation fields from a dipole p Z
at a distant point P.

vector P = E x H represents the radiation, expressing the power for outgoing
energy per unit time. To calculate the radiation from a dipolar source, we consider
the field at kr > 1, orr > A/, using the definition of wavelength \, where

P, sin 6

Er =E0, Ey= i k*expid,
and
opok .
Br=By =0, By,= —Wp(,smeexplcb.

Since w =ckandc =

— we can derive that /€,Ey = /o He, and therefore
oMo

Po
€o

u x E = H. (13.3)

Although field components are conveniently expressed by complex exponen-
tials, the observable power should be calculated as a real quantity. We note that
time averages of these complex quantities over the period are given with a factor
1

x so it is convenient to write that

1 1
(P) = SRe(E x H) = ~nRe(EyH,)

to express the radiation power per unit area. Using the above expressions for Eg
and H,, we obtain

cp2k
(P~ oo

2
~ W sin” 0 Ur, (134)
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2

FIGURE 13.3. Angular pattern
of the averaged Poynting vec-
<P> tor (P); from an oscillating
0 do "~ electric dipole.

1
indicating that the intensity of radiation is maximum at 6 = Efn, and minimum at
6 = 0, as shown by the lobe-like pattern for a constant (P}, in Figure 13.3. Also
significant is that (P); in (13.4) is proportional to k*, implying that the larger K is,
the higher is the directivity of radiation that can be obtained. The factor

z, = [*° —3770 (13.5)

€
in the relation (13.3) is a characteristic of the free space and is called the wave
impedance.
In Figure 13.3, the radiation power is depicted as in three dimensions by
the donut-shaped pattern around the z-axis, for which the total radiation power
2 +1
can be calculated with the formula W = [ d¢ [ (P); dcos 6. Numerically, the
0o -1
power is
cp2k?

= e, = (9.00 x 10'7) p2k* watts.

It is significant theoretically that (P), is proportional to C, which is related to a
relativistic interpretation of the radiation pressure, implying a momentum of the
electromagnetic radiation.

13.3. The Hertz Vector

In the Maxwell theory the charge and current density represent a source for elec-
tromagnetic potentials V and A, as related with p and j in equations (12.7b) and
(12.7a), respectively. However, the differential equations are of the same type,
whereas the source quantities p and j are related by the continuity relation (10.1b),
for which the Lorentz condition (12.7d) relates V with A by the gauge transfor-
mation. Representing a source of field, it is logical to define a single variable J for
these two quantities p and j. Also, since two potentials V and A satisfy the same
differential equation, Hertz introduced a single vector Z to relate with the source
vector J.
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In (12.7a) and (b), the operator V? — g100%/0t% can be conveniently written
as [J?. With this symbol, (12.7a) and (b) can be written as

p

A= —poj and [V =-——, (13.5a)
0
where
div j + 3_p =0 @)
ot
and
. oV ..
div A+ gopo— = 0. (i)
ot
Hertz defined a vector Z as
0Z 1 .
A= MOE and V = —ade, (13.6)

which is consistent with the Lorentz condition (ii). On the other hand, the source
vector J defined as
. dd .
= a0 and p = —divJ (13.7)
is the same as the continuity relation (i). With these definitions of Z and J, we can
write the equation

?Z =-J, (13.5b)

relating Z, called the Hertz vector, directly to the source J.
If the source vector J(r’, t) is given as
I’ ) = ptHdr —r",

the solution of (13.5b) at a point I can be expressed, as discussed in Section 12.4,
as

1 J(r', T
Z0rt)= — / ) s (13.8)
41w Ir—r’|
v(r’)
Ir—r'] . . . 1 .
where TR =t — v is the retarded time. Expanding ﬁ with respect to
r—r

’

<« 1 into a Taylor series, the dominant first term is given by

7] r—r’| 139
1(r7)—mpt— c ) (13.9)

where

p(TR)=% / r’ x J(rr)d’r’
v(r')
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is referred to as the Hertz dipole. The field vectors B and E can be computed from
the vector Z as

,32Z,
p“() at2 ‘

3z 1
B = ocurl (8—;) and E = —grad (div Zp) — (13.10)

Example. Field of a Hertz Dipole Parallel to the z-Axis.

In this example we discuss the dipole radiation using the Hertz vector, although it
is the same problem as discussed in Section 13.2. Here, we consider the case where
the source vector J or the corresponding Hertz’s dipole p(g) is in a fixed direction
referred to as the z-axis. In this case the electromagnetic field of p(tg) can be
expressed by the corresponding Hertz vector Z. In the following only Z;in the first
approximation is considered, from which the suffix 1 may be omitted for simplicity.
Setting a polar coordinate system with respect to the z-axis, components of Z can be
expressed as

Z, =Zcos®, Zy=—Zsin® and Z,=0.

To calculate B and E, we use (13.10), where grad(div Z) and curl Z need to be
fully expressed by polar coordinates. Abbreviating derivativesof Zas Z' = dZ/dr
and Z = 3Z/ot,

1 {B(rzsinezr)+ 1 8(sin629)}_82r

- - —— =Z'cos 6,
r2sinf ar rsin® 00 or

divZ =

and therefore

d "
(grad div Z); = a—r(Z/ cosf) = Z cos0,

!/

10 Z
(grad div Z)y = F%(Z/ cosf) = e sin 9,

and
(grad divZ), = 0.
On the other hand,
1 0 (sin6Z 0Z
(curl Z); = — ( o) 9% | _ 0,
rsin® a0 ¢
1 1 0Z orZ
curl )y = -1 2% 22
r |sin6 de ar
and
1[(o(rZ 0Z
(curlZ), = — W) 94 = —Z7'sin®.
r ar a0

Using these results in (13.10), we obtain

Br=0, By=0, B,=poZ sin6;
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and
Z" .. Z ..
E = <— — }LiZ) cos0, Eyg = <—— + M?JZ) sind, Eg,=0.
€o €of
.. , p . .. r
Also it is noted that p’ = - as derived from the definitionp = p (t - E)
t—r/c
Accordingly, for the function Z = %, we have
0

1 P P I (2p 2p P
Z=—(-=-= d 2/=—(=+=24+-2).
4 ( r2 cr> an 47 <r3 + cr? + cr

Thus, we finally arrive at the field components

B = By =0, B, = .2 sine(9+£’)

41rcr r Cc
and
cos® [2p 2p sin O p p p
E — - —1, E = — —_— — 1, E =0
"7 4me r? < r T ) "7 dmer (r2 tate ¢

For a static field, p = 0 and p = 0, and all magnetic components vanish, and the
remaining electric components are given by

_ 2pcos6
T 4mre,r3

__ Ppsin®

E = .
' 4mreor3

and E4

On the other hand, the time-dependent field at a large distance r, dominant com-
ponents are

Psin6

. _ MoPsin®
T Awe,Cir

Eq and B, = .

The Poynting vector can be calculated as P = EgH, Uy, where U, is the unit
vector in the radial direction, that is,

pPsin®®  pop?sin’6

Pl = 2 2 222
(4m)” eoCir (4m)* c2r

indicating the rate at which the radiation energy is flowing out of a unit area on a

spherical surface of radius r >> p. Here, due to the factor p) 2, we have |P| «
4 2

) c . o -

@ o —, indicating that the angular pattern of radiation |P| shown in Figure 13.2

exhibits a sharper pencil of rays for short wavelengths. The total loss rate by

radiation through the spherical area 47r? is given by

dw c (,Lo p? sin29>

at 4mc?
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z FIGURE 13.4. A half-wave
P antenna.

dzf= | 4
£
| Sl
A2

13.4. A Half-Wave Antenna

As indicated in the above antenna theory, the radiation intensity depends on the
value of ), which should be maximized for a practical antenna system. Considering
a linear antenna of length | as a part of a transmission line, as in Figure 13.1,
maximum densities of charge and current p and j can be achieved, if | matches
wavelengths of the standing wave on the antenna, i.e., | = %)\ X odd integers,
giving rise to a maximum amplitude for the Hertz dipole p(tgr). Figures 13.1(a)
and (b) show schematically maximum and minimum voltages of the standing wave
corresponding to maximum charge densities at the ends and maximum current
density at the center part of the linear antenna.

Figure 13.4 shows a linear antenna attached at the terminal of a transmission
cable, where the antenna direction z is perpendicular to the cable whose center
is z= 0. At a frequency w of an oscillator, the charge and current densities on

o . 0j(zY) | dp(z,1)
the antenna related by the continuity equation 57 + TR 0 can be
expressed by
. mZ . . wZ
p(z, 1) = posin—cos ot and [(z,t) = ], cos — sin wt.

. d0J 0J .
By definition (13.7), the source vector, | = T andp = a7 can be written as

i wz
J(z,t) = Lo cos — cos wt,
) |

which is observed at a distant point P(r) as

2

1
Zy(rt) = — / @) 4z
417 r

—12

where A is the cross-sectional area of the antenna line. The distance r’ between
the element Jdz and P can be expressed asr’ =r — zcos0 + ..., ifr > zbut at
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a very distant point r 3> Z we may assume '’ ~ r. In this case, replacing j,A by
ly, Z1(r, 1) can be written

lo H2 gz N
Zi(r,t) = cos —dzZ ) coswTR = ———— COS WTR,
dmor \J_i» I 2m2wr

21l
corresponding to the Hertz dipole p(Tg) = —— cos wTg, which is given by
TO

2cl,
2

cos wTg for a half-wave antenna | = %)\. The radiation from such an antenna
w
can be calculated with p(Tr), as discussed in the previous section.

13.5. A Loop Antenna

A circular loop antenna, as illustrated in Figure 13.5(a), is also used in practical
applications. Considering such a circle of radius a in the X, y-plane, an oscillating
current | = |, sin wt on the loop will generate a radiating field. Under a condition
of the wavelength A > aandr > A, the field at a distant point I can be discussed
with the Hertz vector.

Figure 13.4(b) shows the ring current in the X, y-plane, where the current density
element is given as lade’ = jAadg’ (Ais the cross-sectional area of the wire). The
source current density is then expressed as

jx=—jsing’, jy=jcos¢’ and j,=0, where = KO sin wt.
The source vector defined by (13.7) can be written as
lo
Jy=Jdsing’, Jy=—Jcos¢’ and J,=0, where J= A cos wt,

o)
with which the Hertz vector can be expressed as

1 J(r’,
Z(rt)= — Mc13r', where &’ = Aade'.
47

r—r’|
v(r’)

(a) (b)
2 P
\9 o

1,

I — | \ﬂ /(n— = Y

,;_:dtp’
X 7

FIGURE 13.5. (a) A loop antenna. (b) Calculating the radiation from a loop antenna.
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We calculate Z(r, t) approximately as

1 a
=—(1+—cos®),
r r

Ir —r’| =r —acos®,

r—r|
where © is the angle between r and r’ = @, and given by
cos ® = sin @ cos(p — @). (1)
In this case, as the retarded time is given by
TR = (t — rE) + ?cos@,

and hence

Iy r aw
J cos{w(t——)+—cos®}
Aw c c

ly r amw . r
— {cos (t — —) — —cos@smm(t — —)},
Aw C c C

provided that aw/C < 1, or a < \. Therefore,

2m

l,a , a
Zy = ~ T de (1 + - cos G))

0
r aw , ) . ,
X {cosw(t — —) — —cos@smw(t — —)}smcp.
C Cc C

Using (i) to replace cos ® by sinf cos(¢ — ¢’) and noting that integrals for
0 < ¢’ < 2m will vanish, except for f()z " cos? ¢'dg’ = fozw sin? ¢'d¢’ = 11, we ob-
tain

loma’sin® ry .
Iy =———#—358inw (t — —) sin @,
4mer C
and similarly
l,ma? sin O r
Zy= """ o (t -~ —) cosg, and Z;=0.
4rer c
Hence,
l, wa®sin@ r
Z, = — ma smb sinw(t——>,
4mC r c
and by (13.6)
B Wolomaw

r
B o0 (1 ).
A, . sin 6 cos w c

oA
The field vectors can be obtained from E = — T and B = curl A, that is,

pﬁolofrrazoo2

S r
E, = yp— sin 0 sin ® (t — E>



Plane Waves in Free Space 195

and

1 a(r |, malw? r
He = — (A‘P)%—Oﬂ d sinesinw(t——),
ol Or 4w cr c

ignoring a term proportional to r 2, which is valid for r > \. In such a distant
point, we have a simple relation

E N

© o
_— = C= —_—,

He Ho €o
which is characteristic of a plane wave that is emitted by a magnetic dipole moment,
as can be defined by

Pm(r’, t) = l,ma’ sin wt.

In this case, we notice that E and H vectors are perpendicular, though they are out
of phase, exhibiting phase difference . The time average of the Poynting vector
can be expressed as

o= () ()"

and the total radiation power is

2 +

1
dw _ 2 _ MKoC 2 5 4
T /d@/(P)tr d(cosB) = = (3C4pmm .
0 —1

13.6. Plane Waves in Free Space

In free space away from the source, the Maxwell equations are specified locally
by p = 0 and j = 0. We have shown in Section 12.1 that the field vectors E and
H in free space are derived from the wave equation, i.e.,

v? Lo (E,H)=0 (13.11)
c2 ot2 ’ 7 '
where ¢ = 1/,/€,14, is equal to the speed of light. It has been confirmed that light
speed is identical to that of electromagnetic propagation at lower frequencies.
Hence, (13.11) is believed to govern all electromagnetic waves, including optical
light. Solutions of (13.11) express propagating waves from a remote source sig-
nified by oscillating charges at a specific frequency w, which are expressed by a
sinusoidal function of X and t.
r—r’
As related to the dipolar source J(r’, t") that is observed as J(r, t— %),
r
phases of the field vectors E and H are expressed as w(t — E) + &, where r =

Ir —r’|, and ¢ depends on the nature of the distant source. Complicated radiation
fields near the source may be considered as trivial at distant points for a periodic
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(a) (b)

FIGURE 13.6. Plane waves. (a) A wavefront of a plane wave. (b) An example of plane waves
(E, H) that are in phase.

repetition of E and H, where we can only be concerned about the periodic variation
in space-time r and t or in the phase wt—Kk.r, where |K| = w/c, with respect to a
reference near the observing point. Yet, the phase difference between E and H, that
is 0 or 7rs is significant for a source: It is either an electric or a magnetic dipole,
respectively. The solution of (13.11) can be expressed by sin or cos functions with
arbitrary phases, however it is more convenient to treat them as complex functions
of a phase, considering that only the function’s real part is physically meaningful.
With the ratio w/c = K, called the wave number, we can write

E = E,expi(kr —wt) and H = Hjexpi(kr — ot + ¢), (13.12)

where E, and H,, are amplitude vectors, and E, L H,, as verified in Sections 13.3
and 13.4, at a large distance r. Figure 13.2 illustrates such vectors E, H and k at a
distant point (r, 8, ¢).

Further, E and H are constant at all points on a plane of kr — wt = const. Hence,
Kk can be considered as a vector K parallel to the normal n of such a plane, i.e., k
= kn, which is called the wave vector. Define an arbitrary point on the plane by the
vector r, the algebraic equation of the plane is expressed by & = k.r — wt+ const,
on which lie field vectors E and H. Taking two such parallel planes where
A¢ = 27 the perpendicular distance is given by A = 2m/K, which is referred
to as the wavelength. For such a plane wave we have relations

w=ck, k=2mw/N, Aw=2mcC. (13.13)

Figure 13.6(a) shows a plane with respect to the laboratory system X, Y, and
Z. We indicated the direction of propagation along the z direction, and the plane
is determined by E and H, whose directions are designated by the X and Y axes,
as shown in Figure 13.6(b). In the figure, plane waves in phase are illustrated.
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Differential operations of complex vectors can be written for E, for instance, as

curl{ E,expi(kr — ot)} =ik x Egexpi(kr — wt),
div{E, expi(k.r — wt)} = ik.Ejexpi(k.r — ot)

and
0 . . .
P [Eoexpi(kr —wt)] = —iwexpi(kr — wt).

Using these differentiations in the Maxwell equation (i) for j = 0 in Section 12.1,
we can write

ik x Hoexpi(kr — ot + @) = —iwe,E,exp i(k.r — ot),
therefore
k x Hyexpio = —wg, E,. (13.14a)
Similarly, from (ii) in Section 12.1, we obtain
kx E; = opoHoexpio. (13.14b)

It is clear from these relations that three vectors £ K, E, and H are orthogonal.
From (iii) and (iv), we can derive that

kE,=0 and kH,=0, (13.15)

further confirming the orthogonality.

light beam

FIGURE 13.7. A demonstration of “radiation
pressure.” mirrors
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The plane wave is characterized by its phase & = K.r — wt = const, which is
nothing but the algebraic equation of a plane kyX + kyy + K,z = —d(t) + const,
where the components of the wavevector K are proportional to the direction cosines
of the normal n. As discussed already,

E
zy= 1=l B 360,
[Hoexpie| €

which is the wave impedance in free space.
The energy density of plane electromagnetic waves is evaluated as

€
u(r) = 2o Ej + %HO.H; = &,E2,

with which the energy in a given volume is expressed as U = [ u(r)d*r. Accord-

du
ing to the Poynting theorem, — e / (E x H).dS, indicating that electromag-
s

netic field energy in the volume v is decreased as a function of time. Applying
the theorem to plane waves propagating at a constant wavevector K, the Poynting
vector can be calculated as
E2 cu(r
ExH*= —k= ©
Wko

kn=-cu(r)n.

du
On the other hand, 5 can be interpreted mechanically as the power Fc, where F

is effectively a force exerting on the surface S, we can write the relation FC = c0§,.
Therefore we can regard the quantity P = F/S, = 0 as the radiation pressure.

d
Writing F = d—? to define the momentum of the field confined to v, we obtain

the energy-momentum relation as U = cp, that is consistent with the relativistic
equation for a zero-mass particle. Substantiated by a simple experiment illustrated
in Figure 13.7, the mechanical properties of a plane wave are expressed quantum-
theoretically by photons characterized by energy U = nhw and momentum
p = nhw/c, where n is the number of photons.



14
The Special Theory of Relativity

14.1. Newton’s Laws of Mechanics

In Newton’s mechanics, a particle of mass m in motion under a force F is described
by the equation
d’r .
moa = F. @)
The mass m and the force F represent, respectively, the mechanical property of a
particle and the cause of motion, quantities whose values are independent of the
observer, whereas the acceleration dr / dr? describes the motion of a particle with
respect to the observer. On the other hand, the equation of motion is unchanged by
a velocity transformation, i.e., dr/dt = dr’/dr + v, between two observers, where
v is a constant relative speed, implying that r(z) and r’(¢) in different references
are identical. In this context, Newton’s law of motion is invariant for independent
observers moving with a constant relative speed, whereas the time fremains as a
universal variable for these observers. Therefore, a particle at absolute rest cannot
be identified in such a framework of space-time of Newton’s mechanics.
Considering two reference systems S(x, y, z) and S'(x’, ¥/, z/) moving at a
constant relative velocity v along the x and x’ directions assumed to be parallel,
equation (i) is unchanged under a transformation

xX'=x—-vt, Y=y, =z and t' =1, (14.1a)
which is referred to as the Galilean transformation, and for which we have the
velocity relation

V=V —u. (14.1b)

In contrast, the laws of electromagnetism are not invariant under the Galilean
transformation because the Maxwell equations involve both static and moving
charges. These equations are signified by the speed of light ¢ that is constant for all
observers, which contradicts (14.1b). On the other hand, Maxwell’s equations are
verified as invariant under a coordinate transformation called the Lorentz trans-
formation, as will be discussed later. Nevertheless, the Galilean transformation

199
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(14.1a) is consistent with the Lorentz transformation in the limit of ¢ — oc0. In his
theory of relativity, Einstein proposed that all physics laws—including the laws
of electromagnetism—must be invariant under the Lorentz transformation. New-
ton’s law is regarded as approximately invariant, as can be verified in the limit of
¢ = oo.

Faraday and Maxwell considered that the electromagnetic field represents a
physical object that occupies a volume in space encompassing an empty space and
materials as well. Electromagnetically, the vacuum can be regarded as a medium
characterized by constants €, and o, in which the speed of light is given by
¢ = 1 /& ko. It was once thought that the whole universe was filled with a hypo-
thetical material called ether through which electromagnetic waves were assumed
to propagate. In this postulate absolute rest would be attributable to ether; this no-
tion was, however, proved incorrect by the Michelson—-Morley experiment (1887),
which provided convincing evidence against the ether theory.

14.2. The Michelson—-Morley Experiment

Michelson and Morley carried out an optical experiment to determine if “ether”
really existed or not; they obtained a negative result for the ether hypothesis.
Figure 14.1 shows their experimental layout, which consisted of a large turntable
on which their optical apparatus was installed.

If light travels at the speed ¢ with respect to ether that was considered as abso-
lutely at rest, light should travel at a speed ¢ + v for a moving observer at a speed v,
according to (14.1b). These authors considered that v could be the speed of rotating

mirror 2
LLLLLLL
\
]
\
!
|
i 2
1
v I
[
monochromatic Al
light surce VA P E .
A - =¥ mirror 1

T F

B

Uview scope

FIGURE 14.1. The Michelson—Morley experiment.
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Earth, on which their laboratory is steadily located. The turntable was utilized to
set the light beam in the direction of Earth’s rotation, where monochromatic light
from a steady source on the table was split by a semi-transparent mirror A toward
mirrors 1 and 2, located in parallel and perpendicular directions to Earth’s rotation,
respectively. Reflected light beams from 1 and 2 were viewed by the scope B in
the figure. Although not shown in the figure, another glass plate similar to A was
installed in the experiment to adjust the path length.

Adjusting the light path from A to the mirror 1 in parallel with the direction
of the rotating Earth, the light propagated toward the mirror at the speed ¢ + v,
whereas the light reflected from the mirror 1 propagated backward at the speed
¢ — v. Denoting the distance between A and the mirror 1 by [;, the time #; for the
return trip A — mirror 1 — A is given by

l ) 2cl
1+1_21

nh =

c+v c—v c¢2—1?

On the other hand, on the path from A to the mirror 2, the light propagated at the
speed +/c2 — v2. Therefore, letting the distance be I, the time £, for the return trip
A — mirror 2 — A can be expressed as
21,
/2 — 2
Accordingly, returning back to A from mirrors 1 and 2 by reflection, the two light
beams have a time difference

2< I
Al:lz—[lz— —
C v2

Hh =

Next, the whole apparatus was rotated by 90° so that the light from A to mirror 2
was parallel to v; the other beam from A to mirror 1 was perpendicular to v. When
the two beams returned back to A, the time difference At’ can be written as

If At # At in these experiments, an interference pattern should be observed at B,
due to a small but detectable phase difference, which can be expressed as

wv? (I + b)

o (At — Ar) ~ 3

assuming v < c. Inthe apparatus, typicallyl; = [, =1.2m,v = 3 x 10* m/sec and
2m/w =2 x 10715 sec. If the ether theory were correct, Michelson and Morley
expected to observe a shift of 0.04 fringe at a time interval of A’ — At = 8 x
10~'7 s with a visible light, which, in their experiment, was a detectable order of
magnitude. Yet, no fringe shift was detected within optical accuracy, thus providing
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evidence that refuted the ether theory. Accordingly, the speed of light must be
considered to be exactly the same in all inertial systems.

On the basis of the Michelson—-Morley experiment, Lorentz and Fitzgerald pro-
posed that the length of a moving object measured by a stationary observer appears
contracted by a factor /1 — v2/c2, whereas its length perpendicular to the mov-
ing direction remains unchanged. Although proposed before Einstein’s discovery,
their hypothesis was proven to be a direct consequence of the relativity theory.
Such an effect on length of a moving object is known as the Lorentz—Fitzgerald
contraction.

14.3. The Lorentz Transformation

In Newton’s mechanics, time is considered an absolute measure for any event
in progress, and hence a variable independent from an observer. In the relativity
theory, on the other hand, it is a variable between observers in relative motion.

A “clock” set in a system S indicates a time ¢ for an event in progress. However,
for the same event observed in a different system S’ moving at a relative speed
v, the time ¢’ is not necessarily the same as t measured in S. The reason is that
information transmitted by means of the light signal takes finite time to reach
the observer. Therefore, it is significant to realize that no event can be observed
“simultaneously” by different observers.

In this context, there is no absolute time; clocks can be set to one time when their
individual systems coincide, but they show different times if they are in motion
relative to each other. With an individual time set in each system, we use four
coordinates, x, y, z, and ¢, in the reference system S to describe a physical event
progressing in space-time. On the other hand, as confirmed in the Michelson—
Morley experiment, a light signal propagates at a constant speed ¢ in any system
S moving at a constant relative speed v with respect to another system S’.

Observed in two systems S and S’ in relative motion at a speed v, we consider
an event described as (Ax, At) and (Ax’, At’), respectively. For a light signal
propagates in all directions in space at the speed c, the frontal spheres are given
by

(Ax)* + (Ay)* + (A2)* = A(A1)* and (AxX')* + (AY) + (A7) = A(Ar)?
(14.1)

in S and S’, respectively. However, assuming parallel motion of S and S’ in their
respective x and x’ directions, we may consider Ay = Az = 0and Ay’ = Az’ =0,
for which (14.1) can be simplified as

Ax =cAt and Ax' =cAr. (14.2)

On the other hand, for such S and S’ the Galilean formula (14.1a) should be
modified by introducing factors y and vy’, as

Ax' =vy(Az —vAt) and Ax =v'(Ax + vAl); (14.3)



The Lorentz Transformation 203

however, we should have y = v’ in order for the Newton equation (i) to be invari-
ant. Using (14.2) in these equations, we can obtain the relation between the time
intervals At and A?, i.e.,

cAt =vy(cAt —vAt) and cAt =v'(cAt’ +vAL).

Therefore,

=2

Writing 3 = E the transformation formula can be elaborated from (14.2) and

c
(14.3), resulting in

vAX
A’ Ax — vAt A — A A A 4 A At——c2
X = —F/—————, = y, 7 = Z an =
V1-g2 V182
(14.4a)
and the inverse relations
Af+ vAXx'
Ax' +vAY
Ax=——o, Ay=AYy, Az=A7 and A= —-S
V1-—p2 /1 -2
(14.4b)

which are collectively known as the Lorentz transformation.
We note that (14.4a) can be reduced to

Ax' = Ax —vAt, Ay =Ay, A7 =Az and Ar = At,

if B <« ¢ or v K ¢, which are identical to (14.1a). Therefore, Newton’s law can
be regarded as a valid approximation for v < ¢, a condition that is valid for most
terrestrial phenomena. For example, the speed of the Earth orbiting around the
Sun is about 30 km/s, and hence y = 1.000000005 = 1, so for this Newton’s
equation is sufficiently accurate, whereas for such fast-moving particles as muons
in cosmic rays, 3 = 0.98, for which the relativistic effects are very significant.
It is clear from the definition of y that the speed v cannot exceed the speed of
light ¢, which is considered the fastest speed in the universe. In the special theory
of relativity, Einstein proposed that all physical laws must be invariant under the
Lorentz transformation. Here, by “special” he meant that invariant laws are held
in all systems of observation moving at constant relative speed, which is generally
called the inertial system.

Emitted from a point x, y, z at a time ¢ in an inertial system S, a light sig-
nal propagates spherically in all directions in space at speed c. Including ¢ as
an additional coordinate with x, y, z, a set of four coordinates x, y, z, ¢ can
specify such a physical event in four-dimensional space, and we write x| = x,
X = y,x3 = zand x4 = ict, for convenience, where i = ~/—1. An inertial system
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in four dimensions can therefore be characterized by the invariance of the metric
defined as

|As|?> = Zi Axiz = Ax>+ Ay? + A2 — AL,

where AS is a four-dimensional distance vector with components Ax, Ay, Az,
and icAt in the system S. In fact, for an accelerating system Einstein elaborated
the general theory of relativity; the metric invariance is violated in an acceler-
ating system, thus representing a distorted four-dimensional space. Supported by
extraterrestrial evidence, his general theory plays an important role in astrophysics.

For a particular event stationary in S/, i.e., Ax’ = Ay’ = Az’ =0, the time
interval At’ is Lorentz invariant because |AS|? is invariant. Hence, this At/ = T
is referred to as a proper time interval in S’, indicating the timescale of a clock
attached to S’. On the other hand, for an event at a fixed time in S, i.e., At’ = 0, the
corresponding Ax’ represents (if Ay’ = Az’ = 0) a proper length I, of an object
attached to S’. Therefore, in a system S moving at a relative speed v, such events
can be observed as

At =~v1 and [, =vAx

from (14.3), assuming v < c. Hence, writing these as

At=—" >r and Ax=I1—B% <l (14.5)

N

which are known as the Lorentz dilatation and the Lorentz contraction, respectively.
Such relativistic relations are substantial in many high-speed phenomena, where
v is close to c. For example, a muon particle has life of the order of 2 x 106,
which can be considered as the proper time 7 in the system S’ moving with cosmic
ray. Therefore, as observed in the system S on the ground, the distance for a muon
to travel between the moments of creation and disintegration can be estimated by
cAt = cy1 ~ 6 x 10?> m if its speed is considered close to c. The second relation
in (14.5) is exactly Lorentz—Fitzgerald’s hypothesis proposed for the Michelson—
Morley experiment.

14.4. Velocity and Acceleration in Four-Dimensional Space

In this section we discuss transformations of velocity and acceleration components
between inertial systems. We assume that S and S’ are in parallel, and v is in the
direction of the x and x’ axes. In this case, the coordinate transformation is written
as

Ax; = v (Ax] +vAr),  Axp = Ax),  Axz = Axj,
At = (%Ax{ + Aﬂ) :
c
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Three-dimensional components u, u;, u3 of the four-dimensional velocity can be
defined as

Ax|
. Axg . NG T ui +v
ulzhmA—zhm A’= > ,
Ar—0 At Az—>01 v Ax y (1 + —2u’1>
cz AV ¢
! i
u u
Uy = 2 , and u3 = 3 ,

1+ —u 1+ —
v (1 5u) v (14 5)
and the relation between At and At’ can be expressed as

/ v /
At = At <1 + c_2u1)'

The temporal advance of a stationary event in an inertial system can be described
by the proper time 7, which is, however, measured as y T by an observer in a system
moving at a relative speed v. Therefore, for a given system of reference, we can
logically define a speed, dx;/dt for an object, referring to the proper time 7. From
the general relation At = y7, we have df/dt = . So, writing a position vector in
the four-dimensional space as a row matrix

(rl = (x1, x2, x3, x4) = (x, y, 2, ic),
the four-dimensional velocity can be expressed as

(V] = (v1, V2, v3, Vy),

where
Vi =ﬁ_%£=vul,
dt dr dr
sz%zyuz, v3:%:'yu3,
dr dr
and
Vy = % = d Gier) = icy.
dr dr

in the system S’. Here, a so-called bra vector (r| is defined to facilitate matrix
multiplication with the corresponding ket vector as a column matrix, i.e.

r
rn
r3
T4

(ri =

Because the proper time is Lorentz invariant, the velocity vector (V| is transformed
as (r|, that is,

_ ’ iv ’ o 7 d _ iv ’ ’
Vi=vy V]—?V‘l y Vo =V,, V3 =V3; an Vy =y ?VI+V4 .
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Similarly, the four-dimensional acceleration can be defined as
d(v|
dr

which transforms similarly to the velocity (v|. It is, however, neither simple nor
useful for practical applications for us to elaborate the derivation here. Neverthe-
less, we can derive the following relation

4

2 2.2 2.2 2

vivy=" Y vi=y' -y ==,
i=1

(al =

’

and hence
d
—(v|ivy=2(v]a) =0, (14.6)
dr

which is a useful relation.

14.5. Relativistic Equation of Motion

Newton’s law is fundamental in all inertial systems and sufficiently accurate, pro-
vided that a system’s relative speed v is sufficiently small compared with the speed
of light c. Under this condition , the equation of motion is regarded as invariant
under the Lorentz transformation.

Newton’s equation of motion for a particle of mass m, in the three-dimensional
space is

du
F=m,—,
dr
and the corresponding equation in four-dimensional space-time can be written as
d{v|
(Fl =mo——,
® dr

where the four-dimensional vector (F| = (F, F,, F3, F4) are defined by

d(vy, va, v3)
dr
implying that the effective mass m = m,y is not a constant and is written as

(Fi, F>, F3) = mgyy =vF,

me
m=——— (14.7)

J1=B%
For the fourth component Fy; we use the relation (14.7), which can be written as
viFi +wF + vsFs + wFy =0,

and hence

v2u-F 4 icyF; =0,
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from which we obtain

Here, writing that u.F = %—If, the quantity K is the kinetic energy, for which we
have the relation
dk ¢ c dvy  d(moc®y)
—=—Fh=—my——=——">=
dt iy iy det dt
because of vy = icy integrating this equation we obtain

Mmoc?

K=—"_+K,=mc*+K,, (14.8)

N

where K, is constant. Expanding 1/4/1 — B2 for a small B, i.e., v < ¢, (14.8) can
be written as

1
K — Ko = AK = mc? = moc® + Emov2 + - (14.9a)

For a particle of v = 0, m = m,, which is therefore called the rest mass. In this
case we have the relation

AK = myc?, (14.9b)

signifying the equivalence of mass and energy, which is substantiated by a mass
defect of an atomic nucleus. The nucleus of an atom of atomic number Z and
mass number A is composed of Z protons and (A — Z) neutrons, but the nuclear
mass m is empirically given by

m=Zm,+ (A —Z)m, — A,

where A is interpreted as related to the energy released when these protons and
neutrons are bound to form nuclear matter. Hence, the mass defect A is a useful
measure for the binding energy Ac? of a nucleus. According to (14.9a), besides
the mass energy m,c?, AK represents the classical kinetic energy %mov2 in the
limit of v — c.

The relativistic momentum in four-dimensional space can be defined as

<p| = mO (V| = (p]7p27 p37 p4)5

where
iAK

D1 = MoYUi, P2 = MoYUp, P3 = MoYU3, P4 = iMCY =
We can see that

=my(V|V) = mgcz,

4 AK?
(PIp =) Pl =pi+P+pP——
i=1
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which is constant and Lorentz invariant. Also, the result indicates that

2 2 2 4 AK

AK” =c"p.p+mic® where p=mu= C—zu. (14.10)
We considered a particle of a finite rest mass m, in the above argument. On
the other hand, to travel at the speed c, a particle should have zero mass m, = 0,
for which AK = cp from (14.10). It is noted that an electromagnetic radiation
is characterized by a pressure described by the relation U = cp, as discussed in
the previous chapter. Therefore, such a pressure p should be originated from the
intrinsic nature of the electromagnetic field, unrelated to the gravitational character,
which may therefore be expressed effectively by m, = 0. To be consistent with
such a relativistic argument, the electromagnetic radiation can be considered as

consisting of a number of massless particles whose momentum is p = AK/c.

14.6. The Electromagnetic Field in Four-Dimensional Space

Maxwell’s equations constitute the fundamental law for electromagnetism in all
inertial systems, which should therefore be invariant under the Lorentz transforma-
tion. Physically, the charge and current density are conserved as a source, obeying
the equation of continuity. It is fundamental that such a conservation law should
govern Maxwell’s equations under the Lorentz transformation. Writing the conti-
nuity equation in two systems S and S’ as

!/

0
+div(pr) =0 and 2 div(p'v) =0,

dp
ot

the variables (p, pV) and (p’, p’v’) can be transformed in four dimensions similar
to a four velocity vector (V, ic). We can therefore define the four-dimensional vector

(sl = (pv1, pva, pu3,icp),
thereby expressing the continuity relation as

as; as/
— =0 d L —0. 14.11
Z a.Xi an| Z axl/ ( )

i

These s; and ] are linearly related, so that
5 = QiSk,

for which the product (S| S) should be invariant. Namely, we have
S = sl

hence

p2(vi +v3 + v32 — ¢?) = constant.
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Expressing this constant as p2 and writing p = yp,, we obtain
(sl = po (V1. (14.12)

resulting in the linear relation between the four charge-current density vector and
the four velocities, as expected.

The electric field vector E in three-dimensional space exerts a force F = gE
on a charge g. The force in four-dimensional space can be written as (F| =
(Y4E1, YqE>, YqE3, “v.E), for which the four-dimensional velocity is (v| =
(Yv1, Yv2, Y3, icy). In this context, the electric field in four-dimensional space
can be defined as a 4 x 4 tensor that relates (F| with (v|. Therefore, expressing
such a tensor by E, we have the expression

q

(F| = = (v|E. (14.13)
c
On the other hand, writing
(Fl =L iey) (=iE). Llicy) (=i L iev) (=i En). Livu.E.

the tensor E can be given explicitly as

0 0 0 —iE;
0 0 0 —iE;

E= 0 0 0 —iEs |’ (14.14)
iE, 1E, iE; 0
which is asymmetric with respect to the indexes, i.e., Ejj = —Ej;.

The Lorentz transformation between four-dimensional vectors (r| = (x, y,
z,ict) and

X
=12
Z/
ict’
can be expressed as
v 0 0 —iv'y/c
0 1 0 0
T= 0 0 1 0 , (14.15)
ivy/c 0 0 v

for which we have the relation T~!T = e, where e the unit matrix in four dimen-
sions, thereby transforming force (F| as

(FPl= (FIT" and |F)=TIF).
Using (14.13), the latter can be expressed as

F)y=2TE|v) = LTET ' |v'),
C C
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and therefore the electric field tensor (14.12) in the S’ system is transformed to S’
as

E' =TET . (14.16)
Calculating the detail with (14.13),
v 0 O ivy/c 0 0 0 —iE
E — 0 1 0 0 o 0 0 0 —iE,
o 0 0 1 0 0 0 0 —iE;
—ivy/c 0 0 v iE, iE, iE; 0
v 0 O —iv’y/c
y 0 1 0 0
0 0 1 0
ivy/c 0 O oY
0 —vyEg/c —vy Ej —iE
v'yEz/c 0 0 —ivE;
vyEs/c 0 0 —IYE3
iE iVEz i’yE3 0

Changing notation as

E;:El, Eé:'yEz, E%:'yEg, Bé:

c? 2’
we can write that
0 ¢B) —cB, —iE]
E = _cCBIZé 8 8 :z% . (14.17)
iE| iE, iE, 0
Accordingly,
uy By — uyB) + E|
F) = %E' V) = qvy ;L,I,IBI?J:FE? :
iv-E'/c

which can be interpreted in three-dimensional space in S’ system as
Fii+ Fj+ Fk
Y

F =

—g(E'+U x B,
where
E'=Eji+E)j+ Ek and B’ = Bjj+ Bjk

are conventional expressions in three dimensions, and where the vector B’ should
be the magnetic field observed in S’ that is transformed from the electric field in S.

Thus, the tensor E’ is not purely electric, indicating that an electric field in a
moving system S’ also consists of a magnetic feature, as observed in S. Needless
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to say, this is equivalent to considering that a moving charge at a velocity V in a

magnetic field B will be deflected by the dynamic electric field given by v x B.
In four-dimensional space-time, the electromagnetic field (E, B) is therefore

considered as a 4 x 4 tensor in a form generalized from (14.17) in §’, that is

0 CB3 —CBZ —iEl

_ —CB3 0 CB] —iE2
G o CBZ —CBl 0 —iE3 ’ (]4]8)
i1Eq iE, i1 E5 0
which is anti-symmetrical, i.e., Gjj = —Gij;, being composed of
(G23, G31,Gip) =cB and (Gyy, Gy, G33) = E. (14.19)

Calculating the transformed G’ = T~'GT from the elements ng we obtain

E\=E;, E),=v(E;—vB3), Ej=v(E;+vB))
v v
Bi=Bi. By=v(B+3E). Bi=v(B-5E).

Solving these for components in the S system,

E\=E|, E,=v(E;+wvB;), E;=vy(Ej—vB))
v v
Bi=Bj. By=v(Bi—3E). Bi=v(Bj+5E;).

which can also obtained by exchanging the primed and unprimed components, e.g.,
E; and EY, B, and Bj, etc., and replacing v by — v in the former set. Considering
v = (v, 0, 0), from the latter set we can show that

E
E:yE’+(l—'y)¥+y(vx B’)

B
B:yB'+(1—y)v(';2 ) by x E),

which are a valid form by the Lorentz transformation between S and S’.

The Maxwell equations are composed by first derivatives of field vectors with
respect to space-time coordinates. Therefore, such derivatives should be trans-
formed as a four-vector matrix in the four-dimensional space-time. We notice that
derivatives of the field tensor like 3 Gj; / dxx should be combined to construct a

4 3G
four-vector tensor. Calculating Y for j=1,2,3,4 with (14.17), we obtain
i=1 0Xi

4
9G; G G G G

1 11 + 21 + 31 + 41

— 8Xi 8)C1 3X2 8X3 3)(4

i=1

9B; 9B, IE, i 9D,
eI 0P B L (curl H et
oy Cam Tige = CholculH) 4 e

’
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which can be expressed as

oD
= uoc{ (curl H), + —1}

a
Similarly,
4
oD,
= - 1H — 1,
; ox, Moc{ (curl H), + o }
4
9Gi3 oD
Z 2_M0c{ (curlH);—i—a—B}
i=1 Xi
and

4
3G,

Y R =idivE).

i=1 a

i

Hence, these derivatives constitute a four-vector that can be written as

4 : 4 ) 4 . :
(Z aacjclil 2 83(22’ 2 aacjc? ’ Z aa%) xpolV), (1420

corresponding to the Maxwell equations

oD . . .
curlH—?zj and divD =p. @)

The field tensor G per se is clearly insufficient for all of the Maxwell equations
in space-time. The other Maxwell equations,

B
curl E + Frie 0 and divB =0, (ii)

can formally be obtained from (i) by substituting (H, D) by (E, — B), replacing the
electrical source by a zero magnetic source, i.e., (j, p) — (0, 0). In this context,
instead of G defined by (14.18) we consider another field tensor G* that is obtained
by replacing (B, E) by (E, —B), that is

0 —iE3 iEQ CB]
% iE3 0 —iEl CBZ
G B —iEz iE] 0 CB3 ’ (1421)

—cB; —cB, —cB; 0

which is known as the dual of the tensor G.
By similar calculation on the dual G*, we can show that

4 K
3G aB
Y K = —i(eurl E) —i——, wherek =123
P x; dt
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and

4

aG*

Z 8—4 = —c divB.
Xi

i=1

Therefore, we have a four-vector

4 4 4
G}, G5 0G3 Gy,
L 1= L 2] =0, 14.22
( 0x; Z ax; Z 0x; Z 0Xx; ( )

i=1 i=1 i=1 i=1 !

which is consistent with the Maxwell equations (ii).

Although the mathematical detail for the tensor G and its dual G* and their
transformation was not discussed, the Lorentz invariance of the Maxwell theory
was verified in the above argument. Those readers interested in the formal analysis
should refer to books on the relativity theory, such as The Theory of Relativity by
C. Mgller.



16
Guided Waves

16.1. Propagation Between Parallel Conducting Plates

Wave equations have a simple plane-wave solution that can be obtained in free
space and used for a field bounded by rectangular boundaries. In such cases,
as a consequence of the linear differential equations involved, solutions can
be expressed by a Fourier series of sinusoidal functions of the phase variable
¢ = kr — ot. Normally, a light beam propagates as a free wave but is coupled
with a reflected wave at a boundary point, as discussed in the previous section.
Nevertheless, such a reflection in optics is a significant concept for general elec-
tromagnetic waves in open and bound space. For electromagnetic applications the
radiation needs to be guided in a desired direction, where it is necessary to specify
directions of the propagating and reflecting power of the wave from a target object.
In this chapter we discuss the basic principle for such guided waves in modern
communication and guidance.

For the purpose of illustration we consider two parallel conducting plates of a
large area, where plane electromagnetic waves can pass through the space, reflect-
ing back and forth between the plates, as shown in Figure 16.1. Plane waves are
transmitted zigzag in the X direction, a situation for which we consider two specific
cases, namely, those where the E and H vectors are polarized in perpendicular to
the z direction, respectively, as in Figure 16.1(a) and (b). The k vector changes
the direction in the Xz-plane of incidence at every reflection in a manner similar
to a single reflection. Such polarized waves are referred to as being in transverse
electric (TE) and transverse magnetic (TM) modes, for E and H, respectively;
both are transversal to the X-axis.

Denoting the two conductors as plates 1 and 2, reflections of a propagating wave
can be described by the wavevector K that changes the direction zigzag in the plane
Sbetween 1 and 2. Such reflections take place at any phase d = K.r — ot 4+ 27rm,
where m is an integer, and therefore we can apply the same boundary condition at
every phase separated by 2. At each point of reflection on the plates 1 and 2, we
can write incident and reflected waves, referring to the E vector, as

Ei(1) = Ejpexpli (kii.r —ot)],  Ex(1) = Eoexpli(ky.r — wt)],

226
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(b)

FIGURE 16.1. Multiple reflections between parallel conducting planes. (a) TE mode and (b)
TM mode. A, is the apparent wavelength.

and
Ei(2) = Ejpexpli(kpp.r — ot)], E (2) = Exexpli(Kp.r — ot)].

Assuming no energy loss on the plates, these E and k are equal in magnitude at
all reflections, and hence can be written as |Ejo| = |E,o| = E,, and [Kij| = K| =
|kiz] = |K2| = k. In the plane of incidence S, i.e., the Xz-plane, k; and k; vectors
make the same angles of incidence and reflection with the z-axis, i.e., 6; = 6, = 0.

Figure 16.1(a) shows the transverse electric (TE) mode, where the boundary
conditions for Epgential = 0 on the plates 1 and 2 give rise to

Ei(1) = —Ex(1) and E;i(2)=—E/(2)
at all reflection points (X, 0) and (X, &), respectively, at which we can write
Ei(1) + E.(1) = Eo[exp(iki.r) + exp(ik;.r)],—o exp[i (kx sinf — ot)] = 0
and

Ei(2) + E:(2) = Eolexp(iki.r) + exp(ik;.r),—a expli(kx sin § — wt)]
= E, x 2sin[(kcos 0)a] exp[i(kxsin® — wt)] =0 (16.1a)

at any X where z = a represents the gap between the plates.
The latter condition requires that K satisfy

sin[(kcos 6)a] =0
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at an arbitrary X, signifying (K cosf)a = m1r, where m is any integer. Using the
wavelength defined by A = 2m/k, we obtain

2a
A= —cos0 = A.cos9, (16.1b)
m

which should be shorter than A\, = 2a/m for such a wave to propagate through
between the plates. If N > A, the angle 0 in (16.1b) cannot be obtained; such
a wave cannot go through. The parameter \. is called the cut-off wavelength,
signifying that the gap a between the plates limits the propagation by N < A.. The
index m specifies various modes of TE waves, among which the mode m = 1 is
signified by the longest cut-off wavelength A, = 2a.

The corresponding H vectors in the TE mode are all in the plane S, as shown in
Figure 16.1(a). Using similar notation as we did for the E vectors, at every point
of reflection the H vectors are expressed as

H;(1) = [—iH, cos 8 — kH, sin 8] exp(—i wt),
H. (1) = [—iH, cos 6 + kH, sin 6] exp(—i wt),

and

Hi(2) = [—iH, cos 6 + kH, sin 6] exp[i (kX sin 6 + kacos 6 — wt)],
H.(2) = [—iH, cos 6 — kH, sin 6] exp[i (kx sin & — kacos 6 — wt)].

Accordingly, at a point (X, 0)
H;(2) + H.(2) = —i[2H, cos 8 cos(kacos 8)] exp[i (kX sin§ — wt)] =0 (16.2)

because of (16.1b). It is noted from (16.1a) and (16.2) that both tangential compo-
nents of E and H should vanish periodically at X, so that kx;,sinf — kX;,,_1sinf =
2. In this context, X, — Xm—1 = Ag is an apparent wavelength for propagation
along the X direction, namely,

N
Ng = ——. 16.3
€7 sin6 ( )
For a practical waveguide, A, is also known as the guide wavelength, serving as a
significant measure for a standing wave. By definition, A and A, are related, i.e.,

111
— ==+ —. (16.4)
NN N

Figure 16.1(b) shows a transverse magnetic (TM) mode for which a calculation
similar to TE mode can be carried out. In this case,
H(1) =H(1)+H((1)=0 and H®2)=H;2)+H:(2)=0

on the plates 1 and 2. Hence, the H and E vectors at (X, 0, &) near a reflection point
(X, 0, @) can be written as

H(Xx) =] % cos (kacos 0) exp [i (kX sin 6 — wt)]
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and

E(X) = —i[2i E, cos 0 sin(ka cos 6)] expl[i (kX sin 6 — wt)]
—K[2E, sin 6 cos(ka cos 6)] exp[i (kx sin 6 — wt)].

Therefore, from the boundary condition for the H(X) we obtain cos(ka cosf) = 0,
leading to the cut-off wavelength A\, = 4a/m for TM mode. On the other hand, the
phase factor is the same as in TE mode, so that the apparent wavelength is given
by Ag = \/sin 0.

16.2. Uniform Waveguides

Referring to the coordinate axes in Figure 16.1, the electromagnetic fields between
parallel conducting plates are independent of the y-axis in both TE and TM modes.
We can therefore place a conducting plate at any place in parallel with the Xz-
plane, thereby leaving the field-lines unchanged. In fact, such polarized waves can
propagate through a rectangular tube of a cross-sectional area a x b as long as the
wavelength is shorter than the cut-off wavelength determined by 2a. Such a tubing
of uniform cross-sectional area is in use for modern high-frequency circuitry and is
known as a waveguide. For practical applications, rectangular and circular tubing
is common, although theoretically the shape of the cross-section may be arbitrary,
provided that it is uniformly made.

16.2.1. Transversal Modes of Propagation
(TE and TM Modes)

We set a rectangular coordinate system where the X-axis represents the axis of
a waveguide, and the transversal area is described by Yy and z coordinates. The
propagating fields can then be expressed as

E=FE +Ei and H = H + Hyi, (16.5)

where (Ex, Hy) and (E;, H,) are called longitudinal and transversal components.
We can show that these longitudinal components cannot be simultaneously zero
and the propagating wave is characterized by either one of these unvarnished Ey,
Hy,i.e., Hy = Oor Ex = 0. These modes are referred to, respectively, as the TE and
TM modes. In a coaxial cable, in contrast, there exists such a propagating wave
characterized by both vanishing longitudinal components called the transversal
electric-magnetic (TEM) mode, being analogous to a plane wave in free space.
For such guided waves, boundaries at both ends have to be specified by their
respective connecting devices: e.g., for an isolated long waveguide the boundaries
are considered open at X = 300, whereas in infinite parallel plates, the boundaries
are closed (or short-circuited) at Z = 300, but open at X = 00. We can show that
such a TEM mode cannot occur in a waveguide with a cross-section of a single



230 16. Guided Waves

boundary, whereas this transmission is possible in a waveguide with two closed
boundaries.

Equations (16.5) indicate that the field vectors can be factorized into products
of separate functions of (Y, z, t) and (X, t). Hence,

E = (Ey, E;) and H;= (Hya H),

and all the field components are expressed to have a factor expl[i (kxX — i wt)].
The basic equations div E = 0 and div H = 0 can be written as

oE JE, . .
a—yy+ azz +|kxEx=O (la)
and
oHy 0H; . .
— ikyHx = 0. b
ay + 97 =+ 1Ky Fx (ib)
On the other hand, equations curl E =iwpw,H and curl H = —iwe, E are expressed,
respectively, as
oE JE . .
ayz - a_zy = lop, Hx, (iia)
. oE . "
ik E, — BZX = iwpoHy, (iib)
and
0Ex . . .
a—yx —ikyEy = TopoHy; (iic)
and
oH oH :
2~ = _jweEy, (iiia)
ay a0z
. oH .
ikyH, — 8Zx = —iwg,Ey, (iiib)
and
aH _ .
ayx — ikgHy = —iwe, E,. (iiic)

Combining (iib) and (iiic), we can derive the relation between Ey and H,, while
E, and Hy can be related using (iic) and (iiib). Namely,

i 0 Hy 0Eyx
Ey = —— (0po—m —ki—2 ) ,
y k&(“’“ 9z Xay)

i d Hy 0 Ex .
EZ = —@ (wMOW + kx¥> (IVb)

(iva)
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FIGURE 16.2. A plot of w/C vs. ki, o/c
where k. is the cut-off wavevector. All
frequencies w < ck. are cut-off (for-
bidden), while w > ck. are allowed for
propagation.

and
[ 0 Ex d Hy
Hy = = (‘”&’H Thegy ) ’ ()
i dEx d Hx
HZ = —@ ((J.)eoa—y — kX?) . (Vb)
Here the parameter K is defined by the relation
ke® = 0’gopo — ki, (16.6)

where k. = 2/ is related to the cut-off wavelength A, and ky = 27/, repre-
sents a propagating wave signified by the guide wavelength A,. The first term on
the right is the squared wavevector K = w/Cin free space, and hence (16.6) is iden-
tical to (16.4). Figure 16.2 shows the curve of w/C against Ky, where frequencies
for w < ck; are not permitted for propagation.

It is noted from the relations (iv) and (v) that the transversal components depend
on non-vanishing longitudinal components, for which one of Ey and Hy is at least
essential for TE and TM modes, behaving as if scalar functions. For a TE mode, the
transversal fields E; and H; can thus be derived from the longitudinal Hy, whereas
for a TM mode transversal components are determined by Ey.

For a TE mode, Hy is given as a solution of the wave equation

(A=K +K*) Hy = (A + ke?) Hy = 0, (16.7)
2 2
where A = 8_yz + 3z is the two-dimensional Laplacian operator in the yz-plane.

Solving (16.7) (known as the Helmholtz equation) for Hy, and using Ex = 0 in
relations (iv) and (v), we obtain that

_ioovaBHX i oo dHx
YTk 9z T k2 dy

and
i ky 0Hy iky 0Hy

Hy = X 2% LY
YT k2 dy T 7T k2 oz
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These results can be written with vector notation as

ikZ, .
grad Hy and E,= e [i x grad Hy],
where Z, = /o / €, is the wave impedance, as previously defined in (13.6), and

the component Hy is regarded as a scalar function. These transversal fields are
related by

i Ky
H[= @

kZ, . Ky .
E,=— < [i x H] and H‘Zk_zxo[' x Eq] (16.8)
in the TE mode, where the H vector is not transversal, as given by H = H; + Hyi.
For the TM mode where Hy = 0, we can obtain the following expressions after
a similar calculation to the TE mode:

(A —k?) Ex =0, (16.9)
i Ky ik
E = PgradlEx, H = Z k2 [I X gradlEx],
and
keZo .
E,=— Xk [i x Hy (16.10)

16.2.2. Transversal Electric-Magnetic Modes (TEM)

In free space the E and H vectors of a propagating wave are both transversal and
perpendicular to the wavevector k. For a guided wave such a TEM mode can also
be transversal, depending on the boundaries. Since both axial components Ey and
Hy are zero in TEM mode, the equations (ia), (ib), (iia), and (iiia) can be written as

9By 9B _, My  9H;

ay  ax dy 0z

and
8Ez_8_Ey=0’ 8HZ_8_Hy=0
ay 0z ay 0z

Hence, these transversal components can be expressed by such a scalar function
& that satisfies the Helmholtz equation

AD =0. (16.11)

Therefore, if such a scalar @ can be obtained to signify the transversal vectors, the
TEM mode is characterized by k, = 0, and hence ky = k or Ay = A from (16.6),
indicating the same kind of propagation as in free space along the X direction.
However, such a function & is singular on the X-axis in a waveguide that is
tube shaped, which makes the propagation impossible. On the other hand, if it
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consists of two separate boundaries—one inside the other as in a coaxial cable—
the function ® can take unique values on the inner and outer surfaces, and hence
the Laplace equation (16.11) can possess regular solutions. A coaxial cable is
an example of waveguides consisting of two conductors where the TEM mode is
utilized for signal transmission.

16.3. Examples of Waveguides

Example 1. A Rectangular Waveguide (TE Mode).

Waveguides of a rectangular cross-section a x b are commonly used for mi-
crowave transmission in TE mode. Illustrated in Figure 16.3(a), a normally indi-
cates the narrow edge that is shorter than b for practical use, where the E vector
is polarized in parallel to a. In this case, Hy is the basic function from which all
other components are derived, and it is expressed as

Hx(X, Yy, z,t) = H, expli (kX — ot)] exp(ikyy) exp(ik,2z),

where

w2

ke + ky? + k2 = z= k2.

Such waves as determined by +ky, ky, £Kk; are elementary plane waves that can
be linearly superposed to satisfy the boundary condition for Hapgentiat = 0 on the
conducting surface. Therefore, taking the origin of coordinates at the corner of the
waveguide, we can consider a combination

Hx = H, sin(kyy) sin(k;2) exp[i (kyX — wt)],

which is equal to zero on all conducting walls, i.e., Yy = 0 and b, and z = 0 and a.
That is,

kb =nm and k,a = mm,

()

—

FIGURE 16.3. (a) A rectangu- J_
lar waveguide. (b) A circular g
waveguide. —a-l
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where m and n are 0 or =% integers, and

o= () ()

Using this result, the transversal vectors calculated with (16.11) are given by

i kyk
H = — I% H, expli (kyx — wt)][cos(kyY) sin(k,2)] + sin(kyY) cos(k,2)K]

Ke
and
i wpoKy . i . .
E = _T H, expli (kyx — wt)][sin(kyy) cos(k,2)j — cos(kyYy) sin(k,2)K].

Specified by indexes m and n, a particular mode is denoted by TE,,,,,. In practice,
those specified by low indexes are in use; for example, in TE|gp mode for m = 1
and n = 0, we have A\; = 2a, as already discussed in Section 16.1. Waves of a
wavelength shorter than the cut-off A; can be transmitted through such an “over-
sized” waveguide, but its energy may be dispersed into many modes of allowed
transmission. In this context it is a normal practice that a waveguide is operated for
a wavelength in the range A\¢ (TEjp) > N > A¢ (TEy), i.e., 2a > N\ > &, to avoid
such an energy loss.

Field-lines of E and H in TE | mode are sketched ata given X and t in Figure 16.4,
showing that the pattern consists of well-defined magnetic loops and concentrated
electric flux periodically at every 1A, in the Xy- and Xz-planes, respectively.

The TM mode in a rectangular waveguide can be discussed similar to the TE.
In this case we can start with the longitudinal component Ey that is expressed in
exactly the same way as Hy for a TE mode. Namely,

Ex = E, sin (kyy) sin (kzz) exp [i (kxXx — ot)],

which satisfies Ex = 0 at the boundaries at y: z= 0, a, and b, resulting in the
relations

kfb=nm and k.a=mm,

FIGURE 16.4. The TE;;, mode in a rectangular waveguide: (a) E lines; (b) H lines.
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leading to the formula

) 2 2 mm\ 2 nm\ 2
=kl = () + ()
ke y-+ ) (5
which is the same as TE mode. However, in TM mode the transversals E; and H,

are expressed in a form different from TE, and their derivation is left for interested
readers as an exercise problem.

Example 2. A Circular Waveguide.

In a circular waveguide sketched in Figure 16.3(b), propagating waves can also
be in TE and TM modes. In this case, because the y and z directions are identical
by symmetry, a linearly polarized wave along the z direction, for example, can be
easily mixed with a y-polarized wave, if there is a perturbing obstacle in the guide.
However, because a # b in a rectangular waveguide, the TE;y and TE(; modes are
clearly distinct from each other. In this context, a circular waveguide is adequate
for practical use; nevertheless, it is an interesting theoretical problem.

For the TM mode we solve the Helmholtz equation for Ey, which can be written
with cylindrical coordinates (p, 0, X), that is,

Lo (0B 1B 9B 10E,
oop \Pap ) T2 002 T e T @ ot

Writing that Ex(p, 6, X, t) = E,R(p)©(6) expli (kyX — wt)], this equation can be
separated into ordinary differential equations for individual variables:

d’e

_ 2
o = MO

and
1d/ dR\ m?
—(p— )|+ =R+ K-k R=0,
pdp<pdp>+92 (=)

where m = 0, & integers. Letting k> — k,> = k.2, the equation for R(p) can be
written as the standard form of the Bessel equation with a characteristic parameter

ke, i.e.,

d [ dd, 2

— (p ﬂ) + (kfp - 3) In (kep) = 0,
dp dp p

where R(p) = Jn(kep) is Bessel’s function of the mth order. Accordingly, the
propagating mode is generated from Ey as given by

Ex (p,0,X,t) = EgJn (Kep) exp (£im0) exp [i (kxX — wt)].

Applying the boundary condition Eypgeniial = 0 at p = a on the inner surface of
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1.0
Jo

05+

05}

FIGURE 16.5. Bessel’s functions J,(K.p), Ji(K.p), and Jy(K.p). These are periodic, and J,(0)
# 0, but J;(0) = 0 and J(0) = 0.

the tube, we have J,(k.a) = 0, from which K; can be numerically determined as
roots. Figure 16.5 shows curves of the Bessel functions that are quasi-oscillatory,
having many values of kca for J, to vanish. Table 16.1 shows such roots for
representative m = 0, 1, and 2. Indexing these sequential roots of J,, =0 as
I'mns 1-€., In(Fmn) = 0, we can specify propagating modes as TM,, that are sig-
nified by characteristic k. = r,,/a or by the corresponding cut-off wavelength
Ae = 2ma/ I .

oE 10E
For transversal components, we calculate grad;Ex = u, Y 2+ ue——aex , and
p p
obtain
iky Eo dJm . .
(Ep)mn = kxcz % exp (£im0) exp [i (kxX — ot)],
imKy Jn(kep) , )
B = F7 7" P2 exp (i md) expi (kX — wt)]

TABLE 16.1. Roots of Jy(X,) = 0 and J, (X,) = 0.
Roots of Jn(X,) =0

m 0 1 2 3

n=1 3.832 1.841 3.054 4.021
2 7.016 5.331 6.076 8.015
3 10.173 8.536 9.969 11.346

Roots of J/ (X)) =0

m 0 1 2 3

n=1 2.405 3.832 5.136 6.380
2 5.520 7.016 8.417 9.761
3 8.653 10.173 11.620 13.015
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and
imoe, E, \]m(kcp)
(HP )mn = 2
ke
i we, By dJm(ch)
ke? dp
where k. and k, depend notably on the indexes m and n.

For the TE mode, we can carry out calculation similar to the TM mode. Here,
the resulting expressions are listed.

Hx (p, 0, X, ) = Ho Jn(Kep) exp (£imb) exp [i (keX — wt)],
ikxHo dJm(kep)
(Hp)mn = kCZ dp

HimkyHo Jn(kep)

exp (Fim0) exp [i (kyX — wt)],

(He)mn = exp (£im6) exp [i (keX — wt)],

exp (£im0) exp [i (kyX — wt)],

(Ho)mn = exp (£imb) exp [i (kyX — ot)],
ke? p
(EP)mn = —IwLLCOZHO In(kep) exp (£im0) exp [i (kyX — ot)],

and

_iopoH, ddn(kep)
(Ee)mn - kc2 dp

exp (£im0) exp [i (kxX — wt)].

dIn(kep)

In this case the boundary condition (Eg),—, = 0 demands that =0 at

p
p = a, and k; should be determined as roots. Representative values of such kca
as given by J,’(K.a) = 0 are also listed in Table 16.1. It is notable that TEq,

and TM;, modes share their cut-off K; in common, hence they are degenerate,
dJ,(u)

since = Jj(u) for an arbitrary variable u. Also, the mode m = 0 (TE,, for

example) is centrally symmetrical, and m = 1 (TE,, in particular) is a polarized
mode across the circular section, as illustrated in Figure 16.6. Such a TE;; mode
in a circular waveguide can be regarded as equivalent to a rectangular TE; if the
boundary is circularly deformed.

Example 3. TEM Mode in a Coaxial Cable.

In Section 16.2 we have discussed the TEM mode for a propagating wave through
auniform tubing of double conductors for which the transverse components should
be characterized by a scalar function that satisfies the Helmholtz equation. In this
example, such a scalar function is determined for a coaxial cable sketched in
Figure 16.7.

In general, the field vectors E and H can be represented by vector potential A
and vector potential V, obeying inhomogeneous wave equations as related, respec-
tively, to the source j and p, under the Lorentz condition (12.6d). In the present
case, characterized by no source of radiation, both potentials can be obtained from
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FIGURE 16.6. Transmission
lines with two conductors. (a)
A coaxial cable. (b) Parallel
cylinders.

(12.6d)

In a TEM mode the E and H vectors are both transversal and in the yz-plane,
while signified by a longitudinal phase kX — wt. Accordingly, we may write
V = Vyexpli(kyX — wt)] and Ay = Ajexpli (kyX — wt)], leaving Ay and A, as
functions of y and z. Then (12.6d) can be expressed as

oAy A,

, v, .
T S (A~ S explitkox — 0] =0

vV,
The third term vanishes when k, = % = k, provided that A, = FO’ and we obtain

0 A dA V, .
8—yy~|— 822 =0 and AX=?°exp[l(kX—mt)].
Therefore, from the basic relation B = curl A,
dA 10V, dA 10V,
By = — X=———2 and B, =— X =z °,
0z Cc 0z ay c ay

hence the scalar function V,/,C can be considered responsible for the transverse
vector H;. Further, as Ay and A; are time-independent, we can write E; = —grad;V,
in the yz-plane. Thus, for a TEM mode, the scalar potential V = V,expli (kx —wt)]

FIGURE 16.7. TE;; and TEj; modes
in a cylindrical waveguide.
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is essential for propagation at w = ck, although the transversal fields are different
from the free plane waves.
To determine the transversal field, we need to solve the Helmholtz equation

AV, =0.
For a coaxial cylindrical cable, it is expressed as
19 aV, 1 92V,
E%(p p >+F T
Practically, the most important mode has a circular symmetry, being independent
of 0. In this case we only deal with the equation

d ( dV0>
—1p :0’
dp dp

whose solution is expressed as

Vo(p) =CiInp + o,

where C; and C; are constants of integration. Because of the two separate conductors
(radii a < b), the potential is signified by the potential difference AV = V,(b) —
V,(a) as ¢; = AV/In(b/a), and

ke, expli(kx — ot)]
W€ o P ,

E = —

p =

E¢ =0

and

¢ exp [i (kx — ot)]

Ko P .
A coaxial cable is useful for applications in a wide range of frequencies, as there is
no cut-off in the TEM mode. However, because of double conductors, the attenua-

tion due to conductive loss of energy is relatively heavier than it is for waveguides
of a single conductor.

Ho =0, Hy=
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Waves and Boundary Problems

15.1. Skin Depths

Although a static conductor is characterized by E = 0, the electric field E can
penetrate into a conducting medium if it is varying as a function of time. In a
conductor, charge carriers are mobilized by an applied electric field so that currents
flow through a conductor under time-dependent conditions. Distributed currents,
called eddy currents, flow at high densities in the close vicinity of surfaces to certain
depth, called the spin-depth. In free space, electromagnetic waves are reflected by
dielectric boundaries as well as conducting surfaces where surface currents play a
significant role.

A magnetic field can also penetrate into a conductor. In a uniform wire of
conductivity o of circular cross-section of radius R, the magnetic field origi-
nates from a current through the wire. For a magnetic field outside a current, we
have considered a thin wire with the Ampere law, but the magnetic field also
exists inside the wire corresponding to the distributed current. Such a conduc-
tion current is related to an applied field E as described by the Ohm relation
j = oE, and it is also related to the magnetic field H by the Maxwell equations,
that is

JoH

. oE
curlH = | +8ﬁ and cuwrlE = —p o0

, (15.1)
where constants € and w of the conductor can be assumed as close to € and g in
vacuum space.

Consider a sinusoidal current I = [ exp(i wt) along the z-axis of a long cylin-
drical conductor. Using cylindrical coordinates (r, 0, z), the circular component of
the magnetic field Hy inside and outside the conductor is, by symmetry, a function
of radius r, varying at the frequency w; and the total current density is contributed
by conduction and displacement currents and hence given by o E; 4+ iwe E;, where
E. is related to Hy. Under normal circumstances however, the second term is neg-
ligibly small as compared with the first. A metallic conductivity o is typically of
the order of 103! /m, which is much greater than we even at a frequency w in

214
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MHz. In this case, combining two equations in (15.1), we write
curlj = —iwopeH, ()
and
curl(curl j) = o2, where o® = —00 . (ii)

Considering that the H vector is dominated by Hy, the corresponding current
density is signified only by j.(r), where r is the radial coordinate, as determined
by (i), i.e.,

1 d .
Hy = Ed_r(rk)’ (ii1)
and from (ii) we have
d[1ld 5.
4 [;a (”]z):| =QJz.

This equation can be expressed as

dzjz 1dj, ) 1
il ——)j=o,
dr? + r dr + (a rz)]z

which is a Bessel’s equation, whose solution can be written as

J: (r) = joJi(ar). (iv)
Using (iv) in (iii), we have

1 (jZ n %) _Jo (Jl(ocr) . dJi(ar)

Hyo=— (£ _
o r dr o2 r dr

== ) = LJar). )
where the last expression was obtained by a recurrence formula for Bessel func-

tions. This expression of Hy in (v) must be consistent with the Ampere law at
al

r = R, and hence j, = —————. Therefore, from (iv) and (v) the current
27 RJ,(aR)
density and magnetic field inside the wire are expressed by
I J I J
J(r) = o Alor) and Hy = —— olar) forr < R,
27 R Jo(aR) 27 R Jo(aR)
respectively.

From (ii), the constant « is a complex parameter, and written as

[t A 2
= ., where =
“T 73

(vi)

WO o

For r >> & the current density j.(r, t) can be expressed asymptotically as

1) 1 r—R . t+’rr+R—r
., =——exp| — |ex —
S D=0 ke TP\ s )P\ T T T )|




216 15. Waves and Boundary Problems

and the magnetic field is

Ho — 1 r—R . t+R—r
=5 exp 5 exp|i|w 5 .

In this approximation, the parameter 8(0 < & < R) signifies the effective depth
to which the current density must penetrate into the conductor, which is, however,
limited to a thin area close to the surface of radius R. It is noted that at » = 0,
Jj. =0, but H, # 0, as given by the Bessel functions J;(ar) and J,(ar), taking
zero and non-zero values at r = 0, respectively.

15.2. Plane Electromagnetic Waves in a Conducting Medium

In this section, we consider a plane electromagnetic wave propagating through a
uniform medium characterized by a conductivity o. Mobile electrons dominate
conducting properties, although the wave’s dielectric and magnetic properties de-
termined, respectively, by € and . depend on the host medium not including its
electrons, which are insignificant in most conductors. In normal conductors the
Maxwell equations are written as

oE aH
cul H =cE +So¥ and curl E = —pdoﬁ.
In this case, it is convenient to use the vector potential A instead of E and H,
namely

A 1
E=—— and H=—curl A
ot Yo
and we obtain the equation
5 3*A dA
v A—eo}koﬁ —MOO'W =0. (152)

For a plane wave, writing A(r, 1) = Asexp[i(K.r — of)] in (15.2), we obtain the
relation

—K 4+ w’eopo + iope 0 = 0.

Hence, the wave vector K is a complex variable, that is, k = k&’ + ik”, where the
real and imaginary parts k' and k” are expressed by the relations

k? — k" = w’eopo and  2k'k" = o pow.
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Solving these equations for k" and k", we obtain

2 1
800
K=o pL{1+ 1+<U)} and
2 WEe,

2 by
SOO
K = “{ 1+(“> —1} .
2 WE,

For a normal conductor, the condition o > w€, an be applied at a typical frequency
w, so that these k" and k” can be approximately given by

’ 7 Eolo O W0 o
K~k ~ = . 15.3
w\/ 2 €, \/ 2 ( )
In this case, the vector potential can be written as
A(r, 1) = Ajexp(—K”.ryexpli(K'.r — o1)], (15.4)

indicating that the amplitude decreases as propagating along the direction of k. We
can define a characteristic distance for the amplitude decay by

1 2
8 = — = N
k" WO o

which is identical to the skin depth defined in Section 15.1.

Writingk = (K’ + ik”)u = k’(1 + i)u, where the unit vector U signifies a linearly
polarized wave, the field vectors can be calculated for the vector potential of (15.3),
that is,

1A k(141 ]
H(r, = A I +’)uxA(nt)wi,/ﬁexp{%[uxA(nt)]}
o

o Mo °
- i\/%(u x Ag)exp (—K"r) exp i (K1 - or + ;)]

and
Er,t) =ioAr.t) =iwA,exp(—K’.rexpli(K.r — ot)].

. . g |E| WE,
It is noted that these amplitudes are related as | — — =
Ro [HI Y
|E| < |H|in normal conductors. In fact, by considering ¢ = 0o, an idealized con-
ductor may be characterized by E = 0, as in a static case, even at high frequencies.
In this context we can set up boundary conditions for the electromagnetic field to
satisfy E = 0 on conducting surfaces, which is consistent to assuming the skin

depth 9 as zero.

« 1, and hence
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15.3. Boundary Conditions for Propagating Waves

The plane wave is a useful model for electromagnetic radiation propagating away
from the source. In practice, a plane wave propagates through media of conducting
and non-conducting materials for which the media boundaries play a significant
role in transmitting energies to carry information by the wave. In the presence of
boundaries waves can no longer be “free” to propagate, as in isolated space, and
the field should necessarily be modified, as expressed by a linear combination of
appropriate waves to satisfy boundary conditions.

Because of a high conductivity o, a normal conductor surface can be character-
ized by a thin layer of the skin depth 8, where eddy currents flow to keep the field
from penetrating deeper, whereas the boundary between two uniform dielectric
materials 1 and 2 is characterized by different dielectric constants €; and €;. Such
boundaries can be expressed by a mathematical surface, but physically signified
by surface currents and charges, although on dielectric boundaries no boundary
charges are normally considered.

The basic equation curl H = j should determine the surface condition for the
H field that arises from a surface current. Figure 5.1 shows a flat conducting
surface, where we consider a rectangular path for integration perpendicular to the
current j. Here, the lengths of 1-2 and 3-4 are denoted as /, and those of 2-3 and
4-1 are 23, where the surface current is assumed to flow through the bottom half
of this rectangular path. Denoting the rectangular area by A, the current can be
expressed as j(I8) = K/, where K = j& describes the surface density. For the
equation curl H = j, the left side can be calculated as (curl H). A = (n x H)/
because the H vector is all zero, except for the path 1-2 above the conductor. Hence,
as the boundary condition we obtain the relation

nxH=K. (15.4a)

Accordingly, the tangential component of H is discontinuous across the surface.
Applying curl E = 0 to a similar path, we can obtain another condition

nNxE=0 (15.4b)

for the E vector. This formula (15.4b) indicates that the tangential component of
E should be equal to zero at any outside point of conducting surface.

FIGURE 15.1. A boundary
condition for  tangential
components of H vectors
on a conducting surface.
nx(H; —H,)=K, where
K = j3 is the surface current
density, n the normal vector,
H conducting boundary and d the skin depth.




Reflection from a Conducting Boundary 219

Next, we consider a pill-box shaped short cylindrical volume across a conducting
boundary in parallel with its flat top and bottom, similar to Figure 3.5, where the
basic equations div B = 0 and div D = p are analyzed in integral form using the
Gauss theorem. Assuming that the side area is negligible as compared with the top
and bottom, we obtain that the normal component of B is continuous, and hence

(H1 = (Hp)a, (15.4¢)

where we considered that p.; = p;. Inside a conducting medium 2, (H,), is equal
to zero, except in the skin depth, and hence, H should be tangential to the surface.
In contrast, because of distributed charge p, the E vector cannot be continuous,
as we already discussed for the static case; namely from (D,); = o, we have
(B = 0-/ €.
Summarizing these conditions, for propagating waves the conducting surface
demands the boundary conditions that

Etangential =0, Enoma = 0'/80; Htangential =K and H;oma =0. (155)

Itis clear that such conditions cannot be met by a single propagating wave specified
by the wavevector k for which a superposition with another wave at different k' is
required, resulting in a reflected wave from the surface.

On a dielectric boundary, in contrast, two different dielectric constants €, and
€, are explicit, for which we can write conditions

€1(En)1 =€2(Ey)2, and (Hp) = (Hy)o, (15.6a)

assuming that p; = . On the other hand, as long as the absence of boundary
current and charge signifies the dielectric properties, tangential components E;
and H, should be continuous. Namely,

(Eor =(E)2 and  (Hyy = (Hoe. (15.6b)

Therefore, the boundary conditions are involved only in discontinuous E,, as
expressed by (15.6a), and the H vector has nothing to do with a dielectric boundary.
However, the continuity of E; in (15.6b) cannot be disregarded, because at a
dielectric boundary the E vector is modified as specified by discontinuous E,
together with continuous E;.

15.4. Reflection from a Conducting Boundary

Although expressible by optical analogy, the reflection and refraction of waves
need to be interpreted in terms of electromagnetic propagation at boundaries. For
a free wave we deal with the field vectors E and H in orthogonal relation with the
wave vector K as given by (13.4) and (13.5). In optics, on the other hand, these
vector relations represent polarization of light to indicate a direction of the electric
field. For a plane electromagnetic wave such a polarization arises from the source
current, and the natural optical light is normally “unpolarized,” originating from
atomic or molecular transitions in r and om phases.
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FIGURE 15.2. Plane free waves incident on
a conducting surface. The y, z-plane is the
incident plane S on which the wave vector &;,
E,,and H, lie, and the other components E,
and H, are perpendicular to S.

conducting surface

Figure 15.2 shows a plane wave incident upon a conducting surface, on which
we set the x,y-coordinate plane, with the z-axis in the normal direction. It is always
possible to consider that the wave vector K lies on a plane perpendicular to the x,y-
plane, and hence we can consider the vector K on the y,z-plane for convenience,
which is called the incident plane S. The E and H vectors associated with the
incident wave can be in arbitrary directions with respect to S, and hence their
components (E, E,) and (H,, H,) are considered for the boundary condition,
where E,, H, are perpendicularto S, and £ , H, are in the plane of S, as illustrated
in the figure.

The plane wave is signified by parallel lines along K, with the corresponding
phases & = K.r — wt + 27rm, where m can be 0 or tintegers, indicating solutions
of the wave equation are identical at all phases ¢y, that are separated by Ar =
2mm/k along and between these lines. As illustrated by Figure 15.3, we consider

¥
conducting

| wce

~E
\

FIGURE 15.3. Incident and reflected plane waves

\L on a conducting surface. (k;, H;) and (k;, H,) are

in the incident plane S, whereas E; and E, are
perpendicular to S.
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an incident plane wave (E;, Hy, k;) and a reflected wave (E,, H, k;), which can be
linearly combined at the same phase to satisfy the boundary conditions (15.5) on
the conducting surface. Using notation of Figure 15.2, if we take E;, = —E,,, the
corresponding H;, and H,, can both be in the incident plane, making the vector
sum H;; + H,; = K, as specified by the boundary condition (15.5). In this case,
the wavevector k; of the reflected wave is on the incident plane as symmetrical to
k; with respect to the z-axis that is normal to the conducting surface. Angles 6;,
0; that vectors k;, k, make with the normal to the conducting surface n are called
the angle of incidence and angle of reflection, respectively, for which we should
consider that

0 = 0, (15.7)

to satisfy the boundary conditions. Equation (15.7) represents the law of reflection.

The oscillating surface current density K is responsible for the reflected wave. If
the incident H; wave is polarized along the x-axis, H, mustbe chosenas H; + H; =
0, implying that K = 0, hence generating no reflection. Accordingly, to obtain
reflection, the incident wave should have a component along the x-axis. In this
context, if E; is arbitrarily polarized, only its x component is responsible for
reflection. Consequently, a natural light reflected from a conducting surface is
linearly polarized.

In the above treatment the incident and reflected waves are mixed in phase and
connected with the penetrated wave at the conducting boundary. As we discussed
in Section 15.2, the conductivity ¢ makes the penetration limited to the skin
depth &. During penetration, the electromagnetic energy is converted to heat in the
conducting layer.

15.5. Dielectric Boundaries

Dielectric boundaries are signified by different dielectric constants characterized
by no surface charges and currents under normal circumstances. In this case,
the general boundary conditions (15.6a) and (15.6b) can be rephrased by con-
tinuity of Egngential and Dporma. Magnetic properties are insignificant for most
dielectrics, which are specified by the same magnetic permeability w, as in a
vacuum.

More important, at normal boundaries of isotropic dielectric media there is no
particular mechanism for rotating the polarization vector. Therefore, the vector E,
and hence D, does not change direction at boundaries; reflected and refracted waves
both propagate with no change in polarization in the plane of incidence. As is clear
from the illustration in Figure 15.2, where (E,, H,) and (E_, H ) sin 6 represent
tangential and normal components of (E, H), respectively. Therefore, as indicated
by such boundary conditions, the wave vectors K;, k;, and k;, for incident, reflected,
and penetrated waves are all in the incident plane, as shown in Figure 15.4, where
0; and 6, are angles of reflection and refraction (or penetration). Thus, we have a
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FIGURE 15.4. The Snell law of reflec-
tion and refraction.

relation

sin 6; _ ki _ ki €]

sin 6 _kp_k_z_ 5

For optical light, a dielectric material is specified by the refractive index that is
defined by n = /€/¢,, and the equation

sin 61 n

- = (15.8)
sin 6, np
is called the Snell law in geometrical optics, indicating that 8; > 6, if n| > n, or
€1 > &).
n
If, on the other hand, n; < n,, from the Snell law we have sin 6, = 22 sin 0,

nj
where the angle of refraction cannot be obtained unless |sin 6| < 1. Therefore,
in this case if the incident angle 0, is larger than a specific angle 6 determined

by 2 sin O < 1, there is no refraction, as shown in Figure 15.5. Such an angle
nj

defined by 05 = sin~! n is known as the Brewster angle, and the wave is totally

n

reflected if an incidence zmgle exceeds 0. At optical frequencies waves propagate
normally as a collimated beam carrying a well-defined energy; these waves are
split into reflected and refracted beams at the boundary. If 8; > 0g, in particular,
all the beam energy is carried away in the medium 1 by fotal reflection. In laser
optics light can be transmitted through an insulating cable of dielectric material
where € > €, with virtually no loss of energy due to the total reflection condition
on the dielectric wall. Such a cable, known as fiberoptic, is widely used for optical
communication in modern technology.
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FIGURE 15.5. Total reflection
and the Brewster angle 0g.

dielectric
boundary

15.6. The Fresnel Formula

In Section 15.4 we considered the phase of a wave variable for boundary conditions
in order to determine directions for propagation. In this section we derive the
relations among amplitudes of incident, reflected waves, and refracted waves at a
dielectric boundary, which are known collectively as the Fresnel formula in optics.

Figure 15.6 shows the field vectors of waves in the vicinity of a dielectric
boundary, where the incident wave is polarized in such a way that the E vector
is perpendicular to the plane of incidence S. In this case, if we take the z-axis
parallel to the normal to the conducting surface, the x-axis is in parallel to the
E vector. A wave for such a specific polarization shall be called the “mode 1,” to
distinguish it from another mode, “mode I1,” discussed shortly. Since the boundary
conditions for these E and H vectors are determined by continuity of the tangential

dielectric

bound:ary

L

FIGURE 15.6. Directions of (k, E, H) for incident, reflective, and refractive plane waves at
a dielectric boundary.
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components, we can write
E; — E, = E, along the x direction @)
and
H;cos 0; — H,cos 0, = H,cos0, along the z direction. (i)

These plane electromagnetic waves are characterized separately by

E; WLo E; WHo E, WHo
— = , — = and —|— = —,
H; ki H, ke H, kp
and the H fields in (ii) can be expressed as
ki (E; — E;) = kpEp,. (iii)

Using the law of reflection, i.e., 8; = 6; in (i), (ii), and (iii), we obtain

E. nycos O — ny cos 6, E, 2n1 cos 6;
— ) = and — | = (15.9a)
E;); nicos® +njycosb, E; /i njcosb; +njycos b,

for mode I, where n; and n, given by /€;/€, and /€, /€, are refractive indexes

o
of the media 1 and 2. Further applying the Snell law, i.e., o s.m -
no sin 6,

, these
expressions can be written as
E sin (6, — 6, E 2 sin 6, sin 6;

(E:>1 = e o) Eez n ei; and (ﬁ)l = e o) (Gpp—i— ei) . (15.9b)

For mode II we consider that the boundary conditions can be specified as
H; — H, = H, along the x-axis
and
E;cos 6; — E;cos 0, = E,cos 0, inthe y,z-plane.

After a similar manipulation to mode I, we can derive the following relations for
mode 11, that is,

E, 1 cos 0; — ny cos 6, d E, 2n1 cos 6;
— ] = an — ] = ,
E Jy nacos® +njcosh, E )y n2cosb; +nycos

(15.10a)

which are very similar to (15.9a), but noted that | and n, are exchanged in (15.9a).
Using the Snell law, the equation (15.10a) is led to a form different from (15.9b).
Namely,

<E) = _M and <ﬂ) __sin (6; + 6,) — sin (6; — 6,)
Ei/u tan (6; + 0p) n sin (6 +6,)sin (6 — 6,)
(15.10b)

i

Equations (15.9) and (15.10) are known as the Fresnel formula in optics.
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It is interesting to note that in mode II the amplitude of reflection E; vanishes,
if 0; + 6, — /2, and hence such a specific incident angle 6; = 1 — 0, is called
the polarizing angle 0p. When 6; = 0,, from the Snell law we can write

tanf, = (15.11)
ny
where the polarizing angle is determined by the ratio of refractive indexes, but not

R
exactly the same as the Brewster angle 8 = sin™! [ —
n

2
For the perpendicular incidence,we have 6; = 6, = 0,, and the Fresnel formula
can be written specifically as

E. ny —np E, 2n
= =+ and | — = , (15.12)
Ei)in  mitm Ei/in mtn

indicating that if n; < n, the reflected wave is out of phase with respect to the
incident phase.




Part 4

Coherent Waves and Radiation Quanta

Generated by oscillatory charges, the electromagnetic wave propagates at the speed
of light, as described by the Maxwell theory. Transmitting energy in the distance, it
is utilized for telecommunication in a wide range of frequencies, for which intense
amplitudes are required. Prompted by pressing demands since WWII, significant
advances have been achieved in manipulating microwaves and coherent optical
radiation, resulting in today’s advanced technologies and spectroscopic studies on
modern materials. Among recent advances, coherent radiation has opened up a
large area of applications beyond the traditional scope of classical electromag-
netism.

InPart4, we duscuss guides waves and resonant cavities as indispensable devices
in modern electronics. At optical frequencies, we particularly encounter the limit of
classical theory, regarding the coherence problem. It is important for us to realized
that there is a significant limit for the classical Maxwell theory.

241
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Waveguide Transmission

17.1. Orthogonality Relations of Waveguide Modes

In the previous chapter, we discussed TE and TM modes of electromagnetic prop-
agations in a rectangular waveguide, and a TEM mode in a coaxial cable. In a
waveguide, axial components of E or H vectors behave like scalar variables of
the phase of propagation, and in a coaxial cable the uniaxial vector potential A
plays such a role as a scalar variable. Thus, transversal fields depend on the type
of waveguide; on the other hand, the axial component plays essential role for
propagation.

Summarizing the previous results, TE and TM modes in a rectangular waveguide
are expressed as

ik ikZ, .
(At + kf) Hy =0, H{ = k—;gradtHx, and E; = —v[l x grad,Hy] for TE
C C
and
) i Ky ik
(At + kc) Ex =0, E; = —-grad,Ex, and H; = [i x grad,Ex] for TM,
k2 Z,k?

where

2 mm\ 2 N\ 2 .

ki = (—) + (—) ,  mand n are 0 or integers.
a b

Although specified by two indexes (m, n), each waveguide mode is characterized

by K that is a single parameter related to m and n. Therefore, in the following we

distinguish different modes by the single index k. when discussing orthogonality

relations.

We show that any two modes, indexed by different « and 3 are mutually orthog-
onal. Such waveguide modes can be represented by an effective scalar function,
and therefore we consider a function ¢, grad, ¢, composed of two scalars ¢ and
@, and its divergence, i.e.,

divi(@grad, ;) = (grad, @) - (grad, @2) — @1 At @s.

243
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Calculating the flux of two-dimensional vector ¢ grad, ¢, with the Gauss theorem,
we have
¢

2ds= /{(gradtwl) - (grad, @2) — @1 A@2}dv,

/diV(@lgradlcpz)dv =/cpl on
S

v

where dv = dSdX represents the volume element taken along the waveguide, and
dS is the differential element on the cross-section S. Therefore, from the last
equation we have

¢
55(918_;(13 = /{(gradt@l)(gradt@z) — @1Ap2}dS.
s

C
0
Taking the boundary conditions ¢;, = 0 and (891,2 = 0 into account, the line
integral on the left side vanishes, and we obtain
/ (erad,@1) - (erad,2)dS = f 012 dS )
S s

We consider @) = Hy; and @, = Hyo, distinguishing them by kg; and Ke,
respectively, thereby expressing the relation (i) as

kc21 kc22 2
——== [ Hy.HpdS= —k, | HyiHxdS.
kx1kx2 5 A

It is clear that this relation is correct regardless of values of these Kk, Ky, provided
that the orthogonality relations

/Htl.thdSIO and /HlexzdSZO (17121)
S S

hold for different modes 1 and 2. Such a relation can also be derived for E vectors
because E; = Z,H with a constant phase factor, and hence we can write

f Ei.EpdS=0 (17.1b)
S
for different modes 1 and 2. Also, from the relation ky i(Et; x Hp) = ZoHy - He,
we can show that vectors i, Ej, and Hy, are mutually orthogonal. These relations

(17.1ab) constitute orthogonality relations for TE mode.
For TM mode we can derive similar relations to (17.1ab), namely,

/ExlExzdS=0, /Etl.EtzdS=O and /Htl.ngdS=0. (17.2)
S S s
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Further, we can show orthogonality relations hold also between TE and TM modes.
For instance,

Zokkyo . .
Eq(TE).Ea(TM) = — - 5 kzxz [(i x grad,Hy,).grad, Exo]

cl N2

Z.kk .
= 2222 v {Expcurl (i Hy))},

and hence

/ Ey(TE).En(TM)dS =
S

ZoKkyo 0 .
m % a_n{Etz(Curld Hy)}.ds = 0,
C

because E; = 0 on the conducting wall. By a similar procedure, we can also show
that H; (TE) and H{;(TM) are orthogonal.

Although purely mathematical, these orthogonal relations provide necessary
conditions for all waveguide modes to be linearly independent.

17.2. Impedances

So far we have discussed idealized waveguides, assuming infinite length. However,
a practical waveguide is connected to an oscillator at one end, and to another object
atthe other far end. Inside of a waveguide, itis practical consider, effectively, waves,
propagating back and forth along the guide, which can be observed as a standing
wave. We realize that such a description is useful if we can accurately define the
phase of propagation for dealing with flowing energy. For such a description it is
significant that such a periodic repetition be determined within the timescale of
observation 7. In other words, such a scale T must be sufficiently long compared
with the period of repetition.

Under normal circumstances, such waves are conveniently expressed by com-
plex functions with the normalization conditions

k2 k

Ew.EX|dS=1, Hiw Hf|dS= —%-, and | i.(Ey x H? dS:—X,
S/m o S/| s S/I(tx WdS= (o
(17.3)

where the * indicates complex conjugate. For practical application, the TE;y mode
is employed as the principal mode, although the above argument can be applied
to any other mode.

A guided wave consists of longitudinal and transversal components of field
vectors with respect to the X-axis. It is convenient to express it as the superposition
of forward and backward waves, both being characterized by longitudinal and
transversal components, (Ex, Hx) and (E;, H,), respectively. Therefore, for the
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principal mode, we write
E = Ei {Aexp[i(kyX — wt)] + Bexp [i (—kyX — wt)]}
+iEx {Aexp[i(kyX — ot)] — Bexp [i (—kyX — ot)]}
and
H = H¢ {Aexp[i(kyX — ot)] — Bexp [i (—kyX — ot)]}
+iHx {Aexp [i (kyX — wt)] + Bexp [i (—kxX — wt)]}, (17.4)

where the phase —kyX — wt signifies the backward wave, but the coefficient B is
left undetermined, unless the terminal object is specified. Generally, the field is
more complex than (17.4), but at a distant point from the terminals, the backward
(or reflected) wave is expressed approximately by the same principal mode with a
phase shift and a smaller amplitude B than A of the forward wave.

It is noted that the mode vectors E; can usually be detected by a probe inserted
perpendicular to the guide, whereas the axial component Ey is not directly measur-
able in practice. By this reasoning, we only need to deal with E; in the waveguide.
As discussed in Chapter 16, E; and the corresponding H; of the principal mode
are linearly related by (16.8), so that we can define the ratio Z, = |E;|/|H,| as the
effective wave impedance. From (16.8), we can write

k
Z, = —Z7, (17.5)

which is specifically called the guide impedance.
Writing (17.4) at specific phases ¢ = kyX — ot = 27t x (0 or integer), from
(17.4) we obtain

(A+B)’=E.E’ and (A- B)’=E.H},

and hence
A—B

£ A+B’

Figure 17.1 shows two partitions installed in a waveguide, where section 2
can be regarded as a working space. These partitions should have openings of
some kind, as illustrated in Figures 17.2 and 17.3, acting as couplings between
separated sections. Although mathematically not so easy to represent, field-lines
near a coupling can be inferred using physical intuition from the principal mode
shown in Figure 16.4. For example, Figure 17.2 shows a coupling via mag-
netic field-lines of a rectangular waveguide in TE;y mode. On the other hand,
Figure 17.3 shows that by extending the center conductor at the end of a coaxial

FIGURE 17.1. A uniform wave-
x  guide with two partitions at X =
0 L Oandx = L.
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FIGURE 17.2. (a) An iris coupling in gen-
eral view. (b) H-field connected at an iris
coupling.

cable, an oscillating electric dipole is formed, thereby modifying field-lines at the
coupling.

In these examples, at least approximately, the dominant H vector or dominant
E vector at the partition is responsible for the coupling magnitude in these fig-
ures, respectively. However, depending generally on its geometric structure, such
a coupling is determined by both E and H at the position. Nevertheless, the re-
flected wave from such a coupling can be characterized effectively by a positive
or negative phase shift. In principle, such a coupling should be subjected to the
boundary conditions on the conductive area Sand open area S of the partition. Giv-
ing the field vectors as we did in the principal mode, the coupling can be calculated
as a perturbation, resulting in a phase shift ¢ of backward wave. Consequently,

(a)

L I

k -

magnetic loop
coupling

electric dipole

coupling\

FIGURE 17.3. (a) A magnetic loop cou- L
pling between a coaxial cable and a rect-
angular guide. (b) Anelectric dipole cou-

pling between a coaxial cable and a rect-
angular guide.

A\l
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expressing the reflected wave with a phase shift ¢ with amplitude B, the guided
wave can logically be written as

Aexp [i (kxX — ot)] + Bexp[i(—keX — ot + @)]
= Aexp[i(kyX — ot)] {1 + %exp [ (—2KkyX + (P)]} .
Writing
B .
R= L expli(~2kex+ ). (17.6)

the field vectors at a given (X, t) in the waveguide are expressed by

E = EtA(1 + Ryexp[i (kyx — ot)] + IExA(1 — R)exp [i (kyX — wt)]
H =H{A( — Ryexp[i(ksX — ot)] + iHyA(1 + R)exp [i (kyX — ot)].

As already mentioned, a probe is utilized for measuring transversal fields along
the vectors E; or H, so that we can set aside the longitudinal components Ex and
Hy in the following calculation.

Such a terminated waveguide is said to be “loaded” by an obstacle and repre-
sented by the impedance Zy at a point X defined by the ratio

_IEJ0+R _ 1+R
T Hd(I-R) T*I-R’
At the position of an obstacle X = 0, we write (17.7) as Z;, which is called the
load impedance, or the coupling impedance, in this case. Also we define R, =
/—'i exp (i@) at X = 0, and express (17.7) as
ZL=Zg1+F\>0 and Rozﬁ.
1-R, 2L+ Z,
In the above, we have assumed that the waveguide is made of perfectly conduct-
ing materials, however, the energy loss in the waveguide during transmission is
inevitable. Although such a loss of electromagnetic energy on the conducting walls
is not a simple mathematical problem, we only deal with the rate for diminishing
amplitude per length. In this case, the propagation vector K can be expressed as a
complex parameter, i.e., K = K’ 4+ ik”, where the imaginary part k” describes the
decay along the guide. We can also describe the propagation by a phase yX — i ot
and Ry = (B/A)exp(—2yX) to emphasize decaying propagation by y =ik, in
which case we can write the following relation between Zy and Z; :

Zy 17.7)

(17.8)

Z
. L tanh yX
Zy  Zpcoshyx — Z,sinhyx Z, (17.9)
o —— = Z ’ '
Z,  Zgcoshyx — Zp sinhyx 1 — =L tanhyx

g

z
L The

.. . . . g
derivation of (17.9) is straightforward, but left to readers as an exercise. As an ex-
treme case, we see that Z, = Z; if Z; = £Z,, indicating that Z, = +Z, represent

. . . z
which is a bilinear transformation between complex variables Z—X and
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independent waves of an equal amplitude propagating in the £X directions. On
the other hand, if |Z; | # Z, we have A # B, giving rise to a finite standing wave.

17.3. Power Transmission Through a Waveguide

In the expression (17.4) of the field vectors, by amplitude factors A and B we can
describe forward and backward waves in the waveguide, respectively represent-
ing incident waves to and reflected waves from the coupling iris. However, in a
waveguide the word “reflection” should indicate a group of plane waves carrying
an electromagnetic energy, as interpreted by the Poynting theorem.

As ameasurable quantity in the waveguide, a flow of energy should be expressed
as an average over the phase in repetition, since the timescale of usual observation
is much longer than 27t/w of radiation. Also, the mode vectors E; and H; may not
be exactly in phase, for which it is logical to consider the Poynting vector E(t) x
H*(t’) that is averaged over distributed phase w(t —t’) = d¢. Therefore, for the
energy transport in a waveguide, we write the Poynting theorem as

du i
_E_ fas| = [i.(ExH)d
at / 2nf'(x)¢
S 0

= A%exp (—2K;x) |1 — Rx|2/i.(El x H¥)dS, (17.10)
S
where Sis the cross-sectional area, and the brackets () signify the time average
over repeated periods.

For a TE mode of a rectangular waveguide, the integrand in (17.10) can be
expressed as

Wt kg
2k, k*

i-(Ecx HY) =((ixE)-H{)= |H| gradel,

zkx

and hence

= / He2dS,
On the other hand, the electromagnetic energy is calculated from the Poynting

theorem
fi.(Et X Hf)dS:cfudS,

S s
where U is the energy density
U= leolEd® + i [Hif* + 1u‘,|Hx|2
272

ek"Z:
=3 k4°|l X grad[HX|2
C

Uo x
2 k4

|grad, Hy|* + °|Hx|2.
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2

Here, using the relation grad;Hy = Ik € Hy, we can write U = %E |HX|2
hence we have the relation
) k2 k
P=—2uS=c—U,
ky k2 k

where the quantity c(kx/K) = v, is generally known as the group velocity. We
note that the group velocity can also be derived from the relation k? = k? + k2 in
Figure 16.2, where

do _ K (17.11)
Vg = — =C—. .
£ dke Tk
: 1
As stated in (17.3), for TE mode we have the relation [i.(E, x Hf)dS= = and
s g
hence the total power flow in the waveguide can be calculated as
A2

PS= — exp(—2K/X){(1 — |R») + (R« — R}, (17.12)

Zy

where the first term in the brackets represents powers flowing forward and back-
ward in the ratio 1 : |R¢|?. On the other hand, the second term is pure imaginary,
hence representing no real power flow, unless Z, has an imaginary part. Ignoring
the latter as a mathematical conjecture, we consider the attenuating flow of power

as proportional to 1 — |Ry|%.

17.4. Multiple Reflections in a Waveguide

‘We consider now two partitions that are typically iris couplings, between which is
a “working space.” Such partitions divide the waveguide into three parts, marked
1, 2, and 3 in Figure 17.1. An oscillator is connected to the left end of section 1,
section 3 has an opening at the left, and the right end is at infinity. In the center
of section 2, the principal waves are reflected back and forth between the two
couplings, whereas there are incident and reflected waves in section 1.

Each sections are characterized by wave impedances Z;, Z,, and Z3 and the
partitions are located at X = 0 and X = L. If the second opening is considered
as the load impedance in the third guide, it should be Z3, assuming no reflection
in this section. Therefore, at a position X inside section 2, i.e., 0 < X < L, the
impedance of (17.9) in section 2 can be expressed

— tanh (Y,4X)

2 ; tanh (Y, X)
2

=
Zx 7

giving Z, = Zsiftanh (yyL) = Oat the second boundary. At the first boundary
X =0, Zy—o = Z3, which is assumed to be the same as Z;.
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At a arbitrary position 0 < X < L the impedance is given by the above Zy, to
which we can add that

Z, 1+R

Z,  1-R
should be applied. The reflection coefficient R in section 1 can be obtained by
eliminating Zy from the last two equations and setting X = L. That is,

Z3
I+R 2, 7,

1-R Z

tanh (v, L)

1— ) tanh (v, L)
Z,

If the second partition is a perfect surface without an iris, Z3 in this expression
can be set equal to zero, and we obtain

1+ R Z,
In this case, the second a box-shaped section shows a resonant property if L is

adjustable.
Figure 17.4 shows a rectangular cavity where the distance L is adjustable by
the attached moving plunger. If the waveguide is free from loss of electromagnetic

waveglide cavity Z __l [
ling T L .
coupling 2 I
plunger
n=2 1.5 1
L /
T L= kg

0.5

FIGURE 17.4. A tuneable rect-
angular cavity, and the tuning 1
character L = nAq. g



252 17. Waveguide Transmission

energy, the constant v,y is pure imaginary, i.e., Y,, = iKx, and tanh (ikxL) =
i tan(kcL). Then, from (17.13), if tan(kxL) = 0, we obtain R = 0, signifying

T
that there is no reflection if kyL = 7 x integer. Using the relation ky = —, this

g
condition for resonance can be rephrased as

Ao .
L= > X integer. (17.14)

At resonance, electromagnetic fields in such an idealized cavity reflect back and
forth between two walls, resulting in stationary waves with large amplitude, as
specified by (17.14). However, a real cavity cannot be idealized as free from
energy loss. Nevertheless, a cavity can be represented approximately by a loaded
impedance Z; = —iZtan(ky L) behaving as a reactance for an arbitrary L.
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Electronic Excitation of
Cavity Oscillations

19.1. Electronic Admittance

A resonator is an essential device for sustained oscillations, such as a triode os-
cillator, in which the oscillating current is controlled by a resonant LC load. In
microwave oscillators a cavity resonator controls the electronic current to sustain
oscillation in the feedback mechanism. The electronic current density j can interact
with a cavity when passing through an area dominated by the E vector. Either from
electrons traveling to the cavity or in the opposite direction, the transferred energy
operates the device like an oscillator or an electron accelerator. Sharing a similar
principle, a betatron accelerator is operated at low frequencies for accelerating
electrons by an alternating dynamic E field that arises from a sinusoidal magnetic
flux.

In the equations (18.13) and (18.14) for amplitudes of the normal mode i, the
terms of dj; / dr and j; can act as the driving force for forced oscillation if j; at
the opening area S’ interacts with the fields of the cavity mode. Since electronic
currents are technically feasible at high intensity, such interactions can be utilized
for a variety of applications in modern technologies, such as high-power oscillators
and particle accelerators. We define the electronic admittance for such interactions,
as discussed in the following.

A coupling between the waveguide and cavity mode was previously expressed
by the electric field

E:ZEIQ :Z‘/}E[j and ijzvijE]’,
i i i
together with the corresponding H given by

H=> LZH,
j

at the iris. The input impedance can be defined with coefficients V; and I; as
4 vjj iy ,
ZinpuIZJZTj ZJZTJEJZI—lEl + 7',

268
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where
’r_ Vij .,
z'=3. 7 Ep
#
and hence
v E
I = 1L .
Zinput —Z

The integral for coupling on the area S’ in (18.13) and (18.14) can be written as

2
U]'El
nx H).eds = Iy + Y Ly =hog + Yy ———.
/( )-€1 111+' V1 111+' 7 7
K i#1 j#L e

whereas the integral for damping on S can be expressed as

/(n x E).hidS = E “;“" (1 +j)/ h2ds.
g
N

s
By an oscillating /; & exp(iwt), the cavity mode E; is forced to oscillate, for

which equation (18.13) has a steady solution

(_EOMO(’)2 + klz)El
2
. . Vi WKLo . 2
= €0l e E — _ _KE/ 1 h2ds’
[0oJi + Eol1v11 + & lZZinput_Z/ En 5 ( +l)/ 1
S/

or
o e <1+i>8/ ) 1 v
——— | hidS
|:l< >+ 2 ! * Zinput_Zl
S

w w EoW “
1 0]1#1

1. Luy

x E1 + | = )
oW oW

where 8 is the skin depth. As defined in Section 18.4, we write
; / hlds = — Iy z
2 ! Owall ' Zy A €, Zinput -7 Oext

Z Lib
- 5, — 81 T1by,
Zinput -7

1

S

and

and obtain the expression
Livy
Er= o o Ei)(”l g1 s
l <‘1>_/1 - ;> " Owan - Qext * €001 £
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where

, | by
o, =0 (1— — .
Qwall Qext

Here, in the expression of E|, the last term in the denominator can be interpreted
as an energy loss due to the current j; in the electric field E, which is therefore
expressed as
! LiiEf

i e (19.1)

O (38 EIE})
It is noted that this electronic Q| can be negative if the current j; and the field
E| are out of phase; but Q. is positive if they are in phase. Such a negative Q¢
corresponds to negative feedback in a triode oscillator at low frequencies, where
the grid current and anode voltage are out of phase in oscillating condition. On
the other hand, a positive Q¢ gives a condition for acceleration if the resonator is
used as an accelerator.

Although unspecified in the above, for efficient interactions electronic currents
should pass through a part of the cavity field where E; is predominant with a high
density of field-lines. Considering that such a part of E; is signified by a high
voltage difference AV across a narrow gap d, analogous to a static case, we can
write E; = AV/d, and

1 I d _ il _ 8e +ibe
Qa Agw AV CwoAV  Co

, (19.2a)

. . €A | . .
where A is the effective area for the current /;, C = 07 is a capacity by static

1
analogy, and A—lV = g. + ib. may be called the electronic admittance. Thus, for

a cavity interacted with a current, we have the formulae

1 1 81 8e
— = + + (19.2b)
Q Qwall Qext Qel
and
1 b b
e (1 - B ) (19.2¢)
Qwall 2 Qext 2 Qel

19.2. A Klystron Cavity

In a cavity of a klystron oscillator, E-lines are distributed in high density in a
particular region, shown in Figure 19.1. The cavity is basically a short cylindrical
coaxial cavity with both ends closed, and the central conductor is a hollow cylinder
with a narrow gap of parallel grids, as illustrated in Figure 19.1(a). The field-lines
of E are radial with regard to the x-axis in most parts of the coaxial space, except
for in the gap area, where they are almost parallel to the axis. The hollow central
cylinder is designed for electrons to pass inside through the grids, where they
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FIGURE 19.1. A klystron cavity. X
(a) A sectional view. (b) E-lines (a)
near the grids.

(b)

h

interact with the E-field. In fact, it is not so easy to find the mathematical solution
to the Maxwell equations in such a cavity; however, the important feature of the
gap is intuitively clear.

We can consider that the cavity is in a continuous coaxial structure, in which a gap
in the center conductor can be considered as a perturbation. Slater discussed such
a perturbation, one that modifies the conducting boundary of the cavity, resulting
in a shift of the resonance frequency. Consider that the conducting boundary S is
displaced inward to S* by making a small dent on S, as illustrated in Figure 19.2. In
this case, in a small volume v* between S and S*, the field vectors E and H should
become zero by displacing S to $*, hence creating a discontinuity of the tangential
component of H on S*. Consequently, the equations of the normal oscillation are
forced by an additional perturbation — f o (N x H).e;dS*. Assuming H ~ H, hi,
this perturbation can be written as

—H, (n x hl).eldS* =—H, (e x hl)dS”‘,
Ny S*

FIGURE 19.2. A boundary perturbation for
Slater’s theorem.
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whereas
/(el x hy).dS=0.
N

Applying Gauss’s theorem to the volume v*, we can write

H, {/ (e x hl).d(S+ S’)} = H1/ div(e; x hy)dv*,
S+5 v*
where
div(e; x hy) = hy.curle; — ej.curlh; = k; (h% — e%) .

Therefore, resulting from such a perturbation the steady solution of (18.14) can be
shifted as given by

e’ K = 4 [ () a
v*

or

o’ =m%{1+/ (h%-e%)dv*}, where ) = b (19.3)
As shown in Figure 19.1, between the two grids, the field is predominantly electric,
so that at least qualitatively, o < w1, giving a resonant frequency lower than the
normal mode in the unperturbed cavity. In contrast, we can obtain w > w; if we
are considering a similar magnetic perturbation.
Such a frequency shift due to a capacitive perturbation can also be estimated by
the following calculation. Using cylindrical coordinates r, 6, x, the unperturbed
coaxial mode at the lowest normal mode can be expressed by

E 2
E.(r,x,t)= =2 in (ﬂ — (ut>
r A

and

representing a standing wave along the x direction. This is in fact the TEM mode
of propagation, and k = 2m/\, for which we can define the voltage and current
functions as

b
b 2
Vix,t)= —/ Edr = —E, ln; sin (% — u)t)

. & E, 2mx
I(x,t) = Q Herdd = —i 2mr) |——cos| — — wt
Mo 7 A
€ 2
—2mwi |2 E,cos (ﬂ — wt) .
V o A

and
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Assuming that the grids of gap d are located exactly at the center as in the figure,
we can calculate the potential difference as

AV(i)=V <Mt> -V (ut>
2 2

b h
~ —2E,In - sin <“— - u)t) . ifd < h.
a N

On the other hand, the current is

s h
I(1h,t) = —2wi | —E,cos | — — wt
Mo A

under the same condition. Therefore

1
;:—V(zh’t)zi' &lnétan(ﬂ—h—mt>,
ioC  I(ih,t) wiVe a A

g,ma’

from which we can define a capacity C = , and write the relation

N 2w2h b
— =/ In—,
a d a

justifying that N > a, if d < h. Therefore, the wavelength \ for the resonance can
be increased significantly by reducing the gap d, making the cavity substantially
small. Such a small cavity can be easily installed in a vacuum tube of convenient
size.

Further, we can verify that such a cavity has an important feature, required for
an efficient interaction with electrons. In an unperturbed coaxial cavity the field
energy distributed over the whole volume can be calculated as

b

A
2mrd 2 E2 (2m\? b
/ E%dv = ng = /sin2 iy =" (-") R n =,
cavity r J A 6 N a

a

while the energy in the capacitive volume in the perturbed cavity can be estimated
as

AV (1r)° 2m\> K b
/ E*dv = M = 1T(12E§ (—Tr> —In-—.
aap C N d a

The ratio between them can then given by

2 h 2
/ Ezdv// E%’dv = T (—) ,
gap cavity 3 A

which is large, if A > h.
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(a)
cavity 1 cavity 2

cathode | I I I electron collector

(b) cavity

reflector
cathode ] I

L

Y R

FIGURE 19.3. (a) Two-cavity klystron. (b) Reflex klystron.

19.3. Velocity Modulation

We consider a continuous flow of electrons in one dimension from the cathode,
which is described by the continuity equation of charge and current. Such a cur-
rent as caused by a static voltage is primarily a steady current, as characterized
by a constant charge density, i.e., dp / at = 0, at any point in the path of elec-
trons moving at a constant density, i.e., divj = 0 at any time. If this condition
is violated, p and j should be changed with respect to the continuity law, i.e.,
divj + ap / dt = 0, where j = pv. In a one-dimensional flow with v = constant,
we have a solution p = p(x — vt), expressing that all electrons are moving at the
same constant speed v.

Figure 19.3 shows a practical arrangement for such a current in a vacuum tube.
Electrons emitted by the cathode are accelerated by the potential V, between the
cathode and cavity, as shown in Figure 19.3(b). Denoting the mass and charge of
an electron by m and e, respectively, we have the energy relation, i.e., 1m vg =eV,,
which is valid before electrons enter the cavity. Needless to say, V,, must be negative
to accelerate electrons to a speed v,. Between the two grids there is a potential
difference AV cos(wt), where the speed changes from v, to v; according to the
relation

1mvl — 1mv2 = —eAV cos o1,
hence we can write that

1 mv} = e[V, + AV cos(w1)],
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or

V] = Vg [1 — AV cos(wlt):| for AV K V. (19.4)
2V,

Thus, electrons are further accelerated or decelerated, depending on the sign of
the potential AV cos(w;#). Owing to the periodic potential, accelerated electrons
catch up with those that are slowed down after passing through the cavity, and
consequently the electron density is periodically modulated. Electrons are thus
said to be velocity modulated, resulting in so-called electron bunching. Generally,
such a modulated current is rich in harmonic frequencies of w, hence it is utilized
for generating intense coherent radiation at w; or other applications.

It is noted that after it is modulated at ¢, in the cavity (called a buncher), the
bunched density arrives at a position x at a later time ¢ = ¢, + x /v;, which can be
written as

=10+ a . (19.5)

AV
Vo, /1 +

[}

cos w1k,

Therefore, the modulated beam current can be expressed as

dN dN dr, dt,
Ix,t)=e—=¢e—— = [,—, 19.6
1) =e dr edto dr °dr (196)

dN
where I, = 65. Here, dz,/dt can be obtained from (19.6), i.e.,

o

dr, _ 1
dt 1+ asinet
1xw; AV

where the factor o = 3 is called the bunching parameter. For a small

vO o

. . X .
value of o we also obtain the relation w;(f — —) = wf, — o cos(w;,), which can
)

be used as the phase variable for the Fourier e())(pansion of the current 1(x, ¢).

Considering that the electron density at x = 0 is modulated by the potential AV
in a period of time 0 < ¢, < 27/w, we can express I (x, t) at an arbitrary point x
in the drift space by the Fourier series

I1=1+ Z {Ancosnwl (t — %) + B, Sinnm1<t — ﬁ)}

o Vo

where

27/
W]

— / I(x,t)dt =1,

I
27
0
27/ o)
(O]} X
A, = — / I(x, t)cosnu)l(t — —) dr,

Uo
0
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and

2m/w;
(OF] X
B, = — I(x,t)cosnw; <t - —) dr.
T Vo
0

We can rewrite these coefficients by using an angular variable w;# = ¢, that is,

1o

2m

A, = —/cosn(q;—acosq:)dcp

T
0

= (=1)"?21,J, (no) for n even, 0 for n odd,

and
2
L [ .
B, = — [ sinn (¢ —acos¢@)de
T
0

= (=1):" D21 J (na) for n odd, O for n even,

where J,(no) is the Bessel function in integral form.

The velocity modulated current I,ep 1S therefore expressed as a series of com-
ponent waves with amplitudes changing periodically as described by Bessel’s
functions:

Touneh = 1o + 21,J; (o) sin |:u)1 <t — i)i|

Vo
—21,J, 2a) cos |:2(u1 (t — vi>:| —21,J5 Ba) sin [3w1 (t — %)]
421,74 (4at) cos |:4w1 (; — i)} o (19.7)

Figure 16.5 shows curves of some Bessel’s functions, varying periodically as
characterized by the parameter o, each of which indicates a maximum at a specific
phase of propagation. Electrons and the cavity field can interact significantly if
they are in phase at the same frequency w;. Obviously, a bunch for n =1, i.e.,
the second term 21, J; sin [ml (t - i)] is the most important component among
Vo

others, interacting in phase with an oscillating field at w;. From Table 16.1, shown
in Appendix, the curve of Jj(o) is maximum at o,y = 1.841, where Jj(otmax) =
0.5819, giving a significantly large amplitude.

19.4. A Reflex Oscillator

Figures 19.3(a) and 19.3(b) show a schematic layout in two-cavity and reflex
klystrons, respectively, which are vacuum tube devices commonly used as mi-
crowave oscillators. The former is generally suitable for high-power generation,
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whereas the latter is designed as a low-power oscillator in other applications. As
shown in Figure 19.3(a), a second cavity is installed for interactions with bunched
currents from the first cavity, whereas in the reflex oscillator of Figure 19.3(b)
the bunched current is reflected back by an additional electrode, called the re-
flector, to interact with the cavity. For whichever operation—either oscillator or
accelerator—the transit time of the bunched current is essential, and it is adjustable
by a negative potential difference Vx applied between the two-cavity klystron in
(a), and between the cavity and reflector in (b). Here, we discuss a reflex klystron,
in which the reflector voltage Vy is essential for selecting mode of operation.

Letting d be the distance between the cavity and the reflector and ¢, the time for
a bunch to start from the cavity, the speed should change to

eVR
U=U0_W(t_t0)'

Considering that the speed is —v, when electrons are returning to the cavity, the
time ¢ can be expressed as

2md 2muvyd AV
t=to+ V=1, 1 -

CoOSwily | .
EVR EVR

o

In terms of the phase, the current phase is shifted from the starting phase w, ¢, as

t = t+6+16 4
il =w =
1 1to ) Vo

Cos w1,

muvod

2 L . .. .
where 6 = w; signifies a phase difference arising from the transit process,

€VR
1 AV
and in the last term 3 = 567 represents the bunching effect, similar to the

parameter . It is noted, howe\?er, that the parameter {3, as related to 6, is not
identical to a.

When returned from the reflector to x = 0, the phase of the reflected electron
bunch is considered as w;t — 8 = w;#, — Bcosw, #,. Therefore, by the Fourier ex-
pansion, the reflected current /.¢(¢) can be expressed as

Lei(t) = i + ) {A, cos [n (@i — 6)] + B, sin[n (017 — )]},

we have
21/

h=ly A= ot f Lt () cos [ (et — 0]
0

21
= ﬁ/cos[n(cp— Bcos @)l de

v
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and
27/ 2
(O] . Io .
B, =2t / vt (1) sin [ (ot — BY] dr = 22 f sinn (¢ — B cos o)1 de,
T ey
0 0

where the variable @ = w1, is considered a continuous variable in the range 0 <
¢ < 2. For bunching, we have already discussed that the last integrals in the
above are Bessel’s functions of the nth order, i.e.,

A, = (=1)"?21,J,(nB) for neven
and
B, = (=122, J,(nB) for n odd.
Therefore, the reflected current at x = 0 can be expressed as
Let(t) = 1, — 21, J,1(B) sin(wit — 0) 4+ 21, />(2B)cos2(wit — 0) +--- . (19.8)

Forareflex klystron, we are only interested in the component 21, J; (B)sin(w 7 —8)
against the voltage AV cos(w;?) across the grids. Due to the interaction energy
j -E, the negative sign is required for sustaining oscillation in the cavity, for which
the phase difference 6 plays an essential role. In fact, such an oscillatory condition
can be met at any angle of 8§ — (37/2) x m, where m is an integer, which can be
achieved by adjusting the reflector voltage Vg, since 6 is defined as it relates to
Vr. In a practical reflex klystron the oscillator power exhibits a series of peaks as
VR is varied.

Using complex forms for this particular component of I,.¢(¢) and grid voltage
AV, we can write the electronic admittance as

20 (Byexp {i (w17 — 0 + 37)}
- AV exp i (1)}

8 +ib.

’

where AV = ZBB—V“ by definition. Accordingly, we have

L [ (o 3T\ A®)
e boen (o 2)| 10

and these, the electronic conductance and susceptance, are related as

b
° =—tan<6—3—’n>.
8e 2

The power for exciting the cavity field can then be expressed as

3 2BV, 1
P, = —2I,J, (B) cos (6 - ;) X Be = —EgeVOZBJI(B)
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FIGURE 19.4. Bessel’s function 10- - ](B)
Ji(B). and J1(B)/B. BS1(B) vs. B. 1
0 1 1 L
101 1B/ B
0 1 1 N
ol BI(P)
0 | | 1
1 2 3 4
SeE e B

where

_ L _3m\ i (B)
e = Vﬂcos<9 2) B

0

which is directly related to the reflector voltage Vg, expressed as

where m is an integer. Figure 19.4 shows sketches of J1(3), J1(B)/B and BJ;1(B)
as functions of 3, which can be used for evaluating the oscillation spectrum and
intensities.
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Resonant Cavities

18.1. Slater’s Theory of Normal Modes

In Section 17.3, we discussed the property of a resonant cavity in a rectangu-
lar TE mode. Primarily, it is a matter of analytical convenience, but in principle
resonance can be found at a given frequency for a cavity of arbitrary shape. In
this chapter, following Slater, we discuss resonant properties of a cavity of gen-
eral shape, for which the Maxwell equations can provide oscillating modes with
intense amplitudes (J. C. Slater, Microwave Electronics, Van Nostrand, 1950.)

Electromagnetic waves from an oscillator are transmitted through the waveguide
to a cavity connected at the end. In this case the energy in the cavity exhibits a
resonance behavior at a particular frequency ;. Slater showed that the amplitudes
of field vectors E and H inside a cavity are oscillatory and described in terms of
the normal mode function at a frequency w;. The oscillator frequency w should
therefore be equal to w; of a normal mode, i.e., ® = w;, which is the condition
required for resonance at which the field vectors are expressed in terms of the
normal mode i.

We pay attention to the fact that any vector field consists of solenoidal and
irrotational components signified as free from divergence (div) and rotation (curl),
respectively. For such electromagnetic fields we should obtain two solenoidal
functions € and h; to express the solenoidal part of E and the fully solenoidal H,
while we need an irrotational function € for the irrotational part of E. To express
these E and H expanded with regard to these mode functions the orthogonality
relations should be established among mode functions €, h; and €.

Owing to the relations div & = 0 and div h; = 0, solenoidal vectors € and h;
can be expressed by curls of h; and &, respectively. We therefore assume that

kiee =curl h; and kh; = curl g, (18.1)

where k; is a constant. Then, using the vector identity relation, curl(curl) =
grad(div) —A, we can obtain the wave equations characterized by the same k;
for these solenoidal vectors € and h;, i.e.,

(A+K) (e, h) =0, (18.2)

253
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indicating that these € and h; can constitute a normal mode i specified by the
constant k;.

Further, using the relations in (17.1) we can show that € and h; can satisfy the
boundary conditions on the conducting walls Sand opening areas S of a cavity if
the field vectors E and H can be represented by these mode vectors. Denoting the
unit vector normal to inner surfaces by n, we obtain

nxe=0onS and nxh;=00n§S, (18.3a)

by applying Stokes’ theorem to (18.1). Also, applying Gauss’s theorem we can
show that the normal components are continuous, i.e.,

nhij=00onS and ne=0onS. (18.3b)

Using these boundary conditions, next we can obtain orthogonality relations of
these normal modes. For that purpose we use the identity relation

div(g; x curl &) — div(g x curl ) = curl &.curl g — g;.curl(curl )
— curl g.curl g + ;.curl(curl &),

where the left side can be simplified as (ka - k12> €. by (18.2). Applying the

Gauss theorem to the above expression in the cavity volume v, converting then to
the surface integral over S+ S, we obtain

/ n.(g x kihi — & x kih)d(S, S) = (K’ — kl?)/ei.ej dv Q)
S S v

The surface integrals on the left side can be written as

S S

where all terms vanish on surfaces S and S owing to the boundary conditions
(18.3a). Hence, the volume integral in (i) vanishes for k; # k;, that is,

/el.ejdsz for 1i#].

v

In addition, we consider that these € are normalized to 1, i.e., f efdv fori=j,

v
and hence the orthonormal condition for the vector €, is expressed as

/ei.ej dv =g, (18.4a)
where §; = 1 if i = j, otherwise O for all i # j, and is known as the Kronecker
delta.

The orthogonalty for the vector h; can be verified in a manner similar to €.
In fact, h; and € are related by (18.1), therefore if € is normalized, h; is also
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normalized. We therefore have

For the irrotational vector €, we can write
ki€ = grad {;, (18.5)

where Us; is a scalar. For such a vector € to be a mode function, {; should also be
a mode function. Therefore, we assume that |s; satisfies the wave equation

(A+K) i =0,
and consider the boundary conditions as given by
Y;=constand nx e =0.

Using these conditions, we can show the orthogonality relations

/ll’illljdv:o and /eﬁ.ejdu =0 for i#].
v v

These functions can usually be defined as normalized to 1, and the orthonormal
relations can be expressed as

/ll}illjjdv = /eie;dv = Sij. (18.6)
v v

This relation can be proved by an identity
div(Pigradisj) = P Alsj + gradis;.gradis;

with the equation (A + k12) J; = 0, however, the proof is left to the reader as an
exercise.

Finally, the orthogonality between an irrotational vector € and a solenoidal one
€; should be verified, i.e.,

/e{.eidv =0. (18.7)

To prove this, we use the identity
div(yie) = Pidiv € + grad §;.€; = ki€l.g;,

and we can immediately obtain (18.7) by using the Gauss theorem.

Signified by the presence of resonant frequencies, in the above theory a set of
normal functions is defined to meet the boundary conditions required for the fields
in a cavity. However, the completeness of normal modes is uncertain, if not duly
proved. Besides this, Slater pointed out that two vectors € or h; are not required
because of the relation (18.1), and that the characteristic values of solenoidal and
irrotational modes are not necessarily identical in his theory. Nevertheless, we may
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consider that these mode functions (g, h;, e{ and {s;) are sufficiently adequate to
express the electromagnetic field E;, H;, and associated quantities at resonance.

18.2. The Maxwell Equations in a Cavity

We consider electromagnetic fields in a cavity, where the field vectors E and H
and the source j and p are all expanded into series with respect to normal modes
& , h;, €, and {s;. We therefore write that

E = Eie + E/€), where E;= | E.edv and E = [ E.€dv;
> i€) 1 1

i
v v

H = ZHihi, where H; =/H.hidv;

v

j=Z(jia+ji’e§), where ji=/j.eldv and j{:/j.e{dv;

i
v v

p = Zpithi, where pi=fp¢idv. (18.8)

i
v

On the other hand, we expand curl E with respect to h; for mathematical conve-
nience, that is,

curl E = Z h; / (curl E).h;dv,

to which we apply the identity relation
div(E x curl €) = (curl E).(curl &) — E.(curlcurl &)
= kh;.(curl E) — kizE.ei,

and obtain

1
/(curl E).hidv = ki/ E.edv + A / div (E x curl ) dv.

1
v

= k,-/ E.edv + / n.(E x h)d(s, S).
v S S

The second surface integration on the right can be performed separately on Sand
Sas [ hi.(n x E)dS + [ E.(h; x n)dS; however the boundary condition (18.3a)
s g

on S makes the second integral zero. Therefore, curl E can be expanded as

curl E = Zhi [ki E; ~|—/(n x E).hidS]. (18.92)
i S
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Similarly, we can write

1

curl H = Zei[ki H; + / (n x H).e,-dS:|. (18.9b)
s

To expand div E, we use the formula
div(y; E) = Yidiv E + E.grad §; = {;div E + K E. €,

and derive

divE =Z¢i[—ki/ E.€dv + / (E.n);d (S, S)}
i v ss
— —Zkillji/ Ee{dv

In the normal mode i, the amplitude of the field component varies as a function

of time t. Accordingly, from the equation curlE + MOW = 0, we can write a

differential equation

dH;
po +KiEi = - / (n x E).hdS, (18.10)
S

oE . . . .
and for curlH — SOE = ] the solenoidal amplitude can be determined by the
equation

!/

E!
dtl +kiHi=ji—/(an).eidS’, (18.11)
g

—& 1

while for the irrotational amplitude we have

dEi _ (18.12)
at = Ji' .

—&,

Further, the equation div E = P can be converted to
€o

—kieo E] = pi,

. dp; . .
which is however identical to (18.12), if k! = d_Fi): We can show that this relation

is none other than the charge-current continuity. By (18.5),

kij{ = ki/ j.€dv =/j.grad Yidv =/{diV(¢iJ)—¢idiVj}dv,

v
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9

where the first integral on the right is equal to [ L’Jia—:]d (S, S ) = 0, because
Ss

y; = 0on Sand S. Hence,

. . ap dp;
ki [—— id dv = ]-—d = —,
)i /1!1 v]dv /lll = o

which is consistent with the continuity equation.

Equations (18.10) and (18.11) are written for amplitudes of the solenoidal fields
and distinct from the irrotational fields due to space charge-current. In the absence
of such a source in an empty cavity, the inside fields should be entirely solenoidal,
being described by (18.10) and (18.11). From these combined we can write the
following equations for the amplitudes E; and H;:

2 :
SO}LOddTEI +KE; = _Ho% - Modit f (n x H).edS —k; / (n x E).h;dS
g S
(18.13)
and

eH _ d
Eolho e + k1 H; = k; Ji— | (nx H)ng - Soa (n x E).h;dS.
S S

(18.14)
Noted that (18.13) (18.14) are equations of forced harmonic oscillators, indicating
the amplitudes E; and H; are forced to increase by the integral terms on the right
side. Due to the Ohm law, the terms of j; in these equations represent damping
of oscillations, whereas the integral term fs ...dS in (18.13) is essential for
the coupling. Nevertheless, ignoring these terms from (18.13) and (18.14), we can
obtain equations of free harmonic oscillation, in which the frequency is determined

ki
by the relation w; = = ck;.

VEolko

18.3. Free and Damped Oscillations

Assuming that a cavity is made of a perfect conductor, completely enclosed with no
opening, in (18.13) and (18.13), terms offs, ...dS canbe omitted,andn x E =0,
which is the boundary condition on S. Therefore, we obtain

2

dt?

indicates that E; and H; can be expressed as proportional to exp[i (w;t + ¢)]. How-

ever, (18.10) and (18.11) indicate that these functions E; and H; are not in phase,
and therefore in such an idealized cavity, we have

dH; dE;
MOEI'FkiEi:O and —Eod—tl—i-kiHi:O,

(Ei, H) + of (E;, H) = 0.
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hence

E.
S P iz 18.15
H e ( )

indicating that E; and H; have a phase difference E.

On the other hand, in practical cavities the damping is significant. On the con-
ducting walls energy loss is primarily due to a large conductivity, so that the last
Wko

20

currents on the conducting surface S, whereas the term of n x E in (18.13) acts as
a driving force for E;. Interpreting similarly, the tangential component N x H on
the opening area S is responsible for leaking field-lines from the cavity, whereas
it drives H; in (18.14). Although these terms are difficult to estimate for a given
case, we may simply consider them as damping parameters and driving terms.

In the absence of j; in the cavity the damping term can be expressed by

dH;
dt

term of (18.14) is not zerobut n x E = H (1 +1) is related with surface

’

d
—go— E).hidS=—
Sdt/(nx ) Y
S

where

()

M"(1+i)/h§ds
20’ S

Y =%

is a complex parameter. On the other hand, the H vector on S is responsible for
driving the oscillatory fields if it is the H vector in the input waveguide. In this
case we can write that

—/ (n x H).edS « F exp(iot),
g

where F represents the effective amplitude of a driving magnetic field at a fre-
quency w.
With these vy and F defined above, the equation of motion for H; can be written
as
d’H; n dH;
a2 "V at
which represents a forced harmonic oscillator, showing a large amplitude of H; in
a cavity at resonance, i.e., ® = w;. Using a response function defined as x;(w) =
H;/F, the resonant property can be expressed by the steady-state solution. That is,
1

—0? +iwy +w?’

+ oog H; = F exp(i wt),

Xi(w) = (18.16)

which may be called the susceptibility of the cavity. For a complex damping
parameter written as y (1 + i), (18.16) can be approximated as

1
(0= 3y +i(w—3y)y + of

Xi(w) = —
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FIGURE 18.1. A view of H-lines
near an iris coupling between two
waveguide sections.

1Y
circular iris

for a small value of vy, showing a maximum peak at w = w; + %y. The damping
constant y can, in fact, be evaluated from the susceptibility at resonance, i.e.,

() = ———7—.
Xile i (wi+37)7y

18.4. Input Impedance of a Cavity

A cavity coupled with a waveguide can be expressed by a load impedance Z;
when electromagnetic waves are transmitted from an oscillator. To maintain a
steady amplitude of the field in a cavity, the coupling plays an important role in
supplying energy continuously from the oscillator to offset the loss of energy in
the system.

Figure 18.1 shows a commonly used coupling of a circular hole at the center of
conducting wall of connection, which is determined by the integral [ (n x H).dS

g

in (18.14), whereas the energy leak rate is determined by its time derivative. Here,
as determined by the field H = H in the waveguide coupled with the cavity mode
€ in the open area S', the figure illustrates a magnetic coupling. Needless to say,
such a description is useful but only approximate. Such a coupling can also be
expressed in terms of a magnetic moment induced on the iris by H;.

We consider fields of the principal mode TE(; in a rectangular waveguide.
However, as perturbed by the iris in the vicinity of a coupling, the mode is modified
as given by a linear combination with other waveguide modes. We can therefore
write the general relation between the cavity and waveguide modes as

e =Y vEy. (18.17)
i

expressing that many transversal waveguide modes j may contribute to the effective
coupling with the cavity mode i. Nevertheless, these constants vjj can be considered
as very small for the magnetic coupling that is activated by the H, of the waveguide.
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In this case, we also write

H= Z 1;ZoHyj, (18.18)
J

where |j represents the amplitude of a TE; mode, for which the wave impedance
should be written as Z; = Z,(k/ky) if |; implies a current, but in this case the factor
k/Ky is included in the definition of | . For the coupling, N x H can be expressed
as

nx H= Z 1,Z, (n X Htj) = Z iEy,
j j

so that

/(n X H)eldS' = Z |jUij.
i

S

Then, the steady solution for E; can be obtained from the oscillator equation
(18.13), by considering |; o exp(i wt), that is,

i (@ o) "
E = S ———
Xj: 1€, \ W ()
if damping on Sis neglected.

Corresponding to the H vector in (18.18), the E vector in the waveguide is

written as
E= Y vEs
J

where V; is the amplitude of the j mode.
On the other hand, owing to the continuity of n x E on S, this waveguide field
€ should be equal to E = > E;& inside the cavity. Hence, using (18.17),
i

E= Z (; v Etj> =

Accordingly, we can write the relation

v2 N\
Vi=) 1z where Zj=— (3—ﬁ) . (18.192)

igow; \w;

The power flow to the cavity can then be expressed as
I [. 1 . 1
S/ .l s .]

By analogy, the transversal E; and H, can be regarded as voltage and current, and
Z;; represents impedances between waveguide and cavity modes.
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If the cavity mode i = 1is well isolated from the other, (18.19a) can be simplified
for the waveguide at j = 1, e.g., TE¢; as

2 —1
Vi =11Zy;, where Zj =: 2 (3 - ﬂ) + 27}, (18.19b)
1€ow; \ W1 ()

where Z{, represents small contributions from other terms than the principal mode
i = 1. Although small in magnitude, such a Z}, is significant for the cavity cou-
pling, and we can rewrite the above as

i o) o) vfl 1
(O] (O] - €M1 Z]l—Z;l.
Further, denoting the characteristic wave impedance of TE; mode by
Z (= kZ,/kx), we define the coupling of the cavity with TEy; mode as

1 vlzl
= , (18.20)
Qext,l 80(.0121
and write
Z, .
————=g+ib. (18.21)
VATR AT J

With these notations, we can express

i(w w1+ b )+ g _0
o o Qe Qext1

from which we obtain the relations

1

z b
o Qex1 ,  where o) =w (1 — —) . (18.22)
2Qext,l

Zi (g - &) L9
W w Qext,l

Here, the factor Q.1 defined by (18.20) signifies the ratio between energy
stored in the cavity vs. energy loss due to the opening area in this case per cycle
of oscillation. It is realized that the stored energy in a cavity is limited not only
by a finite conductivity on the wall, but also by leaking through the opening.
Hence, these mechanisms should be combined for the description of resonance
performance.

Now that the oscillatory cavity fields can be described by equations of forced os-
cillation (18.13) and (18.14), the cavity resonance can be discussed on the analogy
of LCR circuits. We can convert the damping constant y to a loss factor denoted
as Quay. We define

Qwall = 0.)/— = — Oor

stored energy 2w] 1 B f h2dS
iconductung loss Quar  2J "7
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where dg = ,/2 / j0 W, 1s the skin depth. Combining the damping effect with the
loss factor due to an iris (18.20), we can express the total Q-factor as

1 1 g

— = + , (18.23a)
Q Qwall Qext,l
and (18.21) can be revised as
1
A 1 b
o Qe’“;l ,  where o] =w, (1 - - —) :
Z1 . ( w ("‘)1) 1 Qwall 2Qexl,1
| — - — + =
o] Q
(18.23b)

In the above the coupling is represented by the reduced admittance g + i b, while
effects of non-resonant modes are packaged into the parameter Z,. Calculations
of these parameters are complicated and therefore left for empirical evaluation.
We consider that the equations (18.22a) and (18.22b) are sufficient for analyzing a
cavity as a circuit element. As indicated by (18.22b), the characteristic frequency
o] shifts from the idealized case, although close to w,, and the input admittance
g + ib is adjustable in a practical circuit. The impedance Z;; is called the input
impedance of a cavity when the transmission line is loaded in TEy; mode.

18.5. Example of a Resonant Cavity

By analogy with an acoustic resonator, we say that a cavity can be electromagneti-
cally tuned when the applied frequency w is adjusted to be equal to the characteristic
frequency w; of a cavity. Such electromagnetic resonators are not only significant
in high frequency circuits, but also inside fields are large in amplitude and hence
a useful device for applications where the intensity matters.

In practice the resonant condition w = w; can be achieved either by a mechanical
tuning of a cavity or by a scanning frequency of the oscillator. Here, we discuss
a cavity of rectangular TE(; mode again as an example of the impedance formula
(18.22). Figure 18.2 shows such a cavity that can be tuned by adjusting the distance
L. Inthe previous discussion, we showed that if there is no reflection, the impedance
of the cavity is given by

. 2wl
Zyy = —iZ;tan —, (18.24)
Ag

where Ay = 2L s related with A = ®_ a5 determined by
2mce 2mce

L_1
NN\

N Z
and Z; = g)\ 2 is the constant modified for TE(y; mode.
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X/ Zg FIGURE 18.2. (a) The tuning charac-

ter in terms of the cavity impedance

(a) R + iXin the vicinity of a resonance
wp. (b) The resonance monitored by

p SWR 0. 0 = op at resonance, and
o = ¢’ off resonance.

A
<
&Y

(b)

N L el

If the energy loss can be totally ignored the impedance Z;; is equal to that
described by (18.22), and hence we write

1
2wl _ Qext,l
tan = ;
Ag © _o
0 o
or
1
A Ao
L = _gtan_1 Qext,l/ + g ,
0 0 o 2
o] %)

where n is an integer. The frequency shift occurs as w| = w; = Aw by a small
Aw, and hence

o o 2Ao

w O (oY)

b

approximately. Corresponding to such small Aw, an angle 6 can be defined by the
relation
Wi

tan (%fn + 6) = :tizQex[ Ao’
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thereby writing

A 0
L= 7g (n + —> , where 0 =2Qu A (nw), (18.25)
m

and
dL _ n Qexl,l d(ln (.t)) _ n Qexl,l Vg

d, 2w d(mk,) 2 7w c
In Figure 17.4, shown are curves for L vs. A, sketched primarily as straight lines
L= %)\g x n, which, however, shift at resonances by increasing n by 1. Such
transitions are shown in the figure by smooth deviations by 460/, which are also
contributed by Q. in practical cases. For illustration, only two resonances are
marked, w; and w; in the figure.

18.6. Measurements of a Cavity Resonance

In usual practice an E; vector can be monitored by means of a small antenna

attached to a semi-conductor diode, which acts as a detector. A cavity resonance

can be detected by measuring the reflection, which is signified by the impedance.
The input to a cavity can generally be expressed by the impedance formula:

1
Z@) _ Qext.1 L2 (18.26)
= o o\ 1z '
O e
(O] (O] Q

where w;, Q, and Q.1 are the resonant frequency, the overall quality factor, and
the coupling of the cavity, respectively; Z, is the effective wave impedance of
the connecting waveguide. Here, the additional term of Z’ represents contribution
from all other modes other than the principal mode 1. At resonance w = w;, we
obtain from (18.26)

Z(w) Q n 4
Zg Qext, 1 Zg ’
Ignoring Z’, Z(w)/Z, can be larger or smaller than 1, depending on Q > Qey,1
or Q < Qex1- These cases are called overcoupled or undercoupled, respec-
tively, referring to the standing wave measurements, where VSWR = V,;0x/Vinin =
|Z(w1)|/Zg at resonance. Denoting VSWR as o, (18.27) can be expressed as
Q
Qext,l

where 0 = Z (w;)/Z, and ¢’ = Z' / Z, are VSWR on- and off resonance, respec-
tively. Writing further that

(18.27)

o= + o/,

w w oW —w
0= Qext,] <(,0_ - _l> ~ zQext,]—1 (18.28a)
1

w (O]
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R FIGURE 18.3. Resonant behaviors in
(@) the vicinity of ® = wp. (a) For R(3) and
(b) for X(3) where 8 = (w — wp)/wp.

for a small deviation from w;, (18.26) can be expressed as
Z () _ 1

. 1
Ze 10+

+0. (18.28b)

g —o’

Using the complex expression Z(w) = R(w) + iX(w), the behavior of Z(w) can
be studied in the complex plane, as shown in Figure 18.2(a), where the reduced
resistance and reactance, R(w)/Z; and X(w)/Z,, are considered as the real and
imaginary axes, respectively. The point P for ® = wp corresponds to maximum op,
as determined by R(wp) and X(wp) = 0, whereas the minimum is ¢’ at ® = +o00.
Figure 18.2(b) shows that the VSWR varies as a function of w between op and o'.

Ignoring Z', from (18.26) R(w) and X(w) can be expressed as a function of &
that is defined by (18.28a). Namely,

Qext,l
R®) = Q and X® = ® (18.29)
Zg Qext 1 )2 2 Zg ( Qexl 1 )2 2 . .
14+ ===) +3 1+ =2=) +3
( Q Q

The real part R(8) exhibits a curve in dumbbell shape in the vicinity of 8 = 0, as
shown in Figure 18.3(a). Although approximate, such a curve is typical for power
absorption by a cavity in this case, where the width between half peak points, i.e.,

Qext,
a+—a,=1+eT”

or the equivalent difference in frequencies,
2oze) 1 T 1 (18.30)
Wi - Qext, 1 Quan - Q’ .

can specify the sharpness of resonance.
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Cavity
Klystron Impedance Crystal
bridge 2 Detector
R 2 1 |
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G
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T

FIGURE 18.4. Waveguide circuit for impedance measurements.

In contrast, the imaginary part X(8) exhibits a curve as shown in Figure 18.3(b),
indicating a steep slope symmetrically on both sides of 8 = 0, which is referred to
as a dispersion curve of resonance. It is sufficient to measure either R(w) or X(w)
for detecting the cavity resonance, as these are related, nevertheless providing a
typical absorption or dispersion curve if observed with modulated frequencies.

The technical method for impedance measurements is beyond the scope of this
book, however it is worth looking at some details. Figure 18.4 shows a block
diagram for an impedance bridge, which can be adjusted for measuring R(w) or
X(w). The bridge consists of four waveguide arms, 1-2-3-4, where the oscillator
is connected to arm 1, and the detector is in arm 4. A cavity and a reference
impedance Z(w) and Z, are respectively on arms 2 and 3 for comparison, and the
reflected waves are mixed by adjusting phases so that either R or X can dominate
at the detector in arm 4. Here, the oscillator is frequency-modulated by a sawtooth
voltage so that the detected signal can be displayed on the CRO scope.



20

Dielectric and Magnetic Responses in
Resonant Electromagnetic Fields

20.1. Introduction

Regarding conducting properties, materials were traditionally classified into cat-
egories of “conductor” or “insulator.”” Today, many types of semi-conductors
as well as magnetic materials are used for a variety of applications. Mod-
ern materials can be discussed properly with respect to structure, but such a
discussion is beyond the scope of this book. Nevertheless, modern empirical
knowledge of electronic charge and spin, among other properties, must be taken
for granted in order to understand classical electromagnetic theory. In addi-
tion, the presence of electric and magnetic moments in constituent species is
empirical.

We consider that these moments are located in solid insulating materials, ignor-
ing their interactions. With this assumption, the moments can interact primarily
with applied electric or magnetic field. Macroscopically, such a response to an
applied field can be interpreted as arising from the macroscopic moment. Refer-
ring to as the linear response, it is meaningful only in the limit of weak applied
field. It is primarily an adiabatic process, but necessarily involved in a thermal
relaxation process. In practice, the response from an individual moment is too
weak to detect with conventional instruments. For example, the dipole moment
of a NH; molecule is of the order of 0.5 x 102° C-m, and therefore a group of
a sufficiently large number of identical moments is required for dealing with the
molecular dipole. On the other hand, in most condensed states such a response
can be measured through the use of standing electromagnetic waves of a sizable
intensity at a wavelength longer than the material size, where the field is regarded
as uniform over the sample. We therefore require an LC circuit resonator at low
frequencies or a cavity resonator at higher frequencies for response experiments,
where the field has sufficiently large amplitude to interact with a group of identical
moments. We can study the time-dependence of microscopic dipoles under such
circumstances.

280
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20.2. The Kramers—Kronig Formula

We consider a system of microscopic dipole moments embedded in a material that
is assumed as isotropic and non-conducting. For a response from the system of
dipoles to a standing wave of a time-dependent field, microscopic moments p(#)
are considered as flexible and rotatable at their locations, but not as migratory in
motion. Hence, the applied field X () can be assumed only as a function of time,
and expressed by a Fourier integral

+00

X(@) = 1 /Y(w)exp(iwz)dm,
21
where
+o00
Y(w):/X(t)exp(—iwt)dt

is the Fourier amplitude of X (). Considering that a moment p(#) is driven by such
a field X (¢), the response function ¥ (w) can be defined from the relation

+o00o
pt)= 2L f X (0) X (0) exp (iwt) do. (20.1a)
’n

—00

Assuming that X(#) = X,0(¢), where the delta function 8(¢) = 1 only if r = 0,
otherwise zero at all # # 0, we can interpret that the field X (0) = X,8 (0) = X,
is switched on at ¢ = O for infinitely short duration. Writing p(¢)/X, = a(t) for
simplicity, (20.1a) can be expressed as

+00
1
a(t) = o / X (w)exp (iot) dw, (20.1b)
oy
where a(?) is the Fourier transform of the response function x (w). Writing the func-

tion in a complex form, i.e., x (®) = x'(w) — ix”(w), (20.1b) can be re-expressed
as

+o00
at) = % / [X (@) cos(wr) + X" (w) sin(wr)] do
_' +00
+ / [X' (w)sin(wt) — x” (w) cos(w?)] do.
2

—00
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For a real a(¢) the integral of the second term should vanish, so that

+00 +00
f X' () sin(w?) do = / x” (w) cos(wt) dw,
and
1 i
a(t) = o / [X/ (w) cos(wt) + x” () sin(wl)]dw.
T

(20.1¢)

Further, since the field is turned on at = 0, we consider 8(¢) = 0 for all t < 0,

and hence a(¢) = 0 in (20.1c) at all negative ¢ < 0. Accordingly,

o0 (o]

1 1
—/x’(w) cos(wt)dw = ——/x” (w) sin(w?)dw for ¢ < 0.
e T

0 0
Therefore, for positive time ¢ > 0, (20.1c) can be expressed as
- 1
at)=— / x' (w)cos(wt)dw or = — / x" (w) sin(w?)dow.
™ o
0 0

In the complex form, the susceptibility for # > O can be written as

X (w) = /a(t)exp(—iwt) de,
0
and fort <0
X (w) =0.

Therefore, the real and imaginary parts are given by

] [e¢]

X () = /a(t)cos(wt)dt and " (w) = —/oc(t)sin(wt)dt.

0 0
Combining (20.2) and x”(w) in (20.3), we have

x" (w) = 1 / / X' (@') cos (w't) sin (o) do'dr.
w
00

Integrating over the time ¢, the result can be expressed as

o0 I / d !
X//(w)z_z_(’opfx ((.0) (1)‘
e

0?2 — »?
0

(20.2)

(20.3)

(20.4a)
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Similarly, using (20.2) in x’(w) in (20.3), we can obtain

2 ® ’ //( /)d /
X' (@) = —Pfi‘”x,z e (20.4b)
I - —w
0

where P in (20.4a) and (20.4b) indicates the principal value of these integrals that is
calculated with the Cauchy theorem in the theory of complex functions. Equations
(20.4a) and (20.4b) are together known as Kramers—Kronig formula, implying that
the real and imaginary parts are not independent, but related to each other. On the
other hand, these parts of x (w) are measurable by separate experiments, resulting
in the relation consistent with the Kramers—Kronig formula.

20.3. Dielectric Relaxation

An electric dipole moment p takes a stable direction in a stationary electric field
E since the potential U = —p - E becomes minimum when p || E. However, as
it is rotatable dynamically, it takes a certain time for the dipole to settle in the
equilibrium direction, for which time a friction can be considered responsible,
analogous to what is seen in macroscopic media. Also, taking a kinetic energy
of rotation, the dipole may fluctuate around the equilibrium direction. Due to
inevitable energy loss in this case, such a description as above is adequate for
these processes called thermal relaxation and fluctuation.
Denoting equilibrium values of p and U by p, and U,, the relaxation can be
determined by
d_p n p—p, dU U-U

=0 and — ° =0, 20.5
dr T an dr + T ( 2)

where the parameter T is called the relaxation time, and the solutions show an
exponential decay

p = p, exp <—£> and U = U,exp <—£) . (20.5b)
T T

The macroscopic polarization P in the presence of an external field E can generally
be expressed as

o0

P(t) =eo/a(t —1")E (t')dr,
0

where

a(t —1) =exp <—t;t/>

represents the response from the polarization per unit volume due to microscopic
correlations between ¢ and .
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Ifr — t' — oo, we may consider that directions of these dipole moments become
random, making no contribution to the polarization P(co). Writing however the
dielectric constant at such a condition as €(c0), the electric flux density can be
expressed as

oo

D) ZE(OO)E(I)—i—SO[a(t — ') E (') dr’.
0

In a sinusoidal field E(¢) = E, cos(wt), writing t — ¢’ = t”, we have

D (t) = E,cos(wt) { € (00) + &, / o (t”) cos(wt")dt”
0

o0
+ E, sin(wt) { &, / « (t”) sin(wt”)dt” § ,
0

which can be re-expressed as

D (1) = € (w) E, cos(ot) + £ (w) E, sin(wt),

where
o0
g (w) = £ (00) + & / o (1) cos(wt”)dt” (20.6a)
0
and
e (w) =&, / o (t”) sin(wt")dt”. (20.6b)

0

Here, the correlation function «(¢”) is the Fourier transform of the dielectric func-
tion £(w), 1.e.,

at’) = 2 / [€'(w") — € (00)] cos(@'t”)dw’ = 2 / e"(w') sin(w't")dw’.
T T
0 0

Equations (20.6a) and (20.6b) can be combined in a complex form by defining the
complex dielectric constant €(w) = €'(w) — ie”(w) i.e.,

o0

€(w) =¢€(00) + & / o (1") exp (—iwt”) dt”. (20.6¢)
0
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Putting the expressions of a(¢”) back into (20.5a) and (20.6b), we obtain the
Kramers—Kronig relations:

o0
, 2 [ ()
™ 0 —
0
and
o0
2 (€& (w)—¢e(x0
=2 e,
™ w? — o

0

indicating that the respective real and imaginary components €' (w) and €” (w) are
not independent.
In a static case signified by o = 0 from (20.6.a) and (20.6.b) we have

£/ (0) = £ (00) + € f a(t")dt” and € (0) = 0. (20.6d)
0

"

t
Using a(t”) = exp(——) in (20.6¢) and (20.6d), the integrated results are
T

g (w) —€(00) = —— and € (0) — € (00) = &,T,
l+imT
hence we can write the relation for the complex €(w)gnd €(0), i.e.,
e0) —¢
£ () — & (00) = LW =€) (20.7)
14+ioT

For the real and imaginary parts, we have
, €(0) — e (c0)
€ = € _

(@) (00) + 1+ w?r?

and
e () = [£(0) — & (00)] ——
w) = —€(00)] ———,
1+ w?r2
respectively. Eliminating ot from these expressions for €’ (w) and €”(w), we obtain
the formula

s(0)+s(oo)}2+€,,(w)2= {8(0)—8(00)}2

{8 (w) — > 5 (20.8)

indicating that the curve of €'(w) vs. €”’(w), if plotted as a function of fre-

€(0) — e (o0)
2

A(% {e (0) + € (c0)}, 0) on the real €’-axis, as shown in Figure 20.1. Such a di-

agram, called the Cole-Cole plot, is typical for a dielectric relaxation, which is

also referred to as relaxation of Debye’s type, a useful model for evaluating the

relaxation time .

quency w, is a semi-circle of radius r = centered at a point
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g’ FIGURE 20.1. Cole-Cole plot for a
complex dielectric function
e(w) = €'(w) + £’ (w).

8(00) S(O)

The dielectric response is not always of Debye’s type, for the kinetic energy of
dipoles can often exceed the frictional energy for relaxation. Typically, the motion
is oscillatory around the equilibrium position, as described by the equation of
motion

v Dk = ey explion)
m—- — +kx =eE,exp(in
ar TV o &XP
if in one-dimension, where m, v, k, and e are mass, damping constant, restoring
parameter, and charge, respectively. Writing this equation as

d’x n dx 4o eE, (o)

— — + w;x = — exp(iot),

ar T Va © m P
where y/m that would result in the second term is redefined as vy, and where
o, = +/k/m is the characteristic frequency, the response function can be obtained
from the stationary solution as

2 2 _
efm 0, — 0 —Iwy

a(w) - x .
02 — 0> +iwy (02 — wz)z T wy?

Using this a(w), the flux density can be expressed as

D(w, t) = e(0)E, exp(iot) + g,0(w) E, exp(iwt)

o
= 1€ (00) + ° ; E, cos(wt)

iwy E, sin(wt)

(02 = @)’ +02y?

Therefore the complex dielectric constant can be given in complex form &(w) =
€/(w) — ie”(w), where €'(w) and €”(w) are expressed by

2 2
W, —

£ (w) =& (00) + &, 5 (20.9a)
(02— o)’ + o2
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FIGURE 20.2. Resonators for L
. (@ ¢
magnetic resonance. (a) An LC \Z B
resonator for a nuclear magnetic —_— 1
resonance. (b) A cavity resonator for e
a paramagnetic resonance. sample
®
BO
cavity
(b)

and
wy
(02 —0?)" + w2y

£’ (w) =¢, (20.9b)

To measure €(w), a sample is placed in a capacitor that is a part of a resonant
LC, circuit, as shown in Figure 20.2(a). This is similar to a magnetic measure-
ment. Here, the empty capacitor C, can accommodate a sample, and the capacity
changesto C = (¢ — ie”)C,, assuming the space is fully occupied by the dielectric
material. The impedance of the circuit is given by

1
iwe"Cy’

1 1
Z =R+ioL+—=R+—+1i
(w) ol ionC + we"C, tio

1
JELC,'

Hence, at resonance with the sample, the resonance frequency shifts from the value

1
Vv LC,

and the resonance frequency is determined by ImZ(w) =0, i.e., w =

W, = . Namely,

Ao =0 — 0, = ( — 1) W (20.10a)

1
«/E/

The energy loss represented by the resistance R accompanies an additional term

so that the quality factor should shift by
e wC,

AQ Q,—0Q0 ¢
28 _LomC_E 20.10b
0 0 80Q ( )

Thus, €’ and €” can be determined by measuring the resonance shift and change
in Q-factor.

Atmicrowave frequencies, a sample should be placed in a volume at a location in
the resonant cavity where the field is sufficiently uniform over the sample volume.
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In this case, the volume ratio, i.e., sample/cavity, must be calibrated for the formula
(20.10a) and (20.10b) to provide reliable values of ¢ and €”.

20.4. Magnetic Resonance

Figure 20.2 illustrates resonators for magnetic studies, similar to what are used
for dielectric measurements. In such a resonator, a sample is placed at a location
where the magnetic flux density is high: inside a coil at low frequencies, as shown
in Figure 20.2(a), and at the location indicated in Figure 20.2(b) for microwave
measurements. At these locations the flux density is also assumed to be sufficiently
uniform over the sample volume.

Magnetic moments originate from unpaired electrons of ions in specific groups
of elements. The electronic motion in ions is much faster than the dipole moments,
as signified by a distinctive difference in their relaxation times. It is also known
that various atomic nuclei are characterized by their magnetic moments. Virtually
independent of the host material, the properties of these ions and nuclei can be
investigated under an adiabatic condition with applied magnetic fields.

Hence, a magnetic moment in non-magnetic media can be regarded as primarily
isolated from the rest of the material and can be set in precession when a static
magnetic field is applied. In the presence of a uniform magnetic field B,, there
is a forque . x B, exerted on such a magnetic moment p as described by the
equation of motion

dJ
— =u x B,,
dr W o
where J is the angular momentum of a carrier of w. Writing i = vy J, where vy is

called the gyromagnetic ratio, we have

d
d—*t’“ — v (u x By). (20.11a)

Using rectangular coordinates x, y, z with respect to the direction of B,, which is
taken as the z-axis as shown in Figure 20.3, equation (20.11) can be expressed as

dpx dp,y dp..
= By, —— = —yu,B d =0. 20.11b
a — YwB ” YPaBo and - —o ( )
From the last equation, ., can be a constant of motion, i.e.,
L, = const, (20.12a)

whereas for perpendicular components pyand ., combining the first and second
equations in (20.11b) in complex form gives

d (“‘x + i“‘.\')

dr ZYBO(P“y_iMx):_i'YBo(Pﬂx"FiMy)v
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FIGURE 20.3. Principle of magnetic resonance. B z

where the component ., + i, = W perpendicular to B, has a stationary solution
that can be expressed as

Mo iy = (e +ily),_ exp(—ioLn), oL =vB,. (20.12b)

As illustrated in Figure 20.3, the motion of . is a precession around the z-axis, as
described by (20.12a) and (20.12b). Such a motion is known as the Larmor pre-
cession, where wy , called the Larmor frequency, is characterized by v, depending
on B,.

For magnetic resonance we apply an additional oscillating magnetic field
B, exp(—iwt + ¢) in the xy-plane perpendicular to B,. If the condition

W= (20.13)

is met, w; and B; are synchronized in phase, and accordingly, the torque ., x B
is responsible for changing the direction of | in a rotating plane x’z, as shown in
the figure. In this case the angle ¢ is forced to become 0 by steady rotation of field
B,. It is therefore convenient to use the rotating coordinate system, x’, y’, and z,
that is, rotating with B; for ., xB; to drive the precession. At w = w,, the energy
of oscillating field is transferred to the magnetic moment in precession, which is
called the magnetic resonance.

It is noted that magnetic moments of atomic nuclei are about 1/10° of an elec-
tronic moment. Hence, the Larmor frequency of a proton is lower by that factor
than the electronic Larmor frequency in the same B,. Accordingly, the magnetic
resonance frequencies are in ranges of 1 ~ 100 MHz and 1,000 ~ 10,000 MHz,
respectively, for which resonators of an LC and microwave cavity are commonly
used. Typical resonators for nuclear and electronic magnetic resonance are as
illustrated in Figures 20.2(a) and (b).

In the above is given only the principle; the resonance condition (20.13) should
also be expressed for a macroscopic medium, as described next by the Bloch theory.
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20.5. The Bloch Theory

The Bloch theory primarily applies to nuclear resonance, but it describes condi-
tionally electronic magnetic resonance as well. Although written for an idealized
case where interactions are predominantly with external fields B, and B, the the-
ory covers the resonance phenomenon in general, providing the basic approach to
more complex cases.

We consider a system of magnetic nuclei p embedded in an isotropic non-
magnetic media, where nuclei are not mobile diffusively, but rotate independently
at their positions. The whole system is assumed to be in thermal equilibrium at a
given temperature 7 .

The system in a static field B, ||z is characterized by the macroscopic magneti-
zation M, = M,(t) due to nuclear magnetic moments . in precession around the
z-axis. In this case we can write that M, and M, = 0, implying that individual
phases ¢ of p are randomly distributed in the system. Therefore, in equilibrium
state the components M, are considered as related to the thermal average of .,
whereas M vanishes, as given by the random-phase average. Bloch introduced
two separate relaxation times, T; and T, for the time-dependent processes for M,
and M |, respectively, by writing

dM, M, - M, _

—_— 0 20.14
dt T1 ( 2)
and
dm M
L 2L oo (20.14b)
dt T

Here, M, represents the magnetization of the system of p in the field B,, whose
energy — M, B, should be thermally associated with Gibbs thermodynamic poten-
tial. In this context he called T; the spin-lattice relation time, indicating the rate
at which the magnetization energy reaches equilibrium with the rest of the sys-
tem. On the other hand, — M| B is related to the energy associated with the phase
distribution of . and is referred to as the spin-spin relaxation time. In fact, the
dipole-dipole interaction in the system is responsible for random phases, which
determines adiabatically the rate for individual phases of . to become in-phase
with B;. Figure 20.4 shows schematically how random phases can be forced to be
in-phase with the rotating field B;. Denoting such a dipolar field of random phases

FIGURE 20.4. Adiabatic applica-
tion of a linearly polarized field
Bl . ~
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by AB,itisclear that the applied B, should be greater than A B in order to unify dis-
tributed phases. Writing AB ~ 1/vyT,, the condition B; >> A B can be expressed
as

vB; > 1/, (20.15)

which is called the slow passage condition, signifying that an external field Bj is
applied adiabatically. In fact, (20.14b) is a valid assumption under the slow passage
condition. Such an adiabatic phasing as shown in Figure 20.4 is reversible, and
hence dephasing should take place when external B, is switched off.

Taking these relaxation mechanisms into account, Bloch wrote the equations of
motion in the presence of B, and B exp(+iwt) as

dM. . My . .
TS + iyBoMi + — = —iM_ B, exp (fiwt) (20.16a)
T2
and
dM M, — M 1
dtz S S 5i’y B [MJr exp (—iwt) + M_ exp(iu)t)] . (20.16b)
T

It is noted that (20.16a) and (20.16b), known as the Bloch equations, have
stationary solutions under a slow passage condition if one assumes that % =
and M| = M, o exp(£iwt). With respect to the rotating coordinate system, M,
and M4 can be related as

B/ M +iwt
Moy = YEMORGEOD o,
w+ oL F
Accordingly,
M. 1 _ 2.2
. _ ooy (20.17a)
MO 1 +((J.)—(J.)L) T, +'YzBlTlTZ
and
Mi _ (@ =07 £ilyBimexp(Eion (20.17b)

M, 1+ (w— o) 7 +vy2BiTim

Equation (20.17a) indicates that M, ~ M, at resonance, i.e., w = wy, provided
that y 3127172 & 1. In this case we have

My YBim
M, I+ (w—w)" 75
The complex magnetic response function x (w) can be defined from the relation
My =x (w)Biexp(fiwt) and M, = XoB,,
and we have
X+ (@)  yBom{(o—op)T +i}
Xo  l+(o—o0) 5 +y2Bimm
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1
Therefore, writing dw = —, the real and imaginary parts of x.(w) are expressed

™
as
X (@) _ (;L (0 —wg) i (20.18a)
Xo (0w — wy) +8(L)2+'YZBIT18(,0
and
" _ S
X_(©) _ (2‘” ©L) dw . (20.18b)
Xo (@ — 0r)* + dw? + y2B?7180
At resonance, ® = w;, from (20.18b) we obtain
XZ(w) oL (20.18¢)

Xo b’

representing maximum energy loss. Although x'(w;) = 0, the slope dx'/dw ~
oy, /(w — wy) is determined by a steep tangent at w = w;, exhibiting a character-
istic dispersion.

20.6. Magnetic Susceptibility Measured by
Resonance Experiments

As shown in Figures 20.2(a) and 20.2(b), a sample is placed in a coil or at a place
of a cavity where B; is maximum. When magnetic resonance occurs in the sample
the inductance L changes from the off-resonance inductance L, according to

L=Lo(1+x)=(1+x')Lo—ix"Lo,

where x = x’ — x”. If the resonator is not fully occupied by a sample, as in
a microwave cavity, the response should be reduced by the volume ratio, i.e.,
a = Viample / Veavity, called a filling factor. Assuming o = 1, for simplicity, the
impedance of the resonator can be written as

i

. 1 .
Z(u)):R+zu)L+—:(R—i—w)(”Lo)—l—zu)(l—l—X/)Lo——C
)

ionC
= (R + oxX"Lo) + iwoLo (1+X') (3 = ﬁ), (20.19)

W,

where w, = is the resonant frequency with a sample, but with the

1
VI +X)L,C

magnetic resonance off. Hence, near the magnetic resonance, i.e., ® = 0, = Ao,
ImZ(w) =2 (1 + X,) LoAw and ReZ(w) = R + wox" Lo, (20.20)

indicating that x" and x” can be obtained independently from the imaginary and
real parts of the resonator impedance Z(w).

It is a usual practice to vary the static field B,, rather than the frequency w.
As related by the resonance condition w = vy B,, the resonance can be observed
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FIGURE 20.5. A typical magnetic resonance spectrometer.

by either changing B, at a constant w, or varying o at a constant B,. However,
the former approach is technically easier than the latter, and commonly used in
practical experiments. Figure 20.5 shows a magnetic resonance spectrometer where
B, can be swept in the vicinity of the resonance field while the oscillator frequency
o is kept constant. Here, the impedance bridge can be adjusted for measuring
either real or imaginary parts of the cavity impedance by balancing with a complex
reference impedance Z..¢. For such an experiment with sweeping B,, A in (20.20)
can be replaced by AB, = Aw/v, and A {ReZ(B,)} & wox"(By)L, ~ d (é) ,

res
and

A{ImZ(B,)} ZX/(BO)ABO’

exhibiting curves of magnetic absorption and dispersion that are similar in shape
to those shown in Figure 18.3.
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Laser Oscillations, Phase Coherence,
and Photons

21.1. Optical Resonators

Phase-coherent radiation at high frequencies is a useful signal carrier for telecom-
munication and guidance. While wave propagation at high frequencies depends
on many factors; frequency range is usually selected for specific purposes. For ex-
ample, u.h.f. waves ( 10® ~ 10° Hz) and microwaves (10° ~ 10'! Hz) at moderate
power levels are indispensable for practical applications because of the high mod-
ulating capabilities and directivity; yet, energy dissipation in air space is a serious
problem at all frequencies. Optical waves could also be used in telecommunica-
tions, in principle, but their use for such purposes was not imaginable before 1958,
when Schawlow, Townes, and Prokorov demonstrated that radiation from excited
atoms and molecules could be incorporated with optical resonators. Originating
from quantum transitions, optical radiation is normally incoherent, hence, it is
not suitable for any purpose requiring coherent radiation. However, the successful
experiments by Schawlow et al. on simultaneous emission from excited atoms and
molecules opened an entirely new era of telecommunication.

As itrelates to quantum transitions, coherent optical radiation is a subject beyond
the scope of classical physics; but the concept is simple enough to accept by today’s
standards, unless deeper insight is sought in understanding its origin. Therefore,
we can be free to discuss quantum transitions for optical waves—even using a
semi-classical approach to this recent application.

The Maxwell theory is well established for classical electromagnetism; however,
as applied to higher frequency phenomena in the infrared and visible wave ranges,
we encounter a limitation that arises from radiation sources that is predominantly
quantum in nature. It is important to realize that classical theory has a limitation
due to microscopic interactions. Thus “laser” oscillators pose a technical problem
for incoherency, related to uncertainity in observing the phase of radiation, a sign
of quantum character of electromagnetic phenomena.

In this chapter we conclude our treatment of classical electromagnetism with a
brief discussion of optical oscillators. Like a microwave cavity, an optical resonator
could be fabricated to accommodate many wavelengths, in principle. For example,
in an optical cavity of size 1 cm? there should be as many as 10® normal modes

294
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FIGURE 21.1. (a) A Fabry—Perot interferometer as an optical cavity. (b) An optical cavity
with a radiation output.

for waves of A = 1 wm within a frequency width of Aw =~ 1 GHz. However, since
the mode spectrum is virtually continuous, such a cavity cannot be tuned at a
single frequency. On the other hand, for a light wave propagating strictly along
one direction x, a standing wave signified by the wavevector £k, = + 2m/\ can
be set up by placing two parallel mirrors in the xdirection of propagation, which
constitutes a specific normal mode with a large amplitude resulting from repeated
reflections between the mirrors. Such a device is basically the same as a Fabry—
Perot interferometer familiar in optics, and Schawlow and Townes used it as a
feedback resonator in their first successful optical oscillator.

Figure 21.1(a) shows a typical Fabry-Perot resonator, where M| and M, are par-
allel mirrors that are fabricated in precision for an adjustable distance L. Between
the mirrors a light-emitting gas in a glass container is installed, where atoms can
be excited by electric discharge (not shown in the figure). The mirror M, has a
semi-transparent window, through which radiation at resonance, i.e., L = n\/2,
emits with an intense amplitude.

Unlike a microwave cavity where the coupling window is approximately the
size of A, the optical wavelength is much shorter than the window size. Therefore,
we apply Huygens’principle to deal with light diffraction at the optical output,
leaving the detail to the theory of optics. Figure 21.1(b) describes the diffraction
at the window in the resonator sketched in Figure 21.1(a), showing the angle of
diffraction 0 is given by the order of magnitude

0 ~ A
7
where d is the diameter of the window, assuming it is circular in shape. Numerically,
ford~1cmand N ~1 p, such an angle is of the order of 6 ~ 10~* rad, which is not
quite negligible but sufficiently small for practical use. Hence, the output light is re-
garded as nearly coherent and in good directivity, ignoring such a diffraction effect.



296 21. Laser Oscillations, Phase Coherence, and Photons

21.2. Quantum Transitions

Light emitting atoms and molecules must be treated quantum mechanically, al-
though some related phenomena can be discussed within the classical theory. The
most serious difficulty in the classical theory is that the electron orbit cannot
remain stable, as energy is continuously lost by emitting radiation. In quantum
theory, on the other hand, stability is assured by discrete energy levels of station-
ary orbits, while transitions between levels are restricted by so-called “selection
rules.” Therefore, such microscopic systems can release their radiation energy if
they are in excited levels above the ground state; such natural radiation of a finite
life is referred to as spontaneous radiation. On the other hand, those in the ground
state can in no way lose energy, so remain stable.

If permitted by the selection rule, a transition occurs spontaneously between
atomic levels Ej and Ej, where E; > E;, emitting radiation at a frequency wj;
determined by

1
h
where i = h / 2m = 1.0 x 1073*J-sec is the Planck constant / divided by 2.

Spontaneous radiation can be interpreted classically as related to an oscillating
electric dipole moment

(E; — Ei). (21.1)

Wji =

I, ) I,
p(t) = — exp(iwjt), where p, = —,
1 Wjj LWji

representing an effective circular current in a loop antenna, as discussed in Section
13.3. We can calculate such radiation energy emitted during one complete circular
motion as

AE

_pkiam poteid (ﬁﬁ (21.2)

T 12me, 0ji T 6ELC3 c

which is called the spontaneous emission, and 1 = —— is the lifetime of the

excited state E;. Hence, the transition is not sharply observed, but broadened to
Aw ~ h/7.Itis noted that the probability for the transition (21.2) is proportional
to (w;;/ ¢)?, which is significant if wj; are optical frequencies or higher, whereas
at radio- and microwave frequencies, such spontaneous emission probability is
negligibly small.

In practice, those excited atoms cannot be quite independent in gaseous states,
but interact with each other, so that spontaneous transitions do not occur normally at
a sharp frequency, but are broadened at wj;. In addition to the natural broadening
Aw ~ h/7 due to lifetime of the excite state, a line broadening arises not only
from collisions with other atoms, known as the pressure broadening, but also from
relative motion with respect to a point of observation, called Doppler broadening.
Typically, the overall lifetime of light-emitting atoms is of the order of 107°s or
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longer, and the corresponding broadening 10° Hz, which is not quite negligible at
optical frequency w; =10'* ~ 10'° Hz, but sufficiently small.

In addition to spontaneous radiation, transitions between energy levels can be
induced by an electromagnetic field; these transitions are known as induced or
stimulated transitions. In the presence of an electromagnetic field, the Hamiltonian
of an orbiting electron in an H atom can be written as

(p+ eA)? &2 e 2 A2
= — = H, —p. A , 21.3
H 2m dtreyr ot m P-At 2m ( 2)
where
2 2
Ho= ¢ (21.3b)

om dmeyr

describes the unperturbed orbit. Here, the vector potential A represents standing
electromagnetic waves in an optical resonator and is expressed as

A(r, t, @) =2A,cos(K - r — wt + @),

where A, is the amplitude and ¢ the phase determined by the location of the
interaction.

The Hamiltonian #¥, is signified by characteristic energy levels E; determined
by the equation H,s; = Ejls;, where s; is called the eigenfunction that describes
motion of the electron in each state i. The last two terms in (21.3a) are perturba-
tions due to the field A, the last one giving rise to a diamagnetic induction effect,
which was already discussed in Chapter 8. On the other hand, the other term of
perturbation proportional to p. A is essential for induced transitions between levels
of H,, giving rise to the selection rule.

Although properly unexplained in the framework of classical physics, the tran-
sition process may be interpreted intuitively. By definition, the momentum of the
electron is given by p = mdr/dt where r is a radius of the orbit, and hence for the
closed orbit the time average of p is zero, i.e., (p) = 0, where the ( ) are used to
express the average. In quantum theory we consider that the perturbed state can
be expressed by a perturbed function § = {s; + aulsj, where o represents a small
correction factor due to the interaction with another state j. And, the perturbation
energy is expressed as

f Cu A = % f Bi(p. AN *dv
m m

because §; (r . A)fs; = s;(r . A)s; = 0, if we assume that orbits in states i and j are
both centrally symmetric. Therefore, the interaction term {s;(p . A)is;, if non-zero,
should play a significant role between the states Ej and Ej. Such a term, called the
off-diagonal element (i # j) of an operator p . A, is considered to be responsible
for transitions that are induced by the field A.
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With such a quantum concept, the transition probabilities can be calculated as
follows: For the fast moving electron we express the momentum p by the time
average (p), and write

d(r ae(r). A 9A
oy Azt A S A L 9
m dt ot ot
from which we obtain the non-vanishing elements
€ oA
Z<p>ij~A = —e(r);. S = M E,
where py; = —e(r); is the off-diagonal electric dipole element, which can be ex-
pressed as
1
Wi = Mo exp(iwjt) where oy = ﬁ(Ej —E).
Writing that

A, t', @) = Ay exp [i(k.r —wt' + q:a)] + A, exp [—i(k.r — ot + cp)] ,
we have
—wii(r, HE, 1, @) = —iopeAq exp [i(K.I + wf + @)] exp [i(wj — o)t — )]
—iopoAsexp [—i(K.r + of + @) exp|i(—w; — w)(t — 1))

Transitions i — j and j — i can take place at a time ¢ after the perturbing field is
switched on at #', whose probabilities for ¢ > ¢’ can be determined by a square of
the integral:

—(mig(r, DE(, 1, @),

2m
= —zw(p,oA exp [1(k r+ ot + cp) iy exp l(m1J —o)(t—t )]}d(t —1)

’

{exp[i(—wj — o)t —)]}d( — 1)

\I o\‘

—io(poAs exp[—i(K.r + of + cp)
0

= —21-ri<M0A0 exp [i(k.r i ‘P)])ij exp [z (i — m)t] -

mij—u)

_21Tl<p,0A0 exp [_l(kr + (.P)])]l exp [l(_(l)Jl — (l))l] —

—Wji — 0
It is noted that the above quantities indicate maxima at ® = w;j and @ = —wj;,

corresponding to induced absorption and emission, for which the probabilities are
given as proportional to

Sin2 (('OU + (,\))t

(on)ijonzizz ’
(@i F o)
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which are equal for both absorption and emission at w = Fwjj, and proportional to
A,? and (Mo)ijz- In such an interpretation the electromagnetic field can be assumed
as consisting of energy quanta fiw;; that are absorbed or emitted between atomic
energy levels, as E; & Ej, obeying the energy conservation law.

21.3. Inverted Population and the Negative Temperature

Einstein (1917) proposed the relation between probabilities for induced transitions
and spontaneous emission, giving the thermodynamic foundation to Planck’s the-
ory of blackbody radiation. His formula can deal with the light emission and
absorption in a body in thermal equilibrium with its surroundings.

Considering a system of two energies E; and Ej in a body in equilibrium at
temperature 7', these levels are occupied by N; and Nj atoms determined by the

Boltzmann statistics, i.e.,

N; E, — E;

—=exp(-———2), (21.4)
N; kgT

where kg = 1.38066 x 10723J-K~! is the Boltzmann constant, signifying that al-
ways N; < Nj in equilibrium if E; > E;. However, if the atoms can absorb light
quanta 7oy at a rate sufficiently faster than the relaxation rate, a condition for
N; > Nj can be achieved at which the temperature takes a negative value accord-
ingto (21.4),ie., T < 0.

When absorbing radiation quanta, the population Nj; at the upper level increases,
while the population N; at the lower level decreases. For such a pumping process
that may be in equilibrium with the radiation field, Einstein gave the formula for
the radiation power,

P(wy) = hay [ NiAjj + (N; — Nj) By p(wyp)] (21.5)

where Aj; and Bj; are called the Einstein coefficients for spontaneous and induced
emissions, respectively, and p (w;j) the radiation energy density. Denoting the ex-
cited and ground states by i and j as in the above, we have N; < Nj at a normal
temperature, so that the second negative term dominates the power P(wj;)in (21.5).
Therefore, such a system can absorb radiation quanta under normal circumstances,
where the first term for emission is significant if the value of p (w;;) is small. On the
other hand, when p (wj;) is large the second term for induced transitions becomes
significant. At radio- and microwave frequencies, the spontaneous transition is
negligible, and only induced transitions are predominant for the pumping process.
However, at optical frequencies the factor p (wj;) is not negligible, and hence the
pumping rate Aj;; should be sufficiently high to achieve a condition for N; > N;.
In any case, the condition for inverted population is necessary for simultaneous
emissions from the excited states, from which coherent radiation can be stimu-
lated by an oscillating electric field of a resonator that is incorporated with an
atomic system. Referring to the Boltzmann formula (21.4), such a state of inverted
populations can be characterized by a negative temperature —T . Nevertheless,
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as the pumping is an adiabatic process, such an equilibrium with radiation is
not thermodynamically isothermal equilibrium. Although not a thermodynamic
temperature, the negative temperature is often used as a convenient parameter to
specify an inverted population.

21.4. Ammonium Maser

Gordon, Zeiger, and Townes (1954) performed the first ammonium maser experi-
ment, which demonstrated inverted populations that occurred between two levels
of NH3 molecules at microwave frequencies. Here, “maser” is an acronym used by
these authors for “microwave amplification by stimulated emission of radiation.”

In vibrational spectra of NH3 molecules there is an absorption line at about 24
GHz known as the inversion line, as explained in the following. An NH3; molecule
of a pyramidal structure is characterized by inversion symmetry with respect to the
position of the N atom related to the triangular plane of Hj, as illustrated in Figure
21.2(a). The motion between inverted structures is quantum-mechanical tunnelling
between the two minima of a potential V(x) as shown in Figure 21.2(b), where
x is a position of the N atom relative to the center of the H; plane. According to
the quantum theory, such degenerate inversion energies are lifted by the tunnelling
motion, resulting in two levels separated by an energy gap A, characterized by
symmetric and anti-symmetric modes. Under a normal circumstance in NH3 gas,
these levels, denoted by 1 and 2, are populated as in (21.4) by the Boltzmann statis-

.. N A ...
tics, i.e., .= exp(—ﬁ), hence the transition between them can be observed
2 B

in the absorption spectrum.

H H

(@)

FIGURE 21.2. (a) Inversion of NHj;
molecules. (b) Inversion splitting of the
degenerate NH; energy level. D is the
splitting between two inversion levels
1 and 2.
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Gordon et al. were able to create a condition for inverted population between
the inversion levels, resulting in a stimulated emission N; — N, in a microwave
cavity. Figure 21.2(c) sketches their apparatus for observing emission line. A
collimated beam of NH3 is injected into the area indicated by dotted lines, where
the molecules of different inversion energies are separated by A. Therefore, the
molecules of energies at :E%A are separated into two beams by an interaction
between the dipole moment . and the field gradient dEin the square region in
Figure 21.2(c), where the beam at the higher level 1 is shown as separated from
those at the lower level 2. Thus, ammonium molecules in beam 1 have inverted
populations, and consequently the inversion line is dominated as an emission line
induced coherently by the microwave field E in the cavity.

21.5. Coherent Light Emission from a Gas Laser

Similar to maser, the word “laser” is an acronym for “light amplification by stim-
ulated emission of radiation.” Processes for population inversion depend on mate-
rials, occurring not only in gases but in solid materials as well, both of which are
in practical use for laser oscillators constructed for a variety of purposes.

The prediction for inverted populations and the first successful laser were made
on mixed gases. A laser action can be characterized in practice in systems char-
acterized by three energy levels, as illustrated schematically in Figure 21.3(a).
Here, the population N at level 3 can be enhanced at a frequency ws; by pumping
up atoms from Nj; on the other hand, N3 will then be reduced continuously via
a stimulated emission to level 2 when N3 > N,, although level 2 is initially un-
populated. Such a level as 2 should essentially be of metastable character, where
N,is kept close to an unpopulated condition; the transition 2 — 1 should be either
spectroscopically forbidden, or there may be another mechanism in the system to
remove N, down to the ground level.

(a) (b)

collision
20.61eV. - 20.66eV
lemission
3 — 18.70eV
.
emission
2
pumping pumping
1 rnmreed
OeV
He Ne

FIGURE 21.3. (a) Principle of a three-level laser. (b) Energy levels in He-Ne gas laser.
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Figure 21.3(b) shows the energy level diagram for a He-Ne gas laser, consisting
of these atoms in 90:10 percentage ratio. By applying a high frequency discharge,
He atoms are pumped up primarily to the excited level at 20.61 eV above the
ground state. Excited He atoms collide then with Ne atoms, resulting in excited Ne
(2p°5s') at a metastable state. These excited Ne atoms emit red light by induced
transitions, falling down to a lower level at 18.70 eV, as shown in the diagram.
As induced transitions are practically simultaneous, such a red emission light is
nearly coherent at the wavelength A = 623.8 nm. Stepwise spontaneous transitions
from the level at 18.70 eV can maintain the inverted population ratio between the
20.66 eV and 18.70 eV levels for Ne atoms.

By simultaneous pumping by high frequency discharge the subsequent induced
emission can be made practically coherent, although diffraction effects are in-
evitable at the output of the instrument in use.

21.6. Phase Coherence and Radiation Quanta

Dynamical properties of plane waves were demonstrated by radiation pressure
experiments. As they exert a force on a charged particle, electromagnetic waves
can be equivalent to n particles of zero mass and momentum p. Here p is linearly
related to the kinetic energy K, i.e., K = cp, according to the special theory
of relativity. Quantum theoretically, electromagnetic waves confined to a finite
volume consist of n radiation quanta iw, hence their energy per volume is given
by K = nhw, where n is the density of quanta. On the other hand, according to
the Maxwell theory each wave is characterized by a phase of propagation.

For electromagnetic waves originating from an oscillating charge-current, we
generally consider that the wavelength is long compared with the size of the source,
so no significant diffracted waves are considered for the radiation. In contrast, for
waves at optical or higher frequencies, radiation is characteristically incoherent,
as it originates from randomly distributed emitters. Optical radiation from a laser
oscillator is practically coherent with a well-tuned resonator; however at the present
level of technology it is not an easy task to construct lasers at ultraviolet and even
shorter wavelengths since phase incoherency becomes a more serious problem.

Nevertheless, noting that the classical Maxwell theory has limitations at higher
frequencies, we should realize that in radiation from microscopic sources, phases
are essentially at random, and hence the Poynting vector should be expressed as

P=cu(U), where U= eO(Z Ei) : (Z Ej> . (21.6)
i i
Here
Ei = Eoiexp(idn),

where ¢; = K - r; — of; + @, is the phase of radiation, in which the shift ¢, signifies
the phase of emission from a microscopic source o in random distribution. Here,
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in reality, P and (U) should be subjected not only to the timescale of observation
but also to distributed light sources. At any rate, the energy U in (21.6) can be
written as

U=t Y Eu Eq*+8 Y EoiEq*expli Ady), (21.7)
i i#

where Ady; = ¢ — & are phase differences between waves from different emitters,

signifying incoherence of radiation. The first term on the right of (21.7) represents

quantum energy (U,) = nohw for Ady = 0, where n, is the number of coherent

photons, and the second term is the energy deviation (U) — (U,) due to Ady; # 0,

indicating incoherence. Hence, we can write

(U) = (Uo) = (n — nolw = & ) Eoi’(exp(i Ady). (21.8)
i#
Assuming that such Ady; are continuously distributed in a range between —Ad
and +Ad, the average (exp(i Ady)) in (21.8) can be calculated as

+Ad
(exp(i Adyy)) = id) f exp(i Ab)d(Ad) = COZid) ~ Aid)
—Ad
for a small Ad. Therefore, we have
nhow
&(Ei - Ejlig = vy (21.9)

Writing n — n, = An to indicate uncertainty of the photon number, from (21.8)
and (21.9) we obtain the relation

A
An=n/Ab or LAp=1. (21.10)
n

This is an uncertainty relation between the phase and the number of photons.
Photons are a legitimate quantum-theoretical model of electromagnetic radiation,
which is particularly useful at very high frequencies, where the intensity can be
measured by counting photons, though there is accompanying unavoidable un-
certainty of An related with incoherent phases. In contrast, at low frequency,
electromagnetic waves are coherent with a well-defined phase, i.e., Ad ~ 0, over
which a large uncertainty of An/n prevails.
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Mathematical Notes

A.1. Orthogonal Vector Space

In a rectangular coordinate system O-Xyz, a vector A = (Ay, Ay, A;) can be ex-
pressed as

A=A+ Ayj + Ak,

where the unit vectorsi, j, and K along their respective X, Y, and zaxes are orthogonal
to each other, as related by

ii=jj=kk=1 and j.k=ki=ij=0.

In Chapter 14 such orthonormal relations were extended to the four dimensional
space-time system by adding the fourth coordinate X4 = ict to ordinary three-
dimensional space coordinates X; = X, X, = VY, and X3 = z. Thus, a position in
such a four-dimensional “space” can be specified by a four-vector, which can be
represented by a row matrix (X| = (X;, Xz, X3, X4) or a column matrix

X
X2
X3
X4

IX) =

Defining unit vectors by
(U =(,0,0,0), (Wul=(0,1,0,0), (u3l=1(0,0,1,0), (usl =(0,0,0,1)
and

, [Ug) = ,|Uz) =

(=Nl
(=Rl e}
(= e}
- o O O

we can write that

(x| = in (Uil and |x) = in lu) and (Ui ) =&,

307
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where &; =1 if i = j, but 0 if i # j, representing orthonormality in four-
dimensional space.

These relations can be extended formally to an n-dimensional mathematical
space, or even to infinite dimensions. If obeying a linear differential equation, the
physical quantity can often be required to expand in a multi-dimensional space
composed of linearly independent solutions. For example, for a static problem
a potential function can generally be expanded in a multi-dimensional space of
the Legendre functions P,(cos 0) that are solutions of the Laplace equation. A
superposition of elementary waves is another feature of a linear wave equation
whose independent solutions are exp(ind), where ¢ is the phase variable, and n
an integer. For such expansions it is essential that these elementary solutions be
signified by their orthonormal relations.

A.2. Orthogonality of Legendre’s Polynomials

A potential function V(r) is determined by solutions of the Laplace equation
V2V = 0. In axial symmetry along the z-axis, the potential can be expressed
as a function of radius r and polar angle 0; that is,

Ba

EOEDY (Anrn + rT) Py (cos 0),
n

where the coefficients A, and B, are to be determined by given boundary condi-

tions. Applying this expression to the potential problem of a sphere of radius ain

a uniform field, we consider that

Z B, P.(cos 6)

V<(r,6):ZAnrnPn(cose) and V_(r, 0) = o

n

represent potentials inside the sphere (I < a) and outside the sphere (r > a), re-
spectively. On the spherical boundary (r = a) the potential should take a unique
value (per the uniqueness theorem), so that

V. aV.
V.(a 6)=V.(@0), and g ( > =& < ) ;
ar /Ji—a ar /i—a

from which A, and B, can be determined for each index n.
At a distant point (f >> a) the angular function P,(cos 0) satisfies the Legendre
equation

a o APy () - |
a{(l_u) dp }+n(n+1)Pn(lL)—0’ ()

where . = cos 8. Replacing n by —(n + 1), we can obtain the same equation for
P_n+1), so that,

Pa(i)= P (). (ii)
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For these Legendre functions we show here the orthogonality relation
+1
/ P.(w) Py (W)dp =0 for n#n'. (iii)
—1
Proof: Writing the Legendre equation for Py (), we have

d dPy
@ {(1 —Mz)%} +n (n/+ 1) Py (n) =0. @iv)
Calculating (i) x Py— (iv) x P,
dpP, dPy
-p,—=
dm dp

Integrating this with respect to . from —1 to +1,

d / /
@(1 -1 <Pn/ ) =[n' (0 +1)—n(n+ D] PPy

+1
=[n(n+1)—n@m+ 1)][ P, Pydp..
|

2 b, dpn’)
(1 u)(adM e

In order for this expression to be independent of ., the left side should vanish.
Therefore, the integral on the right should be zero if n # n’. Q.E.D.
The function P, () can be normalized as follows. We derived the formula (5.7),
Con+ DpP(w) =0+1) Py () + 0Py ().
Replacingnbyn-1,
Cn—=DpPi () =P (W) + @ —DPa(w).

Hence,
T r 2 DH P, DP
f{Pn(M)}sz=/Pn(M)( 1= Dot ) = (= D P ),
+1

_2n—1

/ p P () Pot () dp.

—1

Using the recurrence formula once more, we can replace wP,(p) in the last inte-
grand by

nP_ (W) + M+ 1) Py (W)

P, =
W n(u‘) ntl
and obtain
+1 ’ | +1
n_
P, (W) du = P,_ 2dp.
/{ WY du 2n+1f{ (WP du
-1 —1
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Repeating the same procedure, reducing n stepwise down to n = 0, we have

+1 +1
2n—1 2n-3 3 1
Pa(w)} dpu= SX =X = P(w))dp = .
[ Puwan= g xS e D x [ (PR dn = 5
~1 ~1
Thus, the orthonormal relation for P, () can be expressed as
+1
[Rw R wan =2, ™)
n n’ - n - \"
W W) dpe 1o

A.3. Associated Legendre Polynomials

In the absence of uniaxial symmetry, the potential function can be expressed with
polar coordinates I, 6, ¢. Expressing that V(r, 6, ¢ = R(r)®(8)P(¢), the Laplace
equation can be separated into ordinary differential equations for these factors
R(r), ®(0), and ®(¢). Among these, the equation for ®(¢) for a simple harmonic
oscillator is

where m? is a constant for variable separation,and m =0, 1, £2, ....

Specifically, m = 0 corresponds to an axial symmetric case, and all other m # 0
express non-axial symmetry. In this case, the function ®(8) is given as solutions
of the equation

d 46 m o)
@{(1—u)a}+{n(n+l)—1_M2}®—0.

However, to avoid singularities at w = 1 or at 8§ = 0, m, it is known that n >
|m| for integers n and m, for which the function ® can be expressed by associated
Legendre functions defined by

m d"P, ()

for m > 0. (vi)
dpm

P () = (=D™ (1 — n?)
We therefore differentiate the Legendre equation

PP IR

1— 2
(1 —p5) a2 an

+nn+ 1P () =0

m times, yielding that

d™2 P, () d™ P, () d™ Py (1)
1 —p?)—— 2™ 9 1) — = 1) — 27
( P ) de+2 “'(m+ ) de+1 m(m+ ) de
d™p,
+nn+1) J =0.

dpm
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dm PR, -H"
Igu) = ) m P (w), which can be used in the above
M ( 1 — uz) 2
to obtain the equation for P." (), that s,

From (vi) we have

e | P d| P
P (1_}L2)2 W (1—}1,2)2
Pm
(1 _ LLZ) 2
After differentiations, we obtain the equation for P." ()
CPI () AP () m?
1 —p?) —2 —2p—" 1) — P™(w) = 0.
(=19 =4 R LR Rt pred (D

(vii)

The orthogonality relation for associated Legendre polynomials can be derived

in a process similar to the way it was done for Legendre polynomials P, (). We
obtain the orthogonality

+1
/ PM(w) Py (w)dp =0 for n=#n' (viii)
-1
The functions P." () can be normalized as follows. First, we differentiate (iv) and

obtain the recurrence relation
(1-u3)> %}f‘” — P () — mp (1 )7 R ().
Using this formula, we then calculate
+1 ) +1 1 gpm () N )
/{P,f“+1 W} dp = / {(1 —p?)? TM +mp (1 —p?) 2 P,f"(u)} dp,
—1 ~1
which is expanded and integrated to obtain the relation
+1 +1
[ (B2 @ du =m0 m) [ (PR G0 d.
e} —1
Using this result for reducing m to 0 in succession, we can finally express that
+1
/{P[f"(u)}zdu =m+mh-m+1D)m+m—-—1)n—m+2)...(n+1)

-1
+1

xn/ {Pf(u)}zdu

_ 2  (n+ m)!
T 2n4+1(m-—m)!’
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Thus, the orthonormality of associated Legendre functions can be written as

+1

/ P (W Py (p)dp =
Z1

(n + m)!
2n+1 (n — m)!

On - (ix)

The spherical harmonics are defined as ®(0)d(¢); i.e.,

2n+1 (n — m)! .
Y6, ) = | r;ﬂ_ % P (cos 0) exp (ime) , (x)

for which the orthogonality relation is

2m T
/ de f Y (0, ©) Y (8, ©)" 5in 00 = 8,0 S (xi)
0 0

where

YO0, @) = (=)™ Y™ (8, ¢). (xii)

A.4. Fourier Expansion and Wave Equations

A periodic function repetitive in space-time coordinates can be specified by a phase
variable ¢ = kr — wt in a one-dimensional case, where |X| < 00, |t| < 00, and the
constant /K = v represents the speed of propagation. Such a function f(¢) is
given as a solution of the wave equation
9% f 9% f
P — =0

iV aa T (xiii)
Depending on properties of the medium, if characterized by fixed values of k and
w, or V, the solutions are given by a sinusoidal function exp(id) and its power
[exp(id)]* = exp(ind), or their linear combinations. Functions ¢,(¢), such as
exp(ind), constitute a mathematical space of n dimensions, or infinite dimensions,
if the functions converge as n — oo, and we can express that

FOGD =D g () =) Coexplind),

which is called the Fourier series. It is noted that such an expansion is characterized
by the orthogonal relation, thereby allowing us to calculate the coefficient ¢, for
example, as

2 2
o = [ exp(-imd) f b= [ explin - m)b1as,
0 T
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which is equal to C,, if n = m; otherwise, ¢, = 0 for n # m. In this case the
coefficients are normalized as
Z CiCh = 2.
n

On the other hand, if the medium is dispersive, as characterized by distributed
k and w, the Fourier expansion can generally be written as

f(x,t) = //g(k, w)exp [i (kX — ot)] dk dw,
k

w

where

gk, w) = //f (X, t)exp [—i (kX — wt)]dx dt
toXx

is called the Fourier transform of f(x,t). If values of k and w are limited
in narrow ranges around K, and w,, i.e., k, — Ak < k < ko + Ak and o, —
Aw < ® < 0o + Aw, such integrals as the ones above are said to be wave
packets.

Example 1. As a typical example of the Fourier method, we briefly discuss the
problem of transversal vibration of an elastic string of length L supported at both
ends. In this case the standing wave can be expressed by

f(x,t)= Z sin (K, X) { A, cos (wpt) + By sin (w,t)},

where the coefficients A, and B, can be determined by the initial condition for
oscillation at a given point X,, e.g., values of fand df /ot att = 0 at this point. The
boundary condition at the fixed ends X = 0 and L are already taken into account
for the spatial variation sin(k,X), where k,L = n. Hence, the initial shape of the
string is given by

of (x,0) .
f(x,0) = A, sin (K, X d — = B,w, k,X),
(x,0) Xn: sin (K,X) an o0 Xn: ), sin (K, X)
for which we can confirm the orthonormal relations
L L .
X X X
/sin qu-r sin n%dx =0 for m#n, and / sin’ n%dx = 7
0 0

Hence, the Fourier coefficients are

L
X
An:/ f (x, 0)sin n%dx and B, =0.
0
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Further, to illustrate the method, we consider that the string is initially triangular
in shape, where the center point X = L /2 is displaced by a. In this case,

2a L
f(x,O):Tx for 05:555,

2a L
f(X’O)ZT(L_X) for ESISL,

We can calculate the Fourier coefficients as
L/2 L L/2

4a X . nmX X\ . nmwX 8a . nmX
A= — — sin ——dX + (1 — —) sin —dx{ = — | Xsin ——dX
L L L L L L2 L
0 L/2 0
_8a(-D7

=— 3 ,wheren=1,3,5,....
T n

Hence, the triangular string can be expressed in series as

8a /1 . mXx 1 . 37X
f(X,O):;<ﬁsmT+3—2$1nT+...)_

Since this is identical to f (%, 0) = a, we obtain the formula

A.5. Bessel’s Functions

In Chapter 19 we discussed a velocity modulation resulting in a bunched electronic
current in a klystron oscillator. A modulated current by a resonator’s frequency
wjwas expressed by

1®) = lo+ Y {Ancos[n(wit — 6)] + Bysin[n (o5t — 0)]},

and here we express these amplitudes A, and B, in a complex form. Defining a
0 AV
parameter 3 = ———, we showed that w;t — 6 = wt, — B cos(w;t,). Therefore,

2V,
writing oit, = ¢, we can now define

2m

o .

Ao+ By = ;"/exp[m«p—scoscp)]d«p.
0

Here, we define the function
2m

. 1 )
"y (NB) = %/exp{m«p ~ Beos¢)} de,
0
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and

exp (—inB cose) = Y Jn (MB)i™exp (—img) = > Jn(MB) L™,

m=n
where { =i exp(—i¢). Using { and letting n = &, the left side of the above can

be expressed as exp -5 { — =) {, and hence we obtain

£

exp{—% (c —%)} =Y h®" (xiv)

The functions J,,(§) in the above are defined with a modulated phase, but it is
shown in the following that these functions satisfy the Bessel equation, and hence
are called the Bessel functions.

Proof: Differentiating (xiv) with respect to {, we obtain

: I i N
(—5> <1+€—2);Jn<g>c =Y nh e (xv)

Differentiating with respect to &, we have

- (c —%);Jn@c”:;%(g)c“. (xvi)
Combining (xv) and (xvi),
—::anan«:)c” = ;{an ©+ey @'
and
—%2% ©("? = an{an ©—E3©®)""

Comparing terms of the same power on both sides, from these relations we obtain

£ 1 @) =nh @& +EE and —EJnp(€)=ndh(E)—EX(&).
(xvii)

Next, we differentiate the first relation in (xvii), then replacing J,’(§) by using the
second,

d . . , d
@ [£3,(®)] =nJ &+ @ [€ Jnt1 (D]
- g{an (E) + £t (E)) + Jnps (B) + £, (6)
2

= %Jn E+0M+1) Iy &)+ ngg-H ®).
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According to (xvii), the last two terms in the above can be replaced by —¢& J,, (§),
and we obtain

d n?
- \]/ = _\]n - Jn )
a {£3,®)} £ &) =€ (€)

which can be written in the standard form of the Bessel equation, i.e.,

d [, dd &)
Sa {g dt

} + (£ -n?)h© =0. (xviii)
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Index

A
absolute time, 202
absorption
induced, stimulated absorption,
298
alternating current, AC, 1
AC generator, 108-109
AC voltage, current, 145
addition theorem, 77
ammeter, 2
ammonium maser, 300
Ampere
ampere, A, unit of a current, 4
Ampere’s law, 2, 86
in differential form, 96
in integral form, 88
antenna
dipole antenna, 184
half-wave antenna, 184, 192
loop antenna, 193
apparent charges, 27
attenuation
of a propagating wave, 166—167
of a conducting current, 217
associated Legendre’s function, 76

B
betatron, 105, 268
Bessel function, 215-216, 276,
314-316

bilinear transformation, 248
Biot-Savart formula, law, 121, 123
Bloch, 290

Bloch’s equations, 291

Bloch’s relaxation, 290

nuclear magnetic relaxation, 291
Bohr’s atom, 128
Boltzmann’s constant, 299

boundary condition
between dielectric media, 40
Dirichlet’s condition, 50
Neumann’s condition, 50
on a conducting surface, 39, 218

Brewster’s angle, 222

broadening, line broadening, 296
Doppler broadening, 296
natural broadening, 296
pressure broadening, 296

C
cadmium cell, 4
Cauchy’s theorem, 154, 178, 283
principal value of a Cauchy’s integral,
254,283
capacitor, condenser, 15-16
capacitance, 164
cylindrical condenser, 53
parallel-plate capacitor, 19
spherical condenser, 31
unit of capacity, F, 16
carrier particles, 5
carrier density, 5
cavity
cavity resonator, resonant cavity,
251,253
klystron cavity, 270-271
microwave cavity, 251, 287
charge,
apparent charge, 27
bound charge, 39
charge density, 23, 42
electric charge, 2
free charge, 39
circuit, electric circuit, 4
Kirchhoff’s theorems, 9
circular waveguide, 235
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coaxial cable, 238
coherent radiation, 294

coherent emission, 301
Cole-Cole plot, 285
conductor, 4

conductance, 174

conducting material, 4

conductivity, electric conductivity, 5
continuity

equation of continuity, 142

of charge and current, 9
conservation

of charge and current, 142
conservative field, 21, 43
coupling

coupling impedance, 248

iris coupling, 260,

overcoupling, undercoupling, 265
Coulomb

Coulomb’s law, 19

Coulomb potential, 32, 53, 56

coulomb, C, unit of charge, 4
curl

curl operator, 94
current, electric current, 4

current density, 5

eddy current, 108, 214

displacement current, 144—145

line current, 121

ring current, 123

unit of current, A, 4
curvilinear coordinates, 46, 94
cut-off

cut-off wavelength, 228
cyclotron motion, 106

D
damping
of oscillating energy, waves, 260,
286
Debye’s relaxation, 285
delta function, Kronecker’s delta, 254
diamagnetic susceptibility, 130
dielectrics, dielectric material, 26
dielectric boundary, 40, 221
dielectric constant, 28
dielectric polarization, 27
dielectric relaxation, 283, 285-286
diffraction
of electromagnetic waves, 295
dipole
dipole antenna, 184
dipole-dipole interaction, 63

dipolar field, 62

dipole moment, 62

dipole potential, 62

dipole radiation, 184
discontinuity

in electric field, potential, 50, 219

in magnetic field, 50, 219
displacement current, 144—145
dispersion relation, 266, 292-293
Dirichlet’s boundary condition, 50
div, divergence, 45, 48, 49
dual, 212
dynamic electric field, 105

E
eddy current, 108, 214
eigenfunction, 297
eigenvalue, 297
Einstein
Einstein’s coefficients, 299
special theory of relativity, 199
electric dipole, 61, 183
electric field lines, 16
electric image, 59
image charge, 59
electric permittivity, 28

electric quadrupole, quadrupole moment,

75
electric resistance, 4
electric susceptibility, 27
electricity, frictional, 1
electrolysis, 3
electromagnetic field
electromagnetic energy density,
175
electromagnetic radiation, 184
electromotive force, emf, 2
electron, 20
electronic charge, 2
electronic spin, 2
electronic admittance, 161
electrostatic field
electrostatic force, 20
electrostatic induction, polarization,
22
electrostatic potential, 21, 43
elliptic integral, 141
emission
induced, stimulated emission, 298
spontaneous emission, 296
energy
electrostatic energy, 24
electromagnetic energy, 175



energy density, 175

magnetic energy, 134
equipotential surface, 23, 44
expansion

Fourier expansion, 312

Legendre expansion, 64

F
Fabry-Perrot interferometer, 295
Faraday
Faraday’s law
in differential form, 105
in integral form, 105
of electrolysis, 3
of magnetic induction, 101
Faraday-Lenz’s law, 103
feed-back, feed-back principle,
161
ferroelectric,
ferroelectric domain, 131
ferroelectric hysteresis, 131
ferroelectric material, 27
fiber optics, 222
field
electrostatic field, 21
electromagnetic field, 172
dynamic electric field, 105
field lines, 23
magnetostatic field, 112, 113
filling facter, 292
flux density
electric flux density, 23, 35, 45
flux of field lines, 35
magnetic flux density, 104
force
electrostatic force, 20
Lorentz’ force, 106
magnetic force, 105, 107
Fourier
Fourier coefficient, 312
Fourier component, 312
Fourier expansion, 312
Fourier series, 312
Fourier transform, 165, 312
four-dimensional space, 203-204
four terminal network, 152
four vector, four dimensional vector
four acceleration, 206
four force, 206
four position, 205
four velocity, 205
frame of reference, 202
free oscillation, 149, 157

Index

frequency, 143
Fresnel formula, 223-224

G
Galilean transformation, 199
gauge
gauge invariance, 177
gauge transformation, 177
Gauss’s theorem, 36, 48
Gaussian surface, 36
of differential form, 44
of integral form, 35
general theory of relativity, 204
generating function, 67
generator
AC generator, 108
of high-frequency wave, 163
grad, gradient, 44
Green function, 51
method of, 51, 52
group of plane waves, 249
group velocity, 250
guide
guided wave, 226
waveguide, 229
gyromagnetic ratio, 129, 228

H
heat
heat capacity, 8
cal and Cal, unit of, 8
Helmholtz
Helmholtz coils, 125
Helmholtz’ equation, 231, 232
Hertz
Hertz’s dipole, 190
Hertz’ experiment, 173
Hertz’ vector, 188
Hook.s law, 5
Huygens’ principle, 295

|
impedance
complex impedance, 145
input impedance, 260
of transmission lines, 165
waveguide impedance, 246
image
electric image, image charge, 58, 59
image force, 60
incident wave
plane of incidence, 228
incoherent radiation, 294
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322 Index

index
index of refraction, 222
induced transition
induced absorption, 298
induced emission, 298
inductance, 132
mutual inductance, 137
self inductance, 136
inertial system, 203
input impedance, 260
interaction
dipolar interaction. 63
dipole-dipole interaction, 63
inversion, inverted
inversion line, 300, 301
inversion symmetry, 300
inverted population, 299
ionic current, 5
iris coupling, 247, 300
irreversible change, process, 25

J
Joule
J, joule, MKS unit of energy, 2
Joule’s heat, 8
junction
in a circuit, 9
junction theorem, 9

K
Kirchhoff
Kirchhoff’s junction theorem, 9
Kirchhoff’s loop theorem, 9
Klystron, 271
electron buncher, 275
electron catcher, 275
klystron cavity, 271
two-cavity klystron, 274
reflex klystron, 274
velocity modulation, 274
Kramers-Kronig formula, 283

L
Larmor precession, 289
Laser oscillators, gas laser, 289
Laplace

Laplacian, 46

Laplace’s equation, 46, 64
left-hand screw rule, 103
Legendre

associated Legendre functions, 76,

312
Legendre expansion, 66

Legendre’s equation, 69
Legendre’s functions, polynomials, 68

Lecher’s wires, 163
Lenz

Lenz’ law, 103
Faraday-Lenz’ law, 103

linear combination, 58
life time, natural, 296
lines

line current, 121
line integral, 43

load impedance, 248
logarithmic potential, 33
longitudinal waves, 229
loop antenna, 193

loop theorem, Kichhoff’s, 9
Lorentz

M

Lorentz’s condition, 177
Lorentz-Fitzgerald contraction, 204
Lorentz dilatation, 204

Lorentz force, 106

Lorentz invariance, 213

Lorentz transformation, 203

magnet, 86, 112
magnetic

magnetic charge, pole, 85, 96
magnetic dipole, 86
magnetic field vector, 103—-104
magnetic force, 105, 107
flux of magnetic lines, 101
magnetic induction, 102
magnetic loop, 193

magnetic moment, 108
magnetic monopole, 85, 112
magnetic potentiometer, 114
magnetic susceptibility, 130

magnetic resonance

Bloch’s equations of, 291
resonance condition, 289

magnetization, 112, 131

induced magnetization, 131
spontaneous magnetization, 131

maser

ammonium maser, 300

mass

mass defect, 207
relativistic mass, 207
rest mass, 207

Maxwell

Maxwell’s equations, 172

metric tensor, 72



Michelson-Morley’s experiment, 200
mode
cavity mode, 253
principal mode, 245, 285
Slater’s normal modes of oscillations,
253
TE, TM, TEM modes, 226, 229, 232
waveguide mode, 243
molar number, 3
monopole
magnetic monopole, 85, 112
multipoles
multipole expansion, 79, 180
multipole potentials, 79

N
Neumann
Neumann’s boundary condition, 50
normal mode
normal modes of oscillation, 253
Slater’s normal modes, 253

(0]
Oersted
law for current and magnetic field, 1
Ohm’s law, 4
orthogonal functions
orthogonality relations, 243
oscillator
optical oscillator, 294
self-sustained oscillator, 161

o)
parallel resonance, 152
paramagnetic susceptibility, 130
perturbation theory, 230, 271
phase

coherent, incoherent phases, 110, 143,

186
of AC current and voltage, 110
of a plane wave, 196
of a standing wave, 249
photons
photon counting, 303
radiation quanta, 301
plane wave, 195-196
reflection of, 220
refraction of, 222
diffraction of, 295
Poisson
Poisson’s equation, 46
Pohl
Pohl’s magnetic potentiometer, 114

Index

polarization
linearly polarized wave, 21
potential
Coulomb’s potential, 56
dipolar potential, 62
multipole potential, 79
potential function, 43
pseudo-scalar potential, 97
scalar potential, 43, 116
retarded potential, 177, 180
vector potential, 120
power
loss of power, 167
power transmission, 249
Poynting
Poynting theorem, 176
Poynting vector, 175-176
principal mode, 245, 285
propagation
in free space, 174
in conducting media, 214-216
in dielectric media, 219, 222
propagation vector, 219
proper length, 204
proper time, 204
pseudo potential, 115

Q

Q-factor, quality factor, 150

Quadrupole tensor, 81
quadruple moment, 75

quasi-static process, 43

quantum transition, 296

R
radiation quanta, photons, 302
radiation, electromagnetic
of oscillating electric dipole, 190
of oscillating magnetic dipole,
193
radiation pressure, 188, 197-198
radiation quanta, photons, 302
random phase, 303
reactance, 147
reciprocal vector, 95
rectangular waveguide, 233
reflection
angle of, 221
incident angle, 221
law of, 221
reflection coefficient, 108
reflected power, 169
reflected wave, 168
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refraction
angle of, 222
law of, Snell’s law, 222
relativistic
accerelation, 206
force, 207
mass, 206
momemtum, 208
velocity, 206
relativity
general theory of, 204
special theory of, 199
relaxation
dielectric relaxation, 283, 286
relaxation time, 286
time constant, 18, 133
resistivity, 6
resonance, 149
cavity resonance, 252
LC resonance, 149
magnetic resonance, 291
parallel resonance, 151
series resonance, 150
rest mass, 207
retarded
retarded potential, 177, 180
retarded time, 177, 180
right-hand screw rule, 87, 93
rotating coordinate system, 289
root-mean-square average, 147
Rowland’s experiment, 98—100

S
scalar
scalar quantity, 4
scalar potential, 116
pseudo-scalar potential, 97
self inductance, 136
series resonance, 150
skin depth, 214, 217
Slater’s theory, 253
cavity normal modes, 253
Smith’s chart, 170
Snell’s law, 222
solenoid, 89
speed of light, 174
spherical harmonics, 77, 310
spherical wave, 185
spin
electron spin, 85
slow passage, 291
spin lattice relaxation time, 290
spin-spin relaxation time, 290

spontaneous emission, 296
spontaneous polarization, 131
square-wave detector, 169
standing wave, 168
standing wave ratio (SWR), 168
voltage standing wave ratio (VSWR), 169
static induction, polarization, 22
Stokes’ theorem, 91
superposition theorem, 58
surface
differential surface, 34
surface integral, 35, 43
vector surface element, 34
susceptibility
electric susceptibility, 27
magnetic susceptibility, 130
susceptibility of a resonant cavity, 259

T
telegraph equation, 165
tesla, MKS unit for magnetic flux density, 102
thermal relaxation, 283
time constant
of LR and CR circuits, 18, 133
relaxation time constant, 286
time dilatation, Lorentz dilatation, 204
toroid, 90
total reflection, 222
transformation
Galilean transformation, 199
gauge transformation , 177
Lorentz transformation, 199
transformer, 155
transient current, 16
transmission line, 163
Lecher’s wires, 163
coaxial cable, 238
guided wave, 233-237
transverse electric (TE) mode, 226, 229
transversal electric and magnetic (TEM) mode,
229,232
transverse magnetic (TM) mode, 226, 229
transversal wave, 226, 229
triode, 161

U
uncertainty relation, 303
unit system
CGS units, 2
MKS units, 2
MKSA units, 2
practical units, 2
uniqueness theorem, 51



\Y

vector
curl of, 94-96
divergence of, 45, 48, 49
reciprocal vector, 95

vector potential, 119

velocity
velocity selector, crossed field, 110
velocity modulation, 274
volt, MKSA unit of voltage, 4

voltage, 3. 4

Volta’s pile, 1

voltmeter, 4

Index

W
wave equation, 167, 174
waveguide, 229
circular waveguide, 235
rectangular waveguide, 233
waveguide modes, 243
wave impedance, 166, 188, 198
wavelength
cut-off wavelength, 228
guide wavelength, 228
wave number, 196
wave-number vector, 196

weber, MKSA unit of magnetic flux, 103

325



	cover-image-large
	front-matter
	fulltext_001
	Part I
	fulltext_002
	fulltext_003
	fulltext_004
	fulltext_005

	Part II
	fulltext_006
	fulltext_007
	fulltext_008
	fulltext_009
	fulltext_010

	Part III
	fulltext_011
	fulltext_012
	fulltext_013
	fulltext_014
	fulltext_015
	fulltext_016

	Part IV
	fulltext_017
	fulltext_018
	fulltext_019
	fulltext_020
	fulltext_021

	back-matter



